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Homogeneous Z/2-harmonic forms and spinors on

R* from regular 4-polytopes

Clifford Taubes and Yingying Wu

ABSTRACT. We describe novel local singularity models for Z/2 harmonic
1-forms, self-dual 2-forms and spinors in dimension 4. These models are
homogeneous versions on R* whose singular sets are cones on the 1-
skeleta of certain regular 4-dimensional polytopes.
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Part 1. Analytic theory of Z/2—harmonic forms on S\ T’
1. Introduction

Homogeneous, Z/2 harmonic differential forms and spinors on R* arise
as rescaling limits of divergent sequences to certain 4-dimensional general-
izations of the Seiberg-Witten and (anti)-self-dual Yang-Mills equations.
(See e.g. [22, 24, 25].) What follows momentarily is a working definition
of these objects of interest. First, some preliminaries to set the stage: The
set of length 1 vectors in R? is the 3-sphere, denoted here by S3. The radial
projection map from R*\ {0} to S3 that sends any given non-zero vector x
to the unit vector along the ray from the origin to x is denoted by m. The
multiplicative group (0, 00) acts on R* as the 1-parameter family of coordi-
nate rescaling diffeomorphisms using the rule whereby any given A € (0, c0)
sends any given vector x to Az. Next, some notation: The upcoming defini-
tion refers to a “Euclidean line bundle”. This is a real line bundle with fiber
metric. Given that metric, there is a canonical definition of a (covariant) de-
rivative for sections of the line bundle (and thus for differential form/spinor
valued sections). This is because the line bundle is locally isometric to the
product R-bundle with the isometry being ambiguous only up to multipli-
cation by 1, which commutes with differentiation.

DEFINITION 1.1. A homogeneous, Z/2 harmonic differential form or
spinor on R* is characterized by a data set (Z,Z,v) consisting of the fol-
lowing elements:

e What is denoted by Z signifies the inverse image via 7 of a closed,
non-empty set in S3 with finite 1-dimensional Hausdorff measure
in S3.

e What is denoted by Z — R* — Z signifies the pull-back via 7 of a
real (Euclidean) line bundle defined on the complement of Z N S3
which has no extension to any ball in S3 that contains any point
of Z N S3.

e What is denoted by v signifies an Z-valued harmonic, differential
form or spinor defined over R* — Z that pulls-back as a non-zero
multiple of itself via the action of (0,00) on R*. In addition, the
conditions below must be met:

a) The norm of v extends over Z to define a Holder continuous
function on R* whose zero locus contains Z.

b) The square of the norm of the first derivative of any compo-
nents of v has finite integral over the complement of Z in any
ball in R%.

Of particular interest in this paper are the cases where v is a 1-form,
self-dual 2-form, or self-dual spinor. (The self-dual spinor bundle on R* is
the product, rank 2, complex vector bundle R* x C2.)

To put the upcoming theorems in a historical context, note first that
examples of homogeneous Z/2 harmonic differential forms and spinors on
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R? were constructed previously, by the authors (see [26] and also [27]), by
[3] and by [9]. As noted in [23], these objects on R? can be pulled up to R*
via the projection map to any given hyperplane and then those pull-backs
give examples on R%. In addition, there are examples whereby Z is the zero
locus of a homogeneous, holomorphic function on C? (given some isometry
between C? and R*). See for example [23] and [15]. In the former case, Z is
the union of half-planes in R* through the origin that share a common axis;
and in the latter case, Z is a union of complex lines through the origin.
With the preceding as background, what follows is our main theorem.

THEOREM 1.2. There exist homogeneous, Z/2 harmonic 1-forms, self-
dual 2-forms and self-dual spinors on R* with the set Z being the cone on
the union of the edges and vertices of the following 4-dimensional analogs
of the Platonic solids: The 4-dimensional tetrahedron (the 5-cell), the 4-
dimensional cube (the 8-cell), and the polytopes known as the 24-cell, the
120-cell and the 600-cell.

See Part II for a detailed description of these polytopes.

In the cases of our theorem, the set Z is the union of the cones on geo-
desic arcs as is the case for the pull-backs from R? and for the holomorphic
examples. However, in no case is Z a union of half-planes and/or full planes.
(The upcoming Section 11-17 gives a detailed description of the polytopes
that are mentioned in the theorem.) By way of a look ahead to the proof:
Our constructions exploit the symmetry groups of these 4-dimensional poly-
topes in the manner of the constructions in [26] which exploit the symmetry
groups of the Platonic solids. Even so, the group theory here is different (and
pretty) and the analysis has some novelties. (The constructions for R3 in [3]
and [9] also exploit symmetry groups, but in a more sophisticated way.) An
almost contemporaneous preprint [8] develops related microlocal methods in
the study of two-valued harmonic functions and branched minimal subman-
ifolds with stratified branching sets relevant to some of the local regularity
and asymptotic questions considered here. Other recent papers with related
results on Z/2 harmonic 1-forms and spinors are the paper by Bera and
Walpuski [1] and the paper by Jiahuang Chen [2].

