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To Shiing-Shen Chern, the great teacher of mathematics

This article generalizes the operad of moduli spaces of curves to
SUSY curves. SUSY curves are algebraic curves with additional
supersymmetric or supergeometric structure. Here, we focus on the
description of the relevant category of graphs and its combinatorics
as well as the construction of dual graphs of SUSY curves and the
SUSY operad taking values in a category of moduli spaces of SUSY
curves with Neveu–Schwarz and Ramond punctures.
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1. Introduction and summary

In the earlier works (cf. [20] and references therein), it was shown that op-
eradic constructions developed in [15] can be extended to include additional
data on algebraic curves. In [3] a general formalism of labeled graphs and
generalized operads was developed. Here, we combine both techniques to
construct an operad that encodes geometric properties of moduli spaces of
SUSY curves with Neveu–Schwarz and Ramond punctures.
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SUSY curves, also called super Riemann surfaces or super curves, are
supergeometric generalizations of algebraic curves with spin structure that
have been introduced in the context of superstring theory, see [14]. Their
most distinctive feature for the context of this work is that families of SUSY
curves may develop two types of nodes as was argued in [11]. The two types
of nodes are now called Neveu–Schwarz and Ramond nodes and one also
considers markings of those two types: Neveu–Schwarz punctures and Ra-
mond punctures. Compact moduli spaces Mg,INS ,IR of stable SUSY curves
of genus g with Neveu–Schwarz punctures labeled by the finite set INS and
Ramond punctures labeled by the finite set IR have been constructed in [13]
as smooth Deligne–Mumford superstacks.

To achieve a combinatorial description of stable SUSY curves and the
boundary strata of the moduli stack Mg,INS ,IR , we introduce in Defini-
tion 2.3.1 below the category of stable SUSY graphs SGrst. Stable SUSY
graphs are stable modular graphs with an additional coloring of the edges
and tails to encode if nodes or markings are of Neveu–Schwarz or Ramond
type. In Definition 3.3.1, we show how a stable SUSY curve has a stable
SUSY graph as dual graph.

SUSY operads in the framework of [3] are functors SGrst → C that send
graftings to isomorphisms. SUSY operads generalize modular operads that
have been introduced in [16]. In particular, the modular operad o : MGrst →
M sending modular graphs to products of moduli stacks of algebraic curves
and contractions to gluings is known to encode important combinatorial data
for moduli stacks of curves. The main result of the paper is the following
supergeometric generalization:

Theorem 4.3.1. There is a category SM such that the map

τ 7→
∏

v∈Vτ

Mg(v),Fτ,NS(v),Fτ,R(v)

can be extended to an operad O : SGrst → SM which sends graftings to the
identity, isomorphisms of corollas to isomorphisms of the moduli super-
stacks, and contractions of edges of Neveu–Schwarz resp. Ramond type to
gluings of punctures of Neveu–Schwarz resp. Ramond type.

Furthermore, there is a functor P : SM → M such that o ◦ F = P ◦ O for
the forgetful functor F : SGrst → MGrst.

Using this Theorem, one obtains a descriptions of the moduli space of
SUSY curves with prescribed dual graph in terms of gluing data and its
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dimension. This is a generalization of a description of M0,INS ,∅ via trees and
as a stratified superorbifold in [17].

The structures, upon which we focus in this study, are partly motivated
by the study of “phylogenetic trees” in [26]. Phylogenetic trees are used
to model evolution and are mathematically described as trees where edges
have a length. Y. Wu and S.-T. Yau describe combinatorially various pat-
terns of degeneration of generically smooth projective curves of genus zero
with marked points at the boundaries of moduli spaces of such curves using
phylogenetic trees where the length of edges may decrease to zero. The re-
sults in Section 2.4 indicate how moduli spaces of phylogenetic trees could
be generalized to moduli spaces of “phylogenetic SUSY trees”.

The paper is organized as follows: We start the Section 2 with a system-
atic description of the formalism of graphs as a language for describing the
combinatorics of degeneration of various types of algebraic/analytic curves
and SUSY curves. The Section 3 recalls the notions of stable SUSY curve
with Neveu–Schwarz and Ramond punctures from [13] and describes how
a stable SUSY graph is obtained from stable SUSY curves. Finally, Sec-
tion 4 contains the main new results of this paper, the construction of the
operad of moduli superstacks of SUSY curves, its symmetry properties and
relationship to the operad of moduli stacks of curves.
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Stehouwer as well as the members of the Seminar for Mathematics of Quan-
tum Field Theory at Max-Planck-Institut für Mathematik for useful com-
ments and discussions. Enno and Yuri are deeply grateful to Marianne and
Xenia for all their love.

2. SUSY Graphs

2.1. Graphs, their morphisms and categories

We accept the general framework of [3], stressing the difference between the
formal definitions of graphs on the one side, and their geometric realizations
on the other side.

A graph τ is a family of structures (just sets or structured sets and maps
between them in the simplest cases) (Fτ , Vτ , ∂τ , jτ ). Elements of Fτ , resp.
Vτ , are called flags, resp. vertices of τ . The map ∂τ : Fτ → Vτ associates to
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each flag a vertex, called its boundary. For a given vertex v ∈ Vτ we denote
by Fτ (v) = (∂τ )

−1(v) ⊂ Fτ the set of flags adjacent to v.
The map jτ : Fτ → Fτ must satisfy the condition j2τ = id, identical map

of Fτ to itself. Flags fixed by jτ are called tails; we denote the set of tails of
τ by Tτ . Two-element orbits of jτ are called edges of τ ; we denote the set of
edges of τ by Eτ .

For a discussion of their geometric meaning, and of many marginal (“de-
generate”) cases, see [3].

A morphism of graphs h : τ → σ is a triple of maps

(

hF : Fσ → Fτ , hV : Vτ → Vσ, jh : Fτ \ h
F (Fσ) → Fτ \ h

F (Fσ)
)

,

where hF is an injective contravariant map, hV is a surjective covariant map,
and jh is an involution, satisfying a list of additional restrictions: cf. [3,
Definition 1.2.1].

Thus defined, graphs form a category Gr, with symmetric monoidal
structure corresponding to the disjoint union

∐

of geometric realizations
of graphs.

Remark 2.1.1. The definition of Gr in this article is particularly suited for
the study of dual graphs of curves and differs from other texts, for exam-
ple, [4]. In particular, graphs in Gr can have tails, multiple but undirected
edges, loops and disconnected components. Graph morphisms allow graft-
ings, that is connecting two tails to form an edge, contractions of edges and
virtual contractions, that is contraction of a pair of tails, as well as merg-
ers of vertices preserving flags. But on the other hand, morphisms cannot
break edges into tails and inclusions of subgraphs are not necessarily graph
morphisms because the map hV between vertices is required to be surjective.

Remark 2.1.2. It is pretty clear, that in the definitions above one may
replace (structured) sets by objects of a category, maps of sets by mor-
phisms between objects of this category etc. Of course, one then should take
care about various compatibility restrictions, lifted to the level of a (small)
category.

2.2. Labeled graphs

In what follows we will need graphs with different labelings. Abstractly,
a category of labeled graphs Γ comes with a functor ψ : Γ → Gr satisfying
several properties, see [3, 1.3 Definition]. As mentioned there, a labeled graph
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σ ∈ Γ can be imagined as the underlying graph ψ(σ) together with some
additional data on vertices, flags or edges. Some examples:

Example 2.2.1 (modular graphs, see Example 1.3.2c) in [3]). A
modular graph is a graph τ = (Fτ , Vτ , ∂τ , jτ ) together with a genus labeling,
that is, is a map g : Vτ → Z≥0. A morphism of modular graphs is a morphism
of graphs such that the genus of a vertex in the image is given by the sum
of the genera of the vertices in the preimage plus the number of contracted
loops at that vertex. Any two preimages of a vertex must be connected by
a path of contracted edges; in particular mergers are not allowed.

The genus of a connected modular graph τ is given by

gτ =
∑

v∈Vτ

(g(v)− 1) + #Eτ + 1,

where #Eτ is the cardinality of the set of edges of τ . The genus of discon-
nected modular graphs is the sum of the genera of its connected components.

A tree is a genus labeled graph of genus zero. We say that the modular
graph τ is stable if for every vertex v ∈ Vτ it holds 2g(v)− 2 + #Fτ (v) > 0.