2. Homogeneous, harmonic on R* from eigensections on 53

The basic observation (which is truly ancient) is that homogeneous, har-
monic differential forms and spinors on R* come from eigensections of cor-
responding differential operators acting on sections of some vector bundle
over S3. To elaborate: The assertion that v is homogeneous says in effect
that there exists £ € R such that the pull-back of v under a rescaling dif-
feomorphism x — Az is equal to A"v for any given A € (0,00). Note in this
regard that Z is invariant under these coordinate rescalings, so these diffeo-
morphisms map R* — Z to itself. Meanwhile, the fact that Z is pulled up
from S3 —(ZN.S3) implies that Z at any given point in R* — Z is canonically
isomorphic to the pull-back of Z via any rescaling diffeomorphism. This is
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why it makes sense to say that the A-pull-back of v at a given point in
R* — Z is equal to \*v at that point. In particular, homogeneity of v implies
that v is completely determined by its restriction to S — (Z N S3). This
homogeneity also implies the following: Let r denote the radial coordinate
x + |z|. The Lie derivative of v along the vector field rd, (which generates
the 1-parameter family of rescaling diffeomorphisms) is equal to xkv. (In the
case when v is a spinor, this Lie derivative is defined using the product struc-
ture on the appropriate vector bundle that is defined by parallel transport
along rays from the origin using the Euclidean metric’s Levi-Civita con-
nection.) As explained momentarily, this property of the Lie derivative has
fundamental implications when v is a harmonic differential form or spinor.

A simple case to consider first is the case when v is an Z-valued, homo-
geneous, harmonic function. The assertion that v is harmonic (thus Av =0
with A denoting the sum of the second derivatives in the four coordinate
directions) is equivalent to the assertion that v’s restriction to S% — (Z N S3)
is an Z-valued eigensection of the standard Laplacian on S® — (Z N .S3) with
eigenvalue x(k + 2), thus

(2.1) Aty = k(k+ 2

where AL denotes here and subsequently the standard Laplacian on the 3-
sphere. (The Laplace eigensections for the S? — (Z N S?) analog are studied
in [26, 27)].)

As explained in what follows, any given Z-valued, homogeneous harmonic
function on R*—Z with the norm of its exterior derivative extending across Z
as a Holder continuous function that vanishes on Z can be used to construct
homogeneous, Z/2 harmonic 1-forms and spinors for the same Z (but not
directly any homogeneous, Z/2 harmonic, self-dual 2-forms). To elaborate,
let ¢ denote such a function. Then d¢ is a homogeneous, Z/2 harmonic 1-
form for the given set Z. With regards to self-dual spinors: Let 1 denote a
constant anti-self-dual spinor and let ® denote the standard Dirac operator
on R% Then D (¢n) is a homogeneous, Z/2 harmonic, self-dual spinor for
that same locus Z.

These last two examples are instances of a general construction: Let V
denote a vector space (real or complex); and let {71,...,74} denote a set
of anti-symmetric (or skew-adjoint if V is complex) endomorphisms of V
that obey the Clifford algebra relations

® ;v +vjvi = 0 for each distinct index pair,
e 72 = —I for each i. (2.2)

(Here and below, I denotes the identity endomorphism of Vj.) Let
{0i}i=1,2,34 denote the directional derivatives along the coordinate axes in
R* acting component-wise on sections of the product vector bundle R* x V.
Set

(2.3) D =701+ -+ V404.
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This is a first-order differential operator acting on sections of R*xV, obeying
D2 = —Al with A denoting the standard Laplacian acting component-wise
also. Take ¢ as in the previous paragraph and let 1 denote any given element
in Vg. Then

(2.4) v ="D(¢n)

is annihilated by ©; and as such, it defines a Z/2 homogeneous, harmonic
(with respect to D) section of V (it is a section of the vector bundle (R* x
Vo) ® T on R* — Z that obeys the conditions set forth by the third bullet of
Definition 1.1).

By way of a parenthetical remark: Any ®-harmonic section of (R*xV)®
I can be written as a linear combination of sections of the form depicted in
(2.4) if one is not concerned with the behavior along Z. To elaborate, let

(x1,...,24) denote the Euclidean coordinates on R*, and let

(2.5) Ty = x17y1 + -+ Tg4.