Example 2.2.2 (colored graphs, see Example 1.3.2.d) in [3]). A
colored graph is a graph where edges and tails are assigned a color. More
precisely, an I-coloring on τ = (Fτ , Vτ , ∂τ , jτ ) is a map c : Fτ → I to some
fixed-finite set I whose elements are called colors such that c ◦ jτ = c. Mor-
phisms h : τ → σ of I-colored graphs preserve the color of edges, that is
cτ ◦ h

F = cσ and cτ ◦ jh = cτ |Fτ\hF (Fσ).

Example 2.2.3 (graphs with labeled tails). Let I be a finite set. An
I-labeling of the tails on a graph τ is given by a bijective map lτ : I → Tτ .
A morphism h : τ → σ between I-labeled graphs is bijective on tails and
preserves the labeling, that is, lτ ◦ h

F |Tσ
= lσ.

Any two I-labelings lτ and l′τ on τ differ by an element of the group
Aut I of bijections I → I. Any bijection I → J between finite sets yields a
functor from I-labeled to J-labeled graphs.

It is often convenient to label by the finite set I = {1, . . . , k} for some
positive integer k, in which case one speaks about a k-labeling. The tails of a
k-labeled graph are numbered and two k-labeled graphs differ by an element
of the symmetric group in k-elements. Every finite set I of cardinality #I =
k is non-canonically isomorphic to {1, . . . , k} but in this article we need to
keep track of isomorphisms of finite sets explicitly. See also Remark 4.1.8
below.
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Definition 2.2.4. Let MGr be the category of modular graphs and mor-
phisms compatible with the genus labeling in the sense of Example 2.2.1.
We also consider the full subcategories of stable graphs MGrst, modular
trees MTr and stable modular trees MTrst.

Furthermore, we denote byMGr
st
g,I the category of stable modular graphs

of genus g with I-labeled tails. Morphisms in MGr
st
g,I respect the genus la-

beling and the labeling of tails in the sense of Examples 2.2.1 and 2.2.3.

The categories MGr, MGrst, MTr and MTrst are symmetric monoidal
categories with respect to disjoint union.

2.3. Graphs relevant to the encoding of SUSY curves

Definition 2.3.1. A SUSY graph is a graph τ = (Fτ , Vτ , ∂τ , jτ ), endowed
with

(i) a genus labeling gτ : Vτ → Z≥0 and

(ii) a coloring cτ : Fτ → {NS,R} such that for every vertex v ∈ Vτ the
number of adjacent flags with color R must be even.

A morphism of SUSY graphs is a morphism between graphs that pre-
serves the genus labeling as well as the coloring of flags, compare Exam-
ples 2.2.1, 2.2.2. We denote the category of SUSY graphs by SGr.

We denote the full subcategory of SGr where objects are stable SUSY
graphs by SGrst. The full subcategory of SGr where objects are trees is
denoted by STr and the category of stable SUSY trees by STrst.

The coloring cτ induces partitions of the set of all flags Fτ = Fτ,NS ∪ Fτ,R

of a SUSY graph, the set of flags adjacent to a vertex Fτ (v) = Fτ,NS(v) ∪
Fτ,R(v), tails Tτ = Tτ,NS ∪ Tτ,R and edges Eτ = Eτ,NS ∪ Eτ,R into those
with color NS and those with color R. We denote elements of Fτ,NS Neveu–
Schwarz flags and elements of Fτ,R Ramond flags which we sometimes ab-
breviate as NS-flags and R-flags respectively. Similarly for edges and tails.

Notice that the number of Ramond tails of a SUSY graph is always
even. The number of Neveu–Schwarz tails (resp. Ramond tails) of the image
of a morphisms of SUSY graphs may be lower than the number of Neveu–
Schwarz tails (resp. Ramond tails) of the domain. Morphisms between SUSY
graphs can graft tails of the same color and virtually contract pairs of tails
of the same color.

There is a forgetful functor F : SGr → MGr that restricts to forgetful func-
tors SGrst → MGrst, STr → MTr and STrst → MTrst. There is also a functor
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I : MGr → SGr sending a modular graphs to the same graph where every flag
is of color NS. The functor I embeds MGr as a full subcategory in SGr and
satisfies F ◦ I = idMGr. The restrictions of I toMGrst → SGrst, MTr → STr and
MTrst → STrst are also full subcategories.

The categories SGr, SGrst, STr and STrst are symmetric monoidal cat-
egories with respect to the disjoint union

∐

of SUSY graphs. Both the
inclusion functors I and the forgetful functors F are symmetric monoidal
functors.

Definition 2.3.2. Choose a pair of finite sets (INS , IR), such that the
cardinality of IR is even. An (INS , IR)-labeled SUSY graph is a SUSY graph
(τ, gτ , cτ ) together with two separate labelings of NS-tails and R-tails, that
is, bijections

lτ,NS : INS → Tτ,NS , lτ,R : IR → Tτ,R.

A morphism of (INS , IR)-labeled SUSY graphs is a morphism h : τ → σ of
SUSY graphs that is bijective on Neveu–Schwarz tails and Ramond tails and
preserve the labelings, that is

lτ,NS ◦ hF |Tσ,NS
= lσ,NS and lτ,R ◦ hF |Tσ,R

= lσ,R.

We denote the category of (INS , IR)-labeled stable SUSY graphs of
genus g by SGr

st
g,INS ,IR .

Any graph τ is (Tτ,NS , Tτ,R)-labeled. The forgetful functor
Fg,INS ,IR : SGr

st
g,INS ,IR → MGr

st
g,INS∪IR and inclusion functor Ig,I : MGr

st
g,I →

SGr
st

g,I,∅ are constructed in the obvious way. Here and in the following, we
assume that INS ∪ IR is a disjoint union, compare also [3, Section 1.2.4].

Any two (INS , IR)-labelings (lτ,NS , lτ,R) and (l′τ,NS , l
′
τ,R) on a SUSY

graph τ differ by a pair of automorphisms of finite sets sNS : INS → INS

and sR : IR → IR such that

l′τ,NS = lτ,NS ◦ sNS , l′τ,R = lτ,R ◦ sR.

The group Aut(INS , IR) of automorphisms of the pair (INS , IR) of finite sets
is also the automorphism group of the unlabeled SUSY corolla with Neveu–
Schwarz tails INS and Ramond tails IR. Remember that a corolla is a graph
with a single vertex.

More generally, any pair of bijections (sNS : INS → JNS , sR : IR → JR)
yields a functor as : SGr

st
g,INS ,IR → SGr

st
g,JNS ,JR

which is an equivalence of cat-
egories.
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2.4. Stable SUSY trees

Recall that stable SUSY trees are SUSY graphs of genus zero such that every
vertex has at least three adjacent flags. The forgetful functor F : STrst →
MTrst sends a stable SUSY tree to a stable modular tree. Conversely, we
will now show that a modular tree can be given the structure of a SUSY
graph by coloring the tails. The color of the edges can be inferred using the
parity condition at every vertex.

Lemma 2.4.1. Let σ ∈ MGr
st
0,I be a stable modular tree with I-labeled tails

and I = INS ∪ IR a partition such that the cardinality of IR is even. There
exists a unique stable (INS , IR)-labeled SUSY tree τ ∈ SGr

st
0,INS ,IR such that

F0,INS ,IR(τ) = σ.

Proof. We need to construct the partition cτ of flags into Neveu–Schwarz
and Ramond flags. The partition of the tails is induced by the I-labeling
and the partition I = INS ∪ IR.

The partition of the edges is uniquely obtained from the partition of
the tails together with the parity condition by induction over the number of
edges: If the tree τ has no edges there is nothing to show. Every tree τ with
at least one edge has a vertex v which is the boundary of precisely one edge e.
Stability implies that v has at least two tails. If the number of Ramond tails
bounding to v is even the edge e needs to be be a Neveu–Schwarz edge. If
the number of Ramond tails bounding v is odd the edge e needs to be an
Ramond edge. We can now proceed by inductively considering the tree τ ′

obtained from τ by cutting the edge e and deleting the vertex v as well as
its adjacent flags. □

There are
(

k
kR

)

choices of partitions I = INS ∪ IR such that k = #I as

well as kR = #IR are fixed and 2k−1 =
∑

i

(

k
2i

)

choices of partitions I =
INS ∪ IR such that the cardinality of IR is even. That is, σ ∈ MTrst has
2#Tσ−1 preimages under F : STrst → MGrst.