The crucial observation is that if ®v¢ = 0 and ¢ is homogeneous, thus
ropp = K with £ > 0, then

(2.6) Y =—(4+2k)D(zy1p).

Even so, it is not clear a priori that the norms of the derivatives of the
components of (z+y) ¢ must extend across Z as Holder continuous functions
that vanish on Z if the norm of ¢ does.

The construction of homogeneous, Z/2 harmonic self-dual 2-forms re-
quires a different approach. (Yet, examples of homogeneous, harmonic, Z-
valued solutions to the equation *dw + du = 0 for a pair v = (w,u) of
Z-valued self-dual 2-form and Z-valued function can be obtained via an ap-
propriate version of (2.4). However, because the function component of v
won’t be identically zero, the self-dual 2-form part isn’t harmonic.)

To say more about the upcoming construction for Z/2 harmonic, self-
dual 2-forms, let v denote for the moment a harmonic, Z-valued self-dual
2-form on R* — Z for some scaling-invariant, codimension-2 set Z. Let
{é1,6é2,¢é3} denote an oriented, orthonormal basis for 7*S3. The self-dual
2-form v can be written schematically using this basis as

1
(2.7) V=1, (dr AT T éq + 3 2 abe (&b A éc)>

with the notation as follows: The repeated indices are implicitly summed
over {1,2,3} with it understood that {v1, 2,3} denote Z-valued functions
on R* — Z. Meanwhile, €%*¢ denotes the totally anti-symmetric 3-tensor with
6123 —1.

The self-dual 2-form v is homogeneous and harmonic if and only if the
three conditions below are met by {v1,19,v3}. This list uses v+ to denote
the 1-form

(2.8) vt =y, el
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The symbol * below denotes the metric Hodge star on S3:

o ro vt = (k — 2)VL,
o xdtvt =kt
o dtxvt=0. (2.9)

These bullets say in effect that v+ is the product of 72 times the pull-
back from S% — (52N Z) via the radial projection 7 of an eigensection of the
operator xd acting on coclosed, Z-valued 1-forms on S3 — (SN Z).

To put (2.9) in some sort of perspective and to motivate some of the
focus in the subsequent sections of this paper, reintroduce the vector space
Vo and then the operator

(2.10) D = 101+ 7202 + 7303 + 7404

which acts on sections over R* — Z of the tensor product of the line bundle
7 with the product Vg-bundle. Let

(2.11) Yo = r (@ 4+ 2am)

which is an endomorphism of that bundle with square equal to —1 times the
identity endomorphism. The equation ®v = 0 can be written alternately in
the schematic form

(2.12) rov = Dv

with D being a homogeneous, first-order, elliptic differential operator that
differentiates only in directions tangential to the constant r—spheres in R?.
The assumption that v is homogeneous implies that r 0,.v is equal to Av with
A constant. Hence, v is both harmonic and homogeneous if and only if its
restriction to the standard r = 1 sphere is an eigensection of the operator D
over S3—(93N7). Conversely, if v is an eigensection of D on $%—(53N7) with
eigenvalue A, and if the norm of v vanishes on Z and is Holder continuous
across S% N Z, then r* 7*v will be a homogeneous, harmonic (with respect
to D) section of (R* x Vo) ® Z over R* — Z that is described by the third
bullet of Definition 1.1.

By way of an example: Take © to be the Dirac operator acting on R*’s
spinor bundle, this being the Vo = C2@ C? case (the left-hand C? summand
gives the self-dual spinor bundle and the right-hand summand gives the
anti-self-dual spinor bundle). A self-dual, Z-valued spinor is homogeneous
and harmonic if

(2.13) v = ri e

with ¢ an eigensection of the 3-sphere’s Dirac operator on Z-valued spinors
over % — (93N Z) with eigenvalue A + 3. (The relevant version of ® differs
from that Dirac operator by a constant multiple of the identity endomor-
phism.)
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3. Some topology regarding the set Z and the line bundle Z

For the purposes of what is to come, the set Z will be the cone in R4
on certain sorts of embedded graphs in S2. To elaborate: Let I' ¢ S% denote
a non-empty, connected graph with each vertex having even valency (which
is to say that an even number of edges end at each vertex). The implicit
assumption is that the edges of I" are closed subsets of embedded arcs in S3,
and the tangent vectors to the edges that are incident to any given vertex
of I' are distinct. (There will be an extra assumption later to the effect that
the edges of I' are geodesic arcs.) The upcoming Lemma 3.1 makes a formal
statement to the effect that an appropriate line bundle Z on S — I exists if
and only if each vertex of I' has even valency. The lemma refers to a linking
circle of T'. This is an embedded circle in % —I' bounding a disk in S3 that
intersects I' in a single point, that being a transversal intersection with the
interior of an edge of T

LEMMA 3.1. Let ' denote a graph in S3. There is a class in H(S® —
I'; Z/2) with non-zero restriction to any linking circle of I if and only if each
vertex of I has even valency. This is to say that there is a real line bundle

over §% —T', which restricts as the M&bius line bundle to each linking circle
of I.