3. Stable SUSY curves with punctures and their dual graph

In this section we recall the notions of stable SUSY curves with punctures
and their respective moduli spaces. Furthermore we give the construction of
the dual graph of a SUSY curve with punctures as a SUSY graph.

The definition of SUSY curves or super Riemann surfaces appeared first
in the context of super string theory, see, for example, [14]. SUSY curves are
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superschemes of dimension 1|1 with an additional structure and generalize,
in many aspects, algebraic curves to supergeometry. Particular examples
of SUSY curves can be constructed from algebraic curves together with a
spinor bundle.

Early studies of the moduli spaces of SUSY curves are [10, 19]. It was
argued in [11] that families of SUSY curves may degenerate in SUSY curves
with two distinct types of nodes, called Neveu–Schwarz (NS) nodes and
Ramond (R) nodes. While Neveu–Schwarz nodes are transversal intersec-
tions of SUSY curves, Ramond nodes have an additional degeneration of
the spinor bundle.

The role of marked points on purely even algebraic curves is played
by “punctures” on a SUSY curve. Punctures are likewise divided into two
classes, called Neveu–Schwarz and Ramond punctures. For a family of sta-
ble SUSY curves M → B, Neveu–Schwarz punctures are given by sections
B →M , whereas Ramond punctures are relative Cartier divisors R ⊂M
such that the projection R → B is smooth of dimension 0|1 together with
additional structural conditions.

For modern accounts on stable SUSY curves with punctures and their
moduli spaces we refer to [6, 13, 25].

3.1. SUSY curves with punctures

We assume familiarity with algebraic supergeometry as, for example, in [21].
The following definition of SUSY curve with punctures is taken from [13,
Definition 2.3 in Section 2.2].

Definition 3.1.1. A SUSY curve over the base superscheme B with
Neveu–Schwarz punctures labeled by the finite set INS and Ramond punc-
tures labeled by the finite set IR is a tuple (M, {si},R,D) where

• π : M → B is a smooth morphism of superschemes of relative dimen-
sion 1|1 generic fibers,

• si : B →M for i ∈ INS are sections of π such that their reductions are
distinct, called Neveu–Schwarz punctures,

• R is an unramified relative effective Cartier divisor of codimension 0|1
in M of degree #IR whose labeled components rj , j ∈ IR are called
the Ramond punctures, and
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• the line bundle D is a subbundle D ⊂ TM of rank 0|1 such that the
commutator of vector fields induces an isomorphism

D ⊗D →
(

TM⧸D

)

(−R).

Considering the quotient of the structure sheaf of M by the ideal of
nilpotent elements one obtains the reduction ired : Mred →M . The family
Mred → Bred is a smooth family of curves over Bred. The reduction of the
Neveu–Schwarz punctures si yields marked points ofMred. The reduction of
the Ramond punctures yields a divisor Rred which are equivalent to further
marked points of Mred. That is, we can see Mred → Bred as a smooth family
of curves with marked points labeled by INS ∪ IR.

But it is also interesting to make a distinction between the Neveu–
Schwarz punctures and the Ramond punctures in the reduced case: The
pullback S = i∗D is a spinor bundle on Mred with a degeneration over Rred,
or more precisely

(3.1.2) S ⊗ S = TMred
(−Rred)

The family Mred → Bred together with the spinor bundle S as in Equa-
tion (3.1.2) is called a spin curve with punctures of type 0 labeled by INS

and punctures of type 1 labeled by IR in [1].
A SUSY curve over B = pt is equivalent to the data of

(Mred, S, {si,red},Rred) satisfying Equation (3.1.2).
If M is irreducible of genus g the Theorem of Riemann Roch implies

2 degS = deg TMred
− degRred = 2− 2g − degRred.

that is, the number of Ramond punctures needs to be even.

Remark 3.1.3. SUSY curves are sometimes also called super Riemann
surfaces or super curves, especially if the number of Ramond punctures is
zero. We will use in this work exclusively the name SUSY curve.

3.2. Stable SUSY curves with punctures

Intuitively, a stable SUSY curve is a generalization of SUSY curves with
punctures to include nodes such that its reduced space is a stable curve.
To make this precise, it is necessary to reformulate the non-integrability
condition of D as was argued in [11].
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Dualizing the exact sequence 0 → D → TM/B → TM/B⧸D = D⊗2(R) →
0, we get 0 → D−2(−R) → ΩM/B → D−1 → 0. This shows that D−1(−R) is
isomorphic to the Berezinian of ΩM/B, denoted ωM/B = BerΩM/B, and in
turn produces the derivation δ : OM → ωM/B(R), trivial on lifts of OB. The
data of δ is equivalent to the data of the line bundle D.

Definition 3.2.1. Consider a superscheme B. A family of stable SUSY
curves with punctures over B is a tuple (M, {si},R, δ) consisting of

• a proper, flat and relatively Cohen–Macaulay superscheme π : M → B,

• si : B →M for i ∈ INS are sections of π such that their reductions are
different, called Neveu–Schwarz punctures,

• R is an unramified relative effective Cartier divisor of codimension 0|1
in M of degree #IR whose labeled components rj , j ∈ IR are called
the Ramond punctures, and

• a derivation δ : OM → ωM/B(R), trivial on lifts of OB to M .

These data must satisfy the following conditions:

(i) M contains an open fiberwise dense subset U , such that U/B is smooth
of relative dimension 1|1, and all si and ri are contained in U .

(ii) The tuple (U, {si},R, δ) is equivalent to a SUSY curve in the sense of
Definition 3.1.1.

(iii) The reduction Mred → Bred is a stable family of marked curves.

By the local theory of the nodes of stable SUSY curves developed in [11],
we know that there is a proper SUSY curve M̃ with Neveu–Schwarz and
Ramond punctures together with a map π : M̃ →M of stable SUSY curves
such that

• π|π−1(U) is an is an isomorphism of SUSY curves,

• πred : M̃red →Mred is the normalization, and

• the preimage of a node consists of two marked points of the same type.

Notice that, in general,M and M̃ can be reducible and consist of several
components Mi and M̃i respectively. We call the punctures of M̃i special
points of Mi. A special point of Mi is either a puncture of M or represents
a node of M . Every special point is either a Neveu–Schwarz special point
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or a Ramond special point. The number of Ramond special points on an
irreducible component is even.

The reductionMred of a stable SUSY curveM is a stable algebraic curve
of genus g with marked points labeled by INS ∪ IR. The pullback S = i∗redD
of D along the reduction map ired : Mred →M is a locally free sheaf of rank
one with a morphism

(3.2.2) S ⊗ S → TMred
(−Rred)

which is an isomorphism away from the nodes.

3.3. The dual graph of a stable SUSY curve with punctures

To a given algebraic curve with marked points one associates a dual graph,
see [18];[2, Chapter X, §2];[8]. We are going to generalize the concept of
dual graph to SUSY curves by adding additional labels to edges and tails
as follows:

Definition 3.3.1. Let (M, {si},R,D) be a stable SUSY curve of genus g
with Neveu–Schwarz punctures labeled by INS and Ramond punctures la-
beled by IR over B such that Bred = pt. The dual graph of (M, {si},R,D)
consists of a (INS , IR)-labeled SUSY graph τ ∈ SGr

st
g,INS ,IR where

(i) The set of vertices Vτ is the set of irreducible components of M .

(ii) The vertex v ∈ Vτ representing the irreducible component Mi has an
adjacent flag for each special point of Mi. This determines Fτ and ∂τ .

(iii) The map jτ maps flags associated to punctures to itself and flags as-
sociated to nodes to the flag that represents the same node on the
intersecting irreducible component.

(iv) The genus labeling sends the vertex v representing the irreducible com-
ponentMi to the genus ofMi. The stability of the SUSY curve implies
that τ is a stable graph.

(v) The flags Fτ are partitioned into Neveu–Schwarz flags Fτ,NS and Ra-
mond flags Fτ,R according to the special point they represent. As the
number of Ramond special points on each irreducible component is
even, we have that for every vertex v the number #Fτ,R(v) of Ra-
mond flags at v is even.
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(vi) The labeling lτ,NS (resp. lτ,R) sends i ∈ INS (resp. j ∈ IR) to the tail
corresponding to the Neveu–Schwarz puncture with label i (resp. Ra-
mond puncture with label j).