This lemma is proved momentarily. The line bundle Z for the construc-
tions that follow will always be the line bundle from Lemma 3.1. By way of
relevant instances for Lemma 3.1: The image in S via the radial projection
map 7 of the union of the edges and vertices of any of the polytopes from
Theorem 1.2 is a graph in S whose vertices all have even valency, this being
four for the 5-cell, 8-cell and 120-cell, and eight and twelve in the respective
cases of the 24-cell and 600-cell.

Proof of Lemma 8.1. Since real line bundles are classified by their first
Stiefel-Whitney class, and since any Z/2Z cohomology class is the first
Stiefel-Whitney class of a real line bundle, it is sufficient to prove the
lemma’s assertion regarding H'(S® — T'; Z/2). To this end, let g denote
the rank of Hy(S® — I'; Z). A regular neighborhood of T' is a handlebody
whose boundary is homeomorphic to a Riemann surface with genus equal
to g. (This surface can be built in the following way: Let V' denote the set
of vertices of I' and let £ denote the set of edges. Use each vertex to label
a 2-sphere and each edge to label a cylinder. The ends of the cylinders are
then attached to the complements of disjoint disks in the 2-spheres using the
edge—vertex attachment rule that defines I'.) In particular, since the regular
neighborhood is a handlebody which deformation retracts to I', it follows
that the first homology of S% — I' with Z/2 coefficients has the same rank
as the first homology of I'; thus a direct sum of g copies of Z/2.

To continue, let ¥ denote the boundary of a regular neighborhood of T'
in §2 —I. This surface separates S3 into two parts, one that contains I' and
the other that is disjoint from I'; it is a deformation retract of S3 — I'. The
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“interior of X7 will denote the part that contains I'. Let Hpr C Hi(X%; Z)
denote the kernel of the inclusion map to H;(S® —T'; Z). The inclusion of ¥
into the closure of its interior identifies Hy with Hy(I'; Z). Let Hi denote
the symplectic dual of Hp in H;(X; Z). This is the kernel of the inclusion
map sending Hj(3; Z) to the first homology of the interior of . (The in-
tersection form on Hy(X; Z) defines a non-degenerate, skew-symmetric form
on H1(%; Z).) The inclusion map identifies Hi+ with Hy(S® —T'; Z).

With the preceding understood: The assertion of the lemma follows if
there is a surface in S —TI' that intersects ¥ transversally and, in this regard,
has intersection number 1 with each generator of HFL The task is to find
this surface when the vertices of I' have even valencies.

First, by way of terminology, define an edge loop in I' to be a closed
path in I' consisting of a concatenation of edges that begin and end at the
same vertex such that no edge is traversed twice. To construct an edge loop,
start at a chosen vertex of I' and start walking along an edge until its end,
then continue from that end vertex along another edge, and so on, with
it understood that no edge should be traversed more than once and that
the walk should end when the starting vertex is reached. If all edges are
not contained in this edge loop, then there is a vertex with at least two
untouched incident edges, so a second edge loop can be constructed starting
at that vertex that doesn’t cross any edge from the first edge loop. If all
edges are not contained in these two edge loops, then the process can be
repeated because there will be a vertex with at least two uncrossed, incident
edges. And then repeat again (and again) if needed until all edges have been
crossed exactly once. Let [Lq, ..., Ly] denote the set of loops so constructed.
These define distinct classes in Hi(I';Z) (because they have distinct edges),
so their union bounds a surface in S —T". This surface will have intersection
number 1 with each generator of HFl since its boundary crosses each edge
exactly once.

To complete the proof, suppose that I' has a vertex with odd valency and
there is a class obeying the conditions of the lemma. That class restricted
to a small radius 2-sphere centered on the odd valency vertex would be
non-trivial on the linking circles of the points where that 2-sphere intersects
the edges of I'. Thus, it will be non-trivial on a circle in that 2-sphere that
encloses all of those intersection points (since there is an odd number).
But that conclusion is nonsensical since that circle bounds a disk in the
complement of those intersection points.

4. Some initial analysis

First, some notation: Here and subsequently, (-, -) is used to denote
the inner product on 753, on the spinor bundle for S3, on tensor bundles
constructed from the latter, and in general, on any other vector bundle with
a specified inner product. The Levi-Civita covariant derivative on sections
of T*S3, the corresponding covariant derivative on sections of the spinor
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bundle, and on tensor bundles constructed from 7*S? and the spinor bundle
will all be denoted by V. Covariant derivatives are denoted by V in what
follows.