Let b : B′ → B be a map between superschemes such that Bred = B′
red =

pt. Then the stable SUSY curve obtained from (M, {si},R,D) via base
change along b has the same dual graph because the number of irreducible
components, their intersection behavior and labelings of punctures are in-
variant under base change. In particular, we can assume without loss of
generality that we consider the dual graph of a SUSY curve over B = pt,
that is equivalently, a spin curve.

Remark 3.3.2. The dual graph of a SUSY curve of genus zero is a SUSY
tree. More generally, the genus of a stable SUSY curve and its dual graph
coincide.

The Definition 3.3.1 of dual graphs of SUSY curves is compatible with
the definition of dual graphs of algebraic nodal curves. Indeed, the definition
of dual graphs of algebraic nodal curves coincides with the points (i)–(iv) of
Definition 3.3.1 and has a simplified version of (vi). This yields:

Proposition 3.3.3. Let M be a stable SUSY curve of genus g with Neveu–
Schwarz punctures labeled by INS and Ramond punctures labeled by IR. Its
reduction Mred is a stable curve of genus g with marked points obtained
from the reduction of Neveu–Schwarz and Ramond punctures and labeled
by INS ∪ IR. The dual graph τ ∈ SGr

st
g,INS ,IR of M and the dual graph σ ∈

MGr
st
g,INS∪IR of Mred satisfy σ = Fg,INS ,IR(τ).

4. SUSY operads

In this section, we give a method to construct SUSY operads from simple
building blocks and use that method to construct the SUSY operad of moduli
superstacks. Recall from [3] that a generalized operad is a monoidal functor
Γ → C from a category of graphs Γ to a “ground category” C that maps
graftings to isomorphisms. All operads in this section are generalized operads
in the sense of [3].
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The SUSY operad we will construct is a supergeometric generalization
of the modular operad

o : MGr
st → M

σ 7→
∏

v∈Vσ

Mgσ(v),Fσ(v)

that sends stable modular graphs to products of moduli stacks Mgσ(v),Fσ(v)

of stable algebraic curves with genus gσ(v) and marked points labeled by
Fσ(v). Central to the proof of functoriality of o is that contractions of loops
and edges are mapped to gluing maps

gll(i, i′) : Mg,I →Mg+1,I\{i,i′},

gl(i, i′) : Mg,I ×Mg′,I′ →Mg+g′,(I∪I′)\{i,i′}.

together with commutativity relations for successive gluings and relabelings.
The operad o is known to encode interesting data about the geometry and
topology of the compact moduli stack Mg,I . For further information about
the modular operads, see [8, 9, 16, 22].

The first step in the construction of the SUSY operad O : SGrst → SM

generalizing o is to show that SUSY operads can be constructed from similar
building blocks. That is, the operad O is determined by its value on corollas,
automorphisms of corollas and the contractions of loops and edges of either
Neveu–Schwarz or Ramond type. A second challenge is the construction of
a suitable target category SM as stable SUSY curves cannot be uniquely
glued along Ramond punctures and morphisms between their moduli spaces
do not necessarily project onto morphisms between moduli spaces of classical
stable curves.

In Section 4.1 we demonstrate that SUSY operads in any category can
be constructed by specifying them on corollas and certain simple maps. In
Section 4.2 we recall the necessary background on moduli stacks of stable
SUSY curves with punctures and gluings. The SUSY operad O : SGrst → SM

and the target category SM is then constructed in Section 4.3

4.1. Operads on SUSY graphs

In this section we prove a proposition that allows to construct operads
O : SGrst → C by specifying the image of corollas, isomorphisms of corollas
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and contractions of single edges together with certain compatibility condi-
tions. The resulting description is similar to the definition of modular oper-
ads in [16]. The strategy is to break graphs into corollas and morphisms of
graphs into automorphisms of corollas, contractions of single edges as well
as graftings.

We recall the notions of total grafting and atomization from [3] that
exist by assumption for every category of labeled graphs. Given a SUSY
graph σ, the total grafting is the unique morphism in SGrst

(4.1.1) ◦σ :
∐

v∈Vσ

σv → σ

which is bijective on vertices as well as flags and grafts all edges. The
graphs σv are the corollas corresponding to the vertices v with their bound-
ing flags.

Given a morphism h : τ → σ in the category SGrst the atomization is a
commutative diagram of the form

(4.1.2)

∐

v∈Vσ
τv

∐

v∈Vσ
σv

τ σ

∐

hv

n ◦σ

h

in SGrst where

• the graphs τv are defined by

Vτv = {w ∈ Vτ | hV (w) = v} Fτv = {f ∈ Fτ | hV (∂τf) = v}

∂τv = ∂τ |Vτv
jτv = jτ |τv

• the morphism hv : τv → σv is given by

hv,V = hV |Vτv
hFv = hF |Fτv

jhv
= jh|Fτv

and

• the morphism n is given by the grafting of the τv.

Both total grafting and atomization are unique up to unique isomorphism.
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The maps hv : τv → σv are maps to a corolla and can consequently be
decomposed into

(4.1.3)
τv τ1v τ2v τ3v . . . τ lvv σv

grτv

hv

h1
v h2

v hlv
v

where grτv is a grafting and each hlv is a contraction of a single edge of τv or
an isomorphism. The atomization of a contraction of a single edge consists
of the identity maps for all but one vertex of the target. The vertex which is
not the image of the identity is either the image of a contraction of a single
Neveu–Schwarz resp. Ramond edge connecting two vertices or the image of
the contraction of a single Neveu–Schwarz resp. Ramond loop at a single
vertex. The atomization of an isomorphism is a grafting of isomorphisms of
corollas.

Of course the decomposition (4.1.3) is not unique but one can prove the
following two Lemmata using the atomization:

Lemma 4.1.4. Let τ be a SUSY graph, and a : τ → σ an isomorphism and
(f, f ′) a pair of flags of σ that forms an edge. Denote by

conσ(f, f
′) : σ → σ(f,f ′) conτ (a

F (f), aF (f ′)) : τ → τ(aF (f),aF (f ′))

the maps that contract the edge (f, f ′) and (aF (f), aF (f ′)) respectively.
Then there exists a unique isomorphism a(f,f ′) : τ(aF (f),aF (f ′)) → σ(f,f ′) such
that

conσ(f, f
′) ◦ a = a(f,f ′) ◦ conτ (a

F (f), aF (f ′)).

Proof. The atomization of an isomorphism implies that it is obtained as a
grafting of isomorphisms of corollas. The atomization of a contraction of a
single edge implies that all except one of the maps hv in the atomization
diagram are identities. Hence it remains to consider the two special cases
where either

• σ consists of a single vertex and conσ(f, f
′) is the contraction of the

only loop, or

• σ is a graph with two vertices and conσ(f, f
′) is the contraction of the

only edge between the two vertices.
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In both cases one can construct the isomorphism a(f,f ′) explicitly. □

Lemma 4.1.5. Let τ be a SUSY graph and (f1, f
′
1) and (f2, f

′
2) two pairs

of flags that form edges. Let conτ (fi, f
′
i) : τ → τ(fi,f ′

i)
, i = 1, 2 be the con-

traction of the edge (fi, f
′
i) and

conτ(f1,f′

1
)
(f2, f

′
2) : τ(f1,f ′

1)
→ τ(f1,f ′

1);(f2,f
′

2)

conτ(f2,f′

2
)
(f1, f

′
1) : τ(f2,f ′

2)
→ τ(f2,f ′

2);(f1,f
′

1)

the contraction of the respective other edge. Then τ(f1,f ′

1);(f2,f
′

2)
=

τ(f2,f ′

2);(f1,f
′

1)
and

conτ(f1,f′

1
)
(f2, f

′
2) ◦ conτ (f1, f

′
1) = conτ(f2,f′

2
)
(f1, f

′
1) ◦ conτ (f2, f

′
2).

Proof. Again, the atomization of a contraction of a single edge is an identity
on all except one target vertex. If the two contractions do not share a vertex,
they obviously commute. If they share a vertex, it remains to consider the
following four cases:

• τ consist of a single vertex and conτ (fi, f
′
i), i = 1, 2 are contractions

of the only two loops,

• τ consists of two vertices and conτ (f1, f
′
1) is the contraction of the only

loop and conτ (f2, f
′
2) the contraction of the only edge connecting the

two vertices,

• τ consists of two vertices and the conτ (fi, f
′
i) are contractions of the

only two edges connecting the two vertices,

• τ consist of three vertices and conτ (fi, f
′
i) are the contractions of the

only two edges connecting the three vertices.

In all of the above cases one can verify explicitly that the contractions
con(fi,f ′

i)
commute. □

Suppose now that we have an operad O : SGrst → C in the sense of [3,
Definition 1.6.1]. That is, O is a symmetric monoidal functor that sends
graftings to isomorphisms. Hence, in particular, the total grafting morphism
◦σ from Equation (4.1.1) is sent to an isomorphism for any graph σ and it
follows that

O(σ) = O(◦σ)

(

O

(

∐

v∈Vσ

σv

))

= O(◦σ)

(

⊗

v∈V

O(σv)

)

.
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This determines O(σ) in terms of the operation of O on the corollas σv up to
the isomorphism O(◦σ). In the following we assume that O acts on ◦σ and
any other grafting as the identity.

For any map, h : τ → σ, the map O(h) : O(τ) → O(σ) is then identical to
⊗

v∈Vσ
O(hv) where hv : τv → σv as in the atomization diagram (4.1.2). By

the decomposition of each hv into a sequence of graftings, isomorphism and
contractions of single edges, see (4.1.3), the value of O on any map is hence
completely determined by specifying its image on isomorphisms of corollas,
contractions of single loops at single vertices and contractions of single edges
between two vertices. However, those images cannot be specified arbitrarily.
As the decomposition (4.1.3) is not unique, the functor O needs to respect
the commutation relations explained in Lemma 4.1.4 and Lemma 4.1.5. The
following Proposition 4.1.6, spells out those commutation relations in detail.

Proposition 4.1.6. Let C be a category with

• objects C(g, INS , IR) for every non-negative integer g ∈ Z≥0, and finite
sets INS and IR such that the cardinality #IR is even and 2g − 2 +
#INS +#IR > 0

• for every pair (sNS , sR) of isomorphisms of finite sets sNS : INS →
JNS and sR : IR → JR an isomorphism

c(sNS ,sR) : C(g, INS , IR) → C(g, JNS , JR),

• for any two distinct elements i, i′ ∈ INS and distinct elements j, j′ ∈ IR
there are maps

clNS(i, i
′) : C(g, INS , IR) → C(g + 1, INS \ {i, i′}, IR),

clR(j, j
′) : C(g, INS , IR) → C(g + 1, INS , IR \ {j, j′}),

• for any pairs of elements (i, i′) ∈ INS × I ′NS and (j, j′) ∈ IR × I ′R maps

cNS(i, i
′) : C(g, INS , IR)× C(g, I ′NS , I

′
R)

→ C
(

g + g,
(

INS ∪ I ′NS

)

\ {i, i′}, IR ∪ I ′R
)

,

cR(j, j
′) : C(g, INS , IR)× C(g, I ′NS , I

′
R)

→ C
(

g + g, INS ∪ I ′NS ,
(

IR ∪ I ′R
)

\ {j, j′}
)

.

There is a unique operad O : SGrst → C such that
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• for any SUSY corolla τ

O(τ) = C(gτ , Fτ,NS , Fτ,R),

• for any isomorphism h : τ → σ of SUSY corollas

O(h) = c(
(hF |Fσ,NS)

−1
,(hF |Fσ,R)

−1
),

• for any grafting h : τ → σ, that is hV and hF are identities, O(h) is
the identity.

• for any contraction conl(f,f ′) : τ → τ of the loop specified by f, f ′ ∈ Fτ

of the same color cτ (f) ∈ {NS,R} at a SUSY graph τ with a single
vertex

O

(

conl(f,f ′)

)

= clcτ (f)(f, f
′),

• for any contraction con(f,f ′) : τ → σ of the edge in a graph τ consisting
of two SUSY corollas τ1, τ2 grafted at the edge specified by (f, f ′) ∈
Fτ1 × Fτ2 of the same color cτ (f) ∈ {NS,R}

O
(

con(f,f ′)

)

= ccτ (f)(f, f
′),

if and only if the following conditions are satisfied:

(i) The isomorphisms c(sNS ,sR) respect the composition of isomorphisms
of finite sets. That is, for two pairs of isomorphisms of finite sets

(sNS : INS → JNS , sR : IR → JR) (s′NS : JNS → KNS , s
′
R : JR → KR)

it holds

c(s′NS◦sNS ,s′R◦sR) = c(s′NS ,s
′

R) ◦ c(sNS ,sR).

(ii) The isomorphisms c(sNS ,sR) “commute” with the maps clNS(i, i
′) and

clR(j, j
′). That is, for any pair (sNS : INS → JNS , sR : IR → JR) of iso-

morphisms of finite sets, elements i, i′ ∈ INS and j, j′ ∈ IR

c(sNS ,sR) ◦ c
l
NS(i, i

′) = clNS(sNS(i), sNS(i
′)) ◦ c(sNS ,sR)

c(sNS ,sR) ◦ c
l
R(j, j

′) = clR(sR(j), sR(j
′)) ◦ c(sNS ,sR)
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Here

sNS : INS \ {i, i′} → JNS \ {sNS(i), sNS(i
′)}

sR : IR \ {i, i′} → JR \ {sR(i), sR(i
′)}

are the induced restricted isomorphisms of finite sets.

(iii) The isomorphisms c(sNS ,sR) “commute” with the maps cNS(i, i
′) and

cR(j, j
′). That is, for two pairs of isomorphisms of finite sets

(sNS : INS → JNS , sR : IR → JR) (s′NS : I
′
NS → J ′

NS , s
′
R : I ′R → J ′

R)

it holds

cNS

(

sNS(i), s
′
NS(i

′)
)

◦
(

c(sNS ,sR) × c(s′NS ,s
′

R)

)

= c(sNS∪s′NS ,sR∪s′R)
◦ cNS(i, i

′),

cR
(

sR(j), s
′
R(j

′)
)

◦
(

c(sNS ,sR) × c(s′NS ,s
′

R)

)

= c(sNS∪s′NS ,sR∪s′R)
◦ cR(i, i

′).

Here

sNS ∪ s′NS : INS ∪ I ′NS → JNS ∪ J ′
NS

sNS ∪ s′NS :
(

INS ∪ I ′NS

)

\ {i, i′} →
(

JNS ∪ J ′
NS

)

\ {sNS(i), s
′
NS(i

′)}

sR ∪ s′R : IR ∪ I ′R → JR ∪ J ′
R

sR ∪ s′R :
(

IR ∪ I ′R
)

\ {i, i′} → (JR ∪ JR) \ {sR(i), s
′
R(i

′)}

are the induced isomorphisms of finite sets.

(iv) The maps clNS(i, i
′) and clR(j, j

′) “commute” with each other. That is
for any distinct elements i1, i

′
1, i2, i

′
2 ∈ INS and distinct j1, j

′
1, j2, j

′
2 ∈

IR it holds

clNS(i1, i
′
1) ◦ c

l
NS(i2, i

′
2) = clNS(i2, i

′
2) ◦ c

l
NS(i1, i

′
1)

clNS(i1, i
′
1) ◦ c

l
R(j1, j

′
1) = clR(j1, j

′
1) ◦ c

l
NS(i1, i

′
1)

clR(j1, j
′
1) ◦ c

l
R(j2, j

′
2) = clR(j2, j

′
2) ◦ c

l
R(j1, j

′
1)

(v) The maps clNS(i, i
′) and clR(j, j

′) “commute” with cNS(i, i
′) and

cR(j, j
′). That is, for any distinct i1, i

′
1, i2 ∈ INS, i′2 ∈ I ′NS and
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j1, j
′
1, j2 ∈ IR, j

′
2 ∈ I ′R we have

clNS(i1, i
′
1) ◦ cNS(i2, i

′
2) = cNS(i2, i

′
2) ◦

(

clNS(i1, i
′
1)× idC(g′,I′

NS ,I
′

R)

)

clR(j1, j
′
1) ◦ cNS(i2, i

′
2) = cNS(i2, i

′
2) ◦

(

clR(j1, j
′
1)× idC(g′,I′

NS ,I
′

R)

)

clNS(i1, i
′
1) ◦ cR(j2, j

′
2) = cR(j2, j

′
2) ◦

(

clNS(i1, i
′
1)× idC(g′,I′

NS ,I
′

R)

)

clR(j1, j
′
1) ◦ cR(j2, j

′
2) = cR(j2, j

′
2) ◦

(

clR(j1, j
′
1)× idC(g′,I′

NS ,I
′

R)

)