With this notation, let V denote a real or complex vector bundle over S°
with a fiber metric and metric compatible connection. Let I' denote a graph
in S3 with smoothly embedded edges and such that the edges abutting each
vertex appear near the origin in a Gaussian coordinate chart centered at that
vertex as smoothly embedded arcs that are asymptotically approaching the
origin to a corresponding set of disjoint rays from the origin. Given V, the
tensor product V ® 7 is a vector bundle over §3 — I' with an inner product
and compatible connection, and thus a covariant derivative (because, up to
multiplication by +1, V and V®Z are canonically isomorphic over any open
ball in S3 —I'). This covariant derivative is denoted by V in what follows.

Granted now this covariant derivative: The positive square root of the
functional

(4.1) Y Vy[?
$3-T
defines a norm on the space of smooth, compactly supported sections of
V®ITover S —T.
Of particular note with regard to this norm: The non-triviality of Z on
the linking circles implies the inequality

1 2 2
(1.2 Ll <o Vel

where
dist(-,I") := min dist(-, x).
zel

The norm on the space of compactly supported sections of V ® Z over
S3 —T whose square is depicted in (4.1) is denoted by || - ||m. The completion
of this space of compactly supported sections using the norm | - ||g is a
Hilbert space which is denoted by H in what follows.

Meanwhile, let I. denote the Hilbert space completion of that same space
of compactly supported sections of V® Z over S —I" using the norm whose
square is the functional

(4.3) Y — ).
S3-T
This norm on L is denoted by || - ||L.
Of interest in what follows are the functionals on H that can be written
as

@y @ = [ e+ [ wRe),
S3-T S3-T
with R here (and subsequently) denoting the extension to V®Z of a symmet-

ric (or Hermitian) endomorphism of the bundle V. (The inequality in (4.2)
implies that &€ is bounded by a cp-multiple of the square of the H-norm.)
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Let E denote a given real number. A non-zero section ¢ from H will be
deemed to be a (VIV + R)-eigensection with eigenvalue E in the event that
the identity below holds whenever n € H:

@s) [ v+ [ R =2 o).

Any given (VIV 4 R)-eigensection is smooth on S — I' and it obeys
there the eigenvalue equation (VIV +R)y = Et. (The unwritten convention
henceforth is that eigensections are normalized to have L-norm equal to
1.) The following lemma says in effect that (VIV + R)-eigensections are
ubiquitous.

LEMMA 4.1. The set of (VIV +R)-eigenvalues is discrete, bounded from
below and lacks accumulation point. Moreover, each such eigenvalue has
finite multiplicity. Corresponding eigenvectors for distinct eigenvalues are
L-orthogonal. Once an L-orthonormal basis is chosen for each eigenspace,
the resulting collection of eigensections forms an orthonormal basis for L.

This lemma is proved at the end of this section. The next lemma makes
an assertion regarding the norm of a (VIV 4 R)-eigensection near T.

LEMMA 4.2. The norm of any (VIV + R)-eigensection from H extends
across I' as a Holder continuous function that vanishes on I'.

This lemma is proved in Section 8 using some key technical lemmas
in Section 7. But note in this regard that there are steps in the proof of
Section 7’s technical lemma where I’s edges are assumed to be geodesic
arcs. This assumption is obeyed in the cases from Theorem 1.2 since the
graph I is the radial projection to S® of the edges and vertices of a polytope
in R*. Lemma 4.2 is true without the simplifying assumption of geodesic arc
edges, but the proof in the general case adds some length to the arguments
and isn’t given in this paper.

An example for Lemma 4.2 has V being the product R-bundle and R = 0;
thus (VIV 4+ R) in this case is (—1) times the standard spherical Laplacian
on S2, but acting on sections of Z over S® — I'. This case is relevant for the
construction of homogeneous, Z/2 harmonic 1-forms and spinors on R*. A
second relevant example is that where V = T*S% and where R is the Ricci
curvature tensor in its incarnation as a symmetric endomorphism of 753,
This case is relevant for the construction of homogeneous, Z/2 harmonic
self-dual 2-forms on R*. An instance of a third example (which is discussed
next) is also relevant to the Z/2 harmonic, self-dual 2-form case.

Suppose now that V is also a Clifford module for 7*S3. This is to say
that there is a monomorphism 7 : T7*S® — End(V) obeying the rules below:

o 7(u)T(v) + 7(v) T(u) = —2{u,v) for all u,v € T*S3;

o7l =—1T;

o VT =71V. (4.6)
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Here, 1 signifies either the transpose or Hermitian conjugate of 7 as the case
may be. An additional assumption is (imposed henceforth) that this Clifford
algebra action is compatible with the given connection on V. Granted this
Clifford module structure, there is a corresponding, first-order, elliptic and
symmetric differential operator acting on sections of V. This operator is
denoted by D; and having chosen an oriented, orthonormal frame for 753,
it can be written as

(4.7) D =71,Vyg,

where {71, 72, 73} are the images of the basis 1-forms via 7 and where {V1, Vg,
V3} are the directional covariant derivatives in the direction of the dual ba-
sis for T'S3. This operator D also acts on the space of smooth, compactly
supported sections of V® T over S® —I'; and as such, it extends to define a
bounded, linear map from H to L. A given element (call it ) from H is said
in what follows to be an eigensection for D when it is not identically zero
and there exists a real number (denoted by A) such that Dy = A\ holds as
an identity of sections of L. (A convention henceforth: All D-eigensections
have L-norm equal to 1.)

Because D is elliptic, its eigensections in H are smooth sections of V®Z
on S3 —T'. The lemma that follows makes an assertion about the norm of ).

LEMMA 4.3. The norm of an eigensection for D from H extends over I
to define a Holder continuous function on S? whose zero locus contains T.

Proof of Lemma 4.3. This is a corollary to Lemma 4.2 because an eigen-
section of D from H is also eigensection of D?, a D? eigensection being an
element ¢ of H such that the identity

(48) [@ap0) =& [.0)

holds for all n € H with E being independent of . Meanwhile, a Bochner—
Weitzenbock formula for D? can be used to identify the left-hand side of
(4.8) as an instance of the left-hand side of (4.5). (The integration by parts
to go from (4.8) to (4.5) won’t get hung up on I' when both v and 7 are
from H.)

As explained directly, a D?-eigensection from H can be used to construct
a section from the Hilbert space L which is (formally) a D-eigensection.
Indeed, supposing that 1 denotes a D? eigensection from H, then both the
+ and — versions of

1
4.9 =¢yv+—=D
(4.9) ¢r = 7 7 (2
are in L and they obey the identity D¢+ = £v/E ¢+ on S% —T. In particular,
¢+ is a D-eigensection if it is in H and not identically zero. This may or
may not be the case. Of course, ¥ is in H by assumption, but D1 need
not be. But, if Dy is indeed in H, then one of ¢4 and ¢_ can be used
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to construct a harmonic, homogeneous Z/2 object on R* as explained in
Section 2 (assuming that D comes via (2.12)).

To elaborate about D being in H: Not-with-standing the fact that D is a
symmetric operator, and not-with-standing what Lemmas 4.1 and 4.2 imply
for D?, the operator D is only semi-Fredholm; it has an infinite dimensional
cokernel (see [21, 14, 1]). This is to say that there is an infinite-dimensional
subspace in L that is annihilated by D. An element in this subspace is smooth
on S% —T, but it need not be in H. Indeed, it need not be in H for the same
reason that a solution from LL to the equation Dy = Ay need not be in H,
which is this: An integration by parts is needed to use the integrals of |D|?
and |¢|? to bound the integral of |V1|?, and this integration by parts on
53 — T gets hung up along I if ) is in I but not in H.

With Lemma 4.3 in hand, the question at hand is this: When does a D?-
eigensection from H give a D-eigensection from H via the formula in (4.9);
thus when is Dy in H also? The next lemma gives a sufficient condition for
this.

LEMMA 4.4. In the context of (4.5), suppose that ¢ denotes a (VIV+R)-
eigensection from H. Then V4 is in the V' = V ® T*S? version of H if, for
every point ¢ from any edge of I', there exist constants ¢, > 0 and p, such
that the following is true: For any given r € (0, p,|, let 0B, denote the
radius-r sphere centered at ¢ and let A(r) denote the area of B, (which is
47 sin(r)). Then

1 2 2
(4.10) A0 /BBT [Y]° < cqre.

Section 8 explains how this lemma follows from those two technical lem-
mas in Section 7.

With regards to D1 being in H: It is possible for this to happen not-
with-standing the fact that Vi is not in H. This possibility is exploited in
the upcoming proof of Theorem 1.2’s existence assertion for Z/2 self-dual
harmonic 2-forms.

To summarize: A D?-eigensection ¢ from H supplies a D-eigensection in
H via (4.9) if the average of |¢|> over the radius r sphere centered at any
interior point of an edge of I is bounded by a constant multiple of 2. In any
event, if D) is in H, then the formula in (4.9) supplies an eigensection of D
in H. And, when D comes via (2.12), that eigensection for D from H can be
used to construct a homogeneous, D-harmonic, Z/2 object on R* — Z.