Furthermore, for any distinct pairs (i1, i
′
1), (i2, i

′
2) ∈ INS × I ′NS and

distinct pairs (j1, j
′
1), (j2, j

′
2) ∈ IR × I ′R

clNS(i2, i
′
2) ◦ cNS(i1, i

′
1) = clNS(i1, i

′
1) ◦ cNS(i2, i

′
2)

clR(j2, j
′
2) ◦ cNS(i1, i

′
1) = clNS(i1, i

′
1) ◦ cR(j2, j

′
2)

clR(j2, j
′
2) ◦ cR(j1, j

′
1) = clR(j1, j

′
1) ◦ cR(j2, j

′
2)

(vi) The maps cNS(i, i
′) and cR(j, j

′) “commute” with each other. That
is for any pairs of elements (i1, i

′
1) ∈ INS × I ′NS, (i2, i

′
2) ∈ I ′NS × I ′′NS

with i′1 ̸= i2 and (j1, j
′
1) ∈ IR × I ′R, (j2, j

′
2) ∈ I ′R × I ′′R with j′1 ̸= j2 it

holds

cNS(i1, i
′
1) ◦

(

idC(g,INS ,IR)×cNS(i2, i
′
2)
)

= cNS(i2, i
′
2) ◦

(

cNS(i1, i
′
1)× idC(g′′,I′′

NS ,I
′′

R)

)

cNS(i1, i
′
1) ◦

(

idC(g,INS ,IR)×cR(j2, j
′
2)
)

= cR(j2, j
′
2) ◦

(

cNS(i1, i
′
1)× idC(g′′,I′′

NS ,I
′′

R)

)

cR(j1, j
′
1) ◦

(

idC(g,INS ,IR)×cR(j2, j
′
2)
)

= cR(j2, j
′
2) ◦

(

cR(j1, j
′
1)× idC(g′′,I′′

NS ,I
′′

R)

)

Proof. We have spelled out the construction of O on graphs and graph mor-
phisms before Proposition 4.1.6. The construction is independent of the de-
composition of graph morphisms because the commutativity conditions (ii)–
(vi) imply that Lemma 4.1.4 and Lemma 4.1.5 also hold in C. Here, the con-
dition (ii) corresponds to the first special case in the proof of Lemma 4.1.4,
and condition (iii) to the second. The conditions (iv)–(vi) correspond to the
four special cases in the proof of Lemma 4.1.5 in the same order.

It remains to show that O is a functor, that is for two graph morphisms
h : τ → σ and f : σ → ρ we have O(f ◦ h) = O(f) ◦ O(h). To this end note
that the atomization of the composition f ◦ h can be obtained from the
atomizations of f and h via graftings. □
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Note that for any SUSY operad O : SGrst → C there is an induced modu-
lar operad Õ = O ◦ I : MGrst → SGrst where I : MGrst → SGrst is the inclusion
functor. This operad Õ can be specified by less data:

Corollary 4.1.7. Let C be a category with objects C(g, I, ∅), and mor-
phisms c(s,∅), c

l
NS(i, i

′) and cNS(i, i
′) satisfying the conditions (i)–(vi) of

Proposition 4.1.6 for the special case IR = ∅. There is a modular operad
Õ : MGrst → C such that corollas are mapped to C(g, I, ∅), graftings to iden-
tities, automorphisms of corollas to c(s,∅) and contractions of single loops at

a vertex to cl(i, i′) and contractions of a single edge between two vertices to
cNS(i, i

′).

Remark 4.1.8. Even though the objects C(g, INS , IR) and C(g, I ′NS , I
′
R)

are isomorphic if #INS = #I ′NS and #IR = #I ′R it is still important to label
them with finite sets instead of their cardinality because the isomorphisms
are not canonical. Otherwise, the image under O of an isomorphism τ → σ
between two corollas both having genus g, kNS Neveu–Schwarz tails and
kR Ramond tails would be an automorphism of C(g, kNS , kR). In general,
however, there is no canonical isomorphism τ → σ which could be mapped
to the identity of C(g, kNS , kR).

If one insists on labeling the images of corollas by integers such as
C(g, kNS , kR), one can choose a skeleton SkSGrst of the category of stable
SUSY graphs together with an equivalence of categories between SkSGrst

and SGrst and construct the operad as a functor SkSGrst → C. The choice of
skeleton and equivalence avoids the above ambiguity because it consistently
selects representatives of isomorphism classes of objects and morphisms.

4.2. Moduli spaces of stable SUSY curves

In [13] it was proved (Theorem A), that for each pair of finite sets (INS , IR)
with #IR even, the functor of families of stable SUSY curves of genus g with
punctures labeled by INS and IR respectively is represented by a smooth
and proper Deligne–Mumford superstack Mg,INS ,IR . The reader can find a
categorical background of stacks in [24]. Basic geometric definitions of the
theory of superstacks are presented in [6].

The reduced space
(

Mg,INS ,IR

)

red
is the moduli stack of twisted spin

curves. Here a twisted spin curve is a pair (Mred, S) consisting of an algebraic
stable curve Mred together with a twisted spinor bundle satisfying (3.2.2),
see, for example, [1]. We denote the moduli stack of pairs (Mred, S) by

M
spin
g,INS ,IR =

(

Mg,INS ,IR

)

red
.
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The moduli spaceM
spin
g,INS ,IR is a bundle over the moduli spaceMg,INS∪IR

of algebraic curves with marked points labeled by INS ∪ IR where the map

π : M
spin
g,INS ,IR →Mg,INS∪IR

forgets the spinor bundle, that is, sends (Mred, S) to Mred. In the case of
genus zero the map π is an isomorphism for all pairs (INS , IR = ∅).

Let s = (sNS : INS → JNS , sR : IR → JR) be a pair of isomorphisms of
finite sets and (M, {si},R, δ) be a stable SUSY curve with Neveu–Schwarz
punctures labeled by INS and Ramond punctures labeled by IR. We denote
by s(M, {si},R, δ) the stable SUSY curve obtained from (M, {si},R, δ) by
relabeling the Neveu–Schwarz punctures by sNS and the Ramond divisors
by sR. This renumbering of the punctures yields an isomorphism of moduli
stacks as : Mg,INS ,IR → Mg,JNS ,JR

.
The pair of isomorphisms s also yields an isomorphism

as,red : M
spin
g,INS ,IR →M

spin
g,JNS ,JR

,

as well as an automorphism

asNS∪sR : Mg,INS∪IR →Mg,JNS∪JR

when considering the induced isomorphism sNS ∪ sR : INS ∪ IR → JNS ∪
JR. Those isomorphisms fit into a commutative diagram

Mg,INS ,IR Mg,JNS ,JR

M
spin
g,INS ,IR M

spin
g,JNS ,JR

Mg,INS∪IR Mg,JNS∪JR

as

as,red

ired

π

ired

π

asNS∪sR

If JNS = INS and JR = IR the isomorphism as, as,red and asNS∪sR are au-
tomorphisms of the moduli stacks. If #I ≥ 3 all automorphisms of M0,I are
obtained from automorphisms I → I, and if #I ≥ 5 the automorphisms are
in bijection with elements of the automorphism group of I, see [5, 23].

The stack Mg,INS ,IR is endowed with a boundary Cartier divisor ∆ =
∆NS +∆R, with normal crossings, see Section 8 of [13]. The boundary divi-
sor ∆NS encodes stable SUSY curves with at least one Neveu–Schwarz node
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and the boundary divisor ∆R encodes stable SUSY curves with at least one
Ramond node.

Stable SUSY curves can be glued along punctures of the same type, as
was worked out in [13, Section 8]. It is possible to either glue two punctures
of the same type of a single SUSY curve or to glue together two separate
SUSY curves along punctures of the same type. While two Neveu–Schwarz
punctures can be uniquely glued, the gluing of Ramond punctures has a
degree of freedom. We will now discuss the induced gluing maps on the
moduli stacks of SUSY curves in the different cases.