Proof of Lemma 4.1. The proof follows the standard min—-max variational
route to obtain the (VIV+7R)-eigenvalues and eigenvectors as the respective
critical values and critical points of the functional £ from (4.4) subject to
the constraint that |||/ = 1. A standard Sobolev inequality (applied to the
L? function || and 1)’s components with respect to a basis for V) and the
Rellich lemma can be brought to bear to implement the min—max procedure
just as if no I were present (see for example [19]). (In this regard: The Rellich
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lemma implies that a sequence in H with bounded H-norm has a Cauchy
subsequence with respect to the L-norm.)

5. Equivariant analysis

The subsequent construction of (VIV + R)-eigensections from H that
obey the condition set forth in Lemma 4.4 exploits the isometric action on
S3 of certain finite groups (which is the S3-analog of the strategy employed
in [26]). To set the stage, suppose for the moment that G is a finite group
acting on S3 via orientation-preserving isometries. Assume in addition that
all elements in G map I to itself. The assumption in what follows is that G
lifts to an action on Z. To elaborate: The pull-back of Z by the action of any
element from G is isometric to Z. Even so, that isometry will be ambiguous
up to the action of {—1,1}. With that understood, let G denote the set of
pairs of the form (g,d) with ¢ € G and § being an isometry from ¢*Z to Z.
This set G is itself a group, it being a central extension of G by {—1,1}; see
Lemma 12.4. The action of the group G lifts to a fiberwise linear action on
T if there exist, for each g € G, an isomorphism 4 : g*Z — Z, and if these
isomorphisms are compatible with the group law in the sense that

(5.1) 0g 00y = dgyg

for any two elements g, ¢’ € G. (This implies in particular that d(.) for the
identity element in G is the identity isomorphism from Z to Z.)

Supposing that the G action on S lifts to an action on Z as described
above, then G acts on the space of sections of Z as follows: Let s denote a
given section of 7 and let g denote a given element in G. Then g sends the
section s to the section whose value at any given z € S* — I is §;s(g(x)).
That given section s is then G-invariant when d4s(g(x)) = s(z) for each
x € 83 —T. A very simple example of how this works is given in the next
paragraph. As explained in Section 11-17, other examples are the symmetry
groups of the polytopes from Theorem 1.2.

By way of an example: Suppose that I'’s intersection with a given small
radius ball in S3 is a subset of the set of |z| = 1 points on a plane through
the origin in R*. No generality is lost by taking that plane to be the plane
where x3 = x4 = 0. Let m denote an odd integer greater than 2 and let
G denote the group Z/mZ whose action on R* and S is generated by
the 2w /m rotation of the coordinates (x3,x4). To elaborate, let z denote
the complex coordinate x3 + iz4. Then the generator of this group sends
(z1, %2, 2) to (z1,x2,e2™/™2). Meanwhile, the line bundle Z can be viewed
as the intersection of the ball with the subset in (R? x C) x C consisting of
the elements (21,2, z,u) with z # 0, with 22 + 22 + |2|?> = 1 and such that

(5.2) Zu = |z|a.
To see about the lift of the group Z/mZ, view that group as the multi-

plicative group of m' roots in C of the number 1. Let g denote the gen-
erator e2™/™_The pull-back via g of the line bundle Z consists of the set
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(r1,29,2,u) with (z1,2z2,2z) as before but now with the constraint
ze 2m/my = |z| . Define the element &, for the Z/mZ generator g (which
is €27/ ") according to the rule whereby any given u obeying the constraint
ze 2mM/my = |z|u is sent by §, to ' = —e /™y (which is in Z since
zu' = |z|@'). If m is odd, then the m'™ power of the pair (g,d,) is equal
to the identity in é; and so it defines a lift of the G action on S® — T to a
fiberwise linear action on Z. (There is no lift of the Z/mZ to an action on
Z when m is even.)

Supposing now that G' denotes a subgroup of SO(4) (the isometry group
of $3) that maps T' to itself, and that this group G does lift in the manner
just described to a fiberwise linear action on Z, then there is an infinite
dimensional subspace in H of G-invariant sections of Z. Indeed, if there
exists just one non-trivial, G-invariant section, then there are infinitely many
linearly independent ones because any such map can be multiplied by the
pull-back to S of a G-invariant function on S —I". Meanwhile, a G-invariant
section can be obtained by taking a section with compact support in some
small ball (disjoint from I') in a fundamental domain for G in S and then
averaging that section over its G-orbit.