Let (M, {si},R, δ) be a SUSY curve of genus g with Neveu–Schwarz
punctures labeled by INS and Ramond punctures by IR and (M ′, {s′i},R

′, δ′)
a SUSY curve of genus g′ with Neveu–Schwarz punctures labeled by I ′NS and
Ramond punctures labeled by I ′R. For any pair (i, i′) ∈ INS × I ′NS we can
glue M and M ′ along the Neveu–Schwarz punctures labeled by i and i′

respectively to obtain a SUSY curve of genus g + g′ with Neveu–Schwarz
punctures labeled by (INS ∪ I ′NS) \ {i, i

′} and Ramond punctures labeled
by IR ∪ I ′R. On the level of moduli stacks this gluing yields an embedding
of codimension 1|0, see [13, Lemma 8.10]:

glNS(i, i
′) : Mg,INS ,IR ×Mg′,I′

NS ,I
′

R
→ Mg+g′,(INS∪I′

NS)\{i,i
′},IR∪I′

R

This gluing map is compatible with the gluing on the level of spin moduli
spaces and classical moduli spaces. That is, the following diagram commutes:

Mg,INS ,IR ×Mg′,I′

NS ,I
′

R
Mg+g′,(INS∪I′

NS)\{i,i
′},IR∪I′

R

M
spin
g,INS ,IR ×M

spin
g′,I′

NS ,I
′

R
M

spin
g+g′,(INS∪I′

NS)\{i,i
′},IR+I′

R

Mg,INS∪IR ×Mg′,I′

NS∪I
′

R
Mg+g′,(INS∪I′

NS∪IR∪I′

R)\{i,i′}

glNS(i,i′)

glNS(i,i′)red

ired

π

ired

π

gl(i,i′)

Gluing the two Neveu–Schwarz punctures with label i and i′ of a single
stable SUSY curve of genus g with Neveu–Schwarz punctures labeled by INS

and Ramond punctures labeled by IR yields a stable SUSY curve of genus
g + 1 and Neveu–Schwarz punctures labeled by INS \ {i, i′} and Ramond
punctures labeled by IR. On the level of moduli space this gluing yields an
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embedding gllNS(i, i
′) which makes the following diagram commutative:

Mg,INS ,IR Mg+1,INS\{i,i′},IR

M
spin
g,INS ,IR M

spin
g+1,INS\{i,i′},IR

Mg,INS∪IR Mg+1,(INS∪IR)\{i,i′}

gllNS(i,i
′)

gllNS(i,i
′)

red

ired

π

ired

π

gll(i,i′)

Similar gluing maps for Ramond punctures are not defined uniquely
because Ramond punctures are of dimension 0|1. According to [13,
Lemma 8.11], there is a principal fiber bundle Pj → Mg,INS ,IR that
parametrize preferred coordinate systems of the j-th Ramond puncture.
The structure group of Pj is of the form Z2 × C0|1. It follows from [13,
Lemma 8.13] that in order to glue two Ramond punctures j and j′ one
needs to choose an isomorphism between Pj and [i]∗Pj′ , where [i]∗Pj′ is the
rescaling of the fibers of Pj′ by the complex unity i. Hence there are bundles
of isometries and gluing maps

Iso(Pj , [i]∗Pj′) Mg+1,INS ,IR\{j,j′}

Mg,INS ,IR

gllR(j,j′)

Iso(Pj , [i]∗Pj′) Mg+g′,INS∪I′

NS ,(IR∪I′

R)\{j,j′}

Mg,INS ,IR ×Mg′,I′

NS ,I
′

R

glR(j,j′)

In both cases the gluing maps are embeddings of codimension 1|0, see [13,
Lemma 8.14].
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Also the gluing of Ramond punctures is compatible with the gluing of
marked points on the moduli space of stable curves:

Iso(Pj , [i]∗Pj′)

Mg,INS ,IR Mg+1,INS ,IR\{j,j′}

Iso(Pj , [i]∗Pj′)red

M
spin
g,INS ,IR M

spin
g+1,INS ,IR\{j,j′}

Mg,INS∪IR Mg+1,(INS∪IR)\{j,j′}

gllR(j,j′)

gllR(j,j′)
red

ired

ired

π

ired

π

gll(j,j′)

Here, the bundle Iso(Pj , [i]∗Pj′)red is the Z2-bundle classifying the sign-
choice in identifying the fibers of the spinor bundle of the pair (Mred, S)
at the two Ramond nodes with labels j and j′. A similar diagram exists for
the gluing map glR(j, j

′).
One can work out commutativity relations between the isomorphism as

induced by relabelings and the different gluing maps. Likewise, as gluing is
an operation local to the two punctures, there are various commutativity
relations between the gluing maps. One finds that they are analogous to the
relations stated in the conditions (ii)–(vi) of Proposition 4.1.6.

For further information about moduli superspaces, see [6, 7, 12, 17].

4.3. SUSY Operad in moduli superstacks

In this section we will construct the operad O : SGrst → SM of moduli su-
perstacks of SUSY curves that extends the modular operad o : MGrst → M

of moduli stacks of algebraic curves.
Recall the following construction of the modular operad o: Let M be the

full subcategory of the category of Deligne–Mumford stacks whose objects
are finite products of moduli stacks Mg,I . The operad o sends modular
corollas τ to o(τ) =Mg,Fτ

, isomorphisms h : τ → σ of modular corollas to
a(hF )−1 , contractions of a single loop at one vertex to gll(i, i′) and contraction
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of a single edge between two vertices to gl(i, i′). By Corollary 4.1.7, this
yields a well defined operad o : MGrst → M.

In this section we prove the following theorem:

Theorem 4.3.1. There is a category SM such that the map

τ 7→
∏

v∈Vτ

Mg(v),Fτ,NS(v),Fτ,R(v)

can be extended to an operad O : SGrst → SM which sends graftings to the
identity, isomorphisms of corollas to isomorphisms of the moduli super-
stacks, and contractions of edges of Neveu–Schwarz resp. Ramond type to
gluings of punctures of Neveu–Schwarz resp. Ramond type.

Furthermore, there is a functor P : SM → M such that o ◦ F = P ◦ O for
the forgetful functor F : SGrst → MGrst.

The main difficulty in the construction of the operad O : SGrst → SM

is to construct an appropriate symmetric monoidal category SM such that
Proposition 4.1.6 can be applied. The category SM needs to contain products
of moduli superstacks, their isomorphisms induced by relabelings and gluing
maps. In particular, we need to construct SM containing the gluing maps
glR(j, j

′) and gllR(j, j
′) which are not morphisms between superstacks in the

usual sense. On the other hand, we have to choose the morphisms in SM in
such a way that the functor P can be constructed as SM → SMred → M and
O extends the modular operad o. We will construct the category in several
steps.

Definition 4.3.2. Let C1 be the full subcategory of the category of
Deligne–Mumford superstacks whose objects are finite products of compact
moduli stacks Mg,INS ,IR .

The category C1 is a symmetric monoidal category with respect to the
product

∏

of stacks. Using Corollary 4.1.7, one can construct a modular
operad in C1:

Proposition 4.3.3. The map

τ 7→
∏

v∈Vτ

Mg(v),Fτ (v),∅
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can be extended to a modular operad O1 : MGrst → C1 such that graftings are
mapped to the identity, automorphism of corollas to the induced automor-
phisms of moduli superstacks and contractions to gluings of Neveu–Schwarz
punctures.

In order to extend the operad O1 to a SUSY operad, we need to define
a category C2 such that the gluings of Ramond nodes are morphisms in this
category:

Definition 4.3.4. LetM andM ′ be objects of C1. We say that f : P →M ′

is a weak map from M to M ′ if P is a fiber bundle over M .

P

M M ′

f

Weak maps can be composed in an obvious way that is also associative.
Let C2 be the category whose objects are objects of C1, that is products

of moduli stacks of punctured SUSY curves. Morphisms in C2 are weak maps
in the above sense.

One can verify that the category C2 is a symmetric monoidal cate-
gory with respect to the product of stacks. The gluing maps glR(j, j

′) and
gllR(j, j

′) defined in Section 4.2 are morphisms in C2. Hence, by Proposi-
tion 4.1.6, one can construct an operad O2 : SGr

st → C2 such that

• for any SUSY graph τ O2(τ) =
∏

v∈Vτ
Mg(v),Fτ,NS(v),Fτ,R(v),

• for any isomorphism h : τ → σ of SUSY corollas

O2(h) = a(
(hF |Fσ,NS)

−1
,(hF |Fσ,R)

−1
),

• for any grafting h : τ → σ, O2(h) is the identity,

• for any contraction conl(f,f ′) : τ → τ of a loop at a SUSY corolla τ spec-

ified by f, f ′ ∈ Fτ of the same color cτ (f) ∈ {NS,R}, O2(con
l
(f,f ′)) =

gllcτ (f)(f, f
′),

• for any contraction con(f,f ′) : τ → σ of the edge in a graph τ con-
sisting of two SUSY corollas τ1, τ2 grafted at the edge specified by
(f, f ′) ∈ Fτ1 × Fτ2 of the same color cτ (f) ∈ {NS,R}, O2(con(f,f ′)) =
glcτ (f)(f, f

′).
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However, the category C2 does not allow for a functor Π : C2,red → M.
Recall that the reduction functor Red associates to each superstack M its
reduced stack Mred and to each map of superstacks f : M →M ′ its reduced
maps fred : Mred →M ′

red. This reduction can also be applied to weak maps
in the sense of Definition 4.3.4 and also yields a functor Red : C2 → C2,red.

We have discussed in Section 4.2 that
(

Mg,INS ,IR

)

red
=M

spin
g,INS ,IR is a bundle

over Mg,INS∪IR with discrete fibers. But not every map between bundles is

a bundle map, that is, not every map M
spin
g,INS ,IR →M

spin
g′,I′

NS ,I
′

R
descends to a

map Mg,INS∪IR →Mg′,I′

NS∪I
′

R
. This is fixed by the following definition:

Definition 4.3.5. A weak map f : P →M ′ between M and M ′ ∈ C1 is
said to project if there is a map Πf : ΠMred → ΠM ′

red such that the following
diagram commutes:

Pred

Mred M ′
red

ΠMred ΠM ′
red

fred

π π

Πf

Here π : Mred → ΠMred (respectively π : M
′
red → ΠM ′) is the projection map

from the product of spin moduli spacesMred to the product of moduli spaces
ΠMred obtained by forgetting the spin structures.

We denote by SM the category whose objects are objects of C1, that
is finite products of moduli superstacks. Morphisms of SM are morphism
from C2 that project. We denote the corresponding reduction functor by
Red : SM → SMred and the projection functor by Π : SMred → M.

The category SM is a symmetric monoidal category and contains the
isomorphisms of moduli superstacks induced by relabeling as well as all
gluing maps of both Neveu–Schwarz and Ramond type as was discussed
in Section 4.2. Consequently, one can restrict the operad O2 to an operad
O : SGrst → SM as requested in Theorem 4.3.1.

The functors Red : SM → SMred and Π : SMred → M are symmetric
monoidal functors. Hence we obtain a commutative diagram of symmetric
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monoidal functors:

SGrst SM

SMred

MGrst M

O

F

Ored

Red

P

Π

o

This completes the proof of Theorem 4.3.1.
Note that Ored = Red ◦ O is the previously unknown SUSY operad of

moduli stacks of spin curves.
As an application, we use the operad O to calculate the dimension of the

(compactified) moduli space of SUSY curves with prescribed dual graph τ .
Let τ be a connected SUSY graph and let c : τ → σ be the full contraction.
That is, σ is a corolla of genus g(τ) with Neveu–Schwarz flags Tτ,NS and
Ramond flags Tτ,R. Then O(c) is given by a diagram of the form

P Mg(τ),TNS ,TR

∏

v∈Vτ
Mg(v),Fτ,NS(v),Fτ,R(v)

gl

The image of gl in Mg(τ),Tτ,NS ,Tτ,R
is Mτ , the closed moduli space of SUSY

curves of dual graph τ . Here Mτ is described as product over the moduli
spaces of the vertices together with the gluing data contained in P .

We can use the dimension of the bundle P to calculate the dimension
of Mτ . The fiber dimension of P is 0|#Eτ,R. The base space has the even
dimension

∑

v∈Vτ

(3gτ (v)− 3 + #Fτ,NS(v) + #Fτ,R(v))

which coincides with the even dimension of P . Using the formula for the
genus of the graph and that the number of flags coincides with the number
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of markings plus twice the numbers of edges

∑

v∈Vτ

(gτ (v)− 1) = gτ − 1−#Eτ

∑

v∈Vτ

#Fτ,NS(v) = #Fτ,NS = #Tτ,NS + 2#Eτ,NS

∑

v∈Vτ

#Fτ,R(v) = #Fτ,R = #Tτ,R + 2#Eτ,R

Hence for the even dimension of P we have

de(P ) =
∑

v∈Vτ

(3gτ (v)− 3 + #Fτ,NS(v) + #Fτ,R)

= 3gτ − 3− 3#Eτ +#Tτ,NS + 2#Eτ,NS +#Tτ,R + 2#Eτ,R

= 3gτ − 3 + #Tτ −#Eτ

Similarly for the odd dimension of P , taking into account the fiber dimension

do(P ) =
∑

v∈Vτ

(

2gτ (v)− 2 + #Fτ,NS(v) +
1

2
#Fτ,R

)

+#Eτ,R

= 2gτ − 2− 2#Eτ +#Tτ,NS + 2#Eτ,NS +
1

2
#Tτ,R +#Eτ,R +#Eτ,R

= 2gτ − 2 + #Tτ,NS +
1

2
#Tτ,R

As all gluing maps are embeddings, it follows that Mτ ⊂ Mgτ ,Tτ,NS ,Tτ,R
is a

subspace of codimension #Eτ |0.
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Boston (1995), ISBN 978-1-4612-4264-2.

[16] E. Getzler and M. M. Kapranov, Modular operads, Compos. Math. 110
(1998), no. 1, 65–125.

[17] E. Keßler, A. Sheshmani, and S.-T. Yau, Super quantum cohomology I:
Super stable maps of genus zero with Neveu-Schwarz punctures, arXiv:
2010.15634 [math.DG], (2020).

[18] M. Kontsevich and Y. I. Manin, Gromov-Witten classes, quantum co-
homology, and enumerative geometry, Comm. Math. Phys. 164 (1994),
no. 3, 525–562.

[19] C. LeBrun and M. Rothstein,Moduli of super Riemann surfaces, Comm.
Math. Phys. 117 (1988), no. 1, 159–176.

[20] A. Losev and Y. I. Manin, Extended modular operad, in K. Hertling
and M. Marcolli, editors, Frobenius Manifolds, number 36 in As-
pects of Mathematics, 181–211, Vieweg+Teubner Verlag (2004), ISBN
978-3-3228-0238-5.

[21] Y. I. Manin, Gauge Field Theory and Complex Geometry, number 289
in Grundlehren der Mathematischen Wissenschaften, Springer-Verlag
(1988), ISBN 978-3-5406-1378-7.

[22] ———, Frobenius Manifolds, Quantum Cohomology, and Moduli
Spaces, number 47 in Colloquium Publications, American Mathemati-
cal Society (1999), ISBN 0-8218-1917-8.

[23] A. Massarenti, The automorphism group of Mg,n, J. Lond. Math. Soc.
89 (2014), no. 1, 131–150.

[24] M. Olsson, Algebraic Spaces and Stacks, number 62 in Colloquium
Publications, American Mathematical Society (2016), ISBN 978-1-

4704-2798-6.

[25] N. Ott and A. A. Voronov, The supermoduli space of genus zero super
Riemann surfaces with Ramond punctures, J. Geom. Phys. 185 (2023),
Article ID 104726, 30 p.

[26] Y. Wu and S.-T. Yau, Comparison theorems of phylogenetic spaces and
the moduli spaces of curves, arXiv:2006.04319 [math.AG], (2020).

zE1a1ogp7qO3iVoKy+tsOaohY1GId6Ua9azD8eNjDXQ=

zE1a1ogp7qO3iVoKy+tsOaohY1GId6Ua9azD8eNjDXQ=



✐

✐

“1-Kessler” — 2025/11/7 — 2:04 — page 196 — #34
✐

✐

✐

✐

✐

✐

196 E. Keßler, Y. I. Manin, and Y. Wu

Max-Planck-Institut für Mathematik

Vivatsgasse 7, 53111 Bonn, Germany

E-mail address: mail@ennokessler.de

Max-Planck-Institut für Mathematik

Vivatsgasse 7, 53111 Bonn, Germany

Center of Mathematical Sciences and Applications

Harvard University, Cambridge, MA 02138, USA

Current address:

Department of Mathematics, University of Houston

Houston, TX 77004, USA

E-mail address: ywu68@uh.edu

Received February 23, 2022

Accepted December 10, 2022

zE1a1ogp7qO3iVoKy+tsOaohY1GId6Ua9azD8eNjDXQ=

zE1a1ogp7qO3iVoKy+tsOaohY1GId6Ua9azD8eNjDXQ=


	Introduction and summary
	SUSY Graphs
	Stable SUSY curves with punctures and their dual graph
	SUSY operads
	References