In the preceding local example where G is Z/mZ with m an odd, positive
integer: Suppose that k is a positive integer and a is a complex number, then

1
(53) (ZL‘l,!EQ,Z,U) = (IL‘l,ZEz,Z, a zk + C—sz—l |Z|>

VIl

is a section of Z; but it is a G-invariant section of Z if and only if m is an
odd integer and k is congruent modulo m to %(m + 1). To put the section
above in a more familiar form, take /2 to be defined on the complement
of the negative xz—axis. Then ug = /2 —L_ is a unit length section of Z on

VIzl
the complement of that axis (it satisfies (5.2) there). The section u in (5.3)
is a real multiple of this basis section, that multiple being the real part of
k—1/2
az :

The following lemma has more to say about G-invariant sections of Z.

LEMMA 5.1. Let G denote a finite subgroup of SO(4) mapping I to itself
and lifting to a fiberwise linear action on Z. Granted this assumption, then
there exists an infinite (but countable) set of G-invariant eigensections in H
for the standard Laplacian; and these span the subspace in I of G-invariant
sections of 7.

Lemma 5.1 follows as an instance of the next lemma which makes an
analogous assertion for (VIV 4 R)-eigenvectors. The upcoming assertion
requires a priori that G satisfies two constraints: The first requires the
G-action on S —T lifts to a fiberwise, isometric action on the total space of
both V and V ® Z. The second is that the operator (VIV +R) when acting
on the sections of V® Z is G—equivariant.
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LEMMA 5.2. Suppose that G is a finite subgroup of SO(4) that maps I'
to itself. Assuming the preceding two constraints on the group G, then there
exists an infinite (but countable) set of G-invariant (VIV +R)-eigensections
in H; and these span the subspace in IL of G-invariant sections of V& 7.

Proof of Lemmas 5.1 and 5.2. Use the same min—max eigenvalue character-
ization as for the proof of Lemma 4.1 after restricting the domain of £ to
the subspace in H of G-invariant sections (with L-norm equal to 1). Doing
that leads to an LL—orthonormal set of G-invariant sections from H with the
following two properties:

e Any G-invariant section from L is a linear combination of sections
from this set.

e If ¢ is from this set, and if 7 is any G-invariant eigensection from
H, then (4.5) holds with E being independent of 7. (5.4)

The two lemmas follow from (5.4) if it is the case that (4.5) holds with
the same number E when 7 is not G-invariant. But this follows because
any given section of I can be written as the sum of a G-invariant part
(obtained by averaging over the G-action) and a part that is orthogonal to
the subspace of G-invariant elements. In particular, if ) is orthogonal to the
G-invariant subspace in L, then it will be H-orthogonal to that subspace;
and this implies that both sides of (4.5) are zero for any such element 7.

What follows describes a relevant example for Lemma 5.2. Take I" as in
the previous example (the intersection of the 3 = x4 = 0 plane with a ball
in S3 centered on that plane). Likewise, take G = Z/mZ with m being an
odd integer. Introduce coordinates z (a complex coordinate) and ¢ (a real
coordinate) on that ball with z = x3 + iz4 as before and with ¢ defined by
writing z1 + iz as (1 — |z|>)1/2¢ and such that ¢t = 0 at the ball’s center.
Take the vector space V to be T%S3. The differential forms dt and the real
and imaginary parts of dz span T*S? on that ball.

The Z/mZ action on S lifts canonically to an action on T*S? via pull-
back; and the generator ¢ = €2™/™ acts according to the rule whereby
g*dt = dt and ¢g*dz = €2™/™ dz. As noted previously, the Z/mZ action lifts
to an action on Z if m is odd. Thus, if m is odd, then the action lifts to an
action on 7%S3 ® Z. As for invariant sections: A section of 7%5% ® T can be
written as

1 1
(5.5) wedt + 5 (w1 — iwg)dz + 3 (w1 + iwg) dz,

where wy, wi and w9 are sections of Z (they must pointwise obey (5.2) where
z # 0). If this section is sent to itself via the Z/mZ action, then this must
be the case for wy, whereas wy and ws must be such that

(5.6) 8g(g" (w1 — iwy)) e2Mm — ) — jws.
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To find sections w; and wa obeying (5.6), consider the case where

(5.7)

1 1
P a2z and  wy = ag —— 2F +a, 28 1)z,

|| V7l

where a1 and as are complex numbers, and where k and k' are positive
integers. This choice for wy and wy obeys (5.6) if and only if k = k¥’ and a;
and a9 are such that

w1 = aq

_ eﬂi(Qkfl)/m 6271-i/m (al — iag) = (al - ia?)

(5.8) and — ¢ TMERD/m 2m/m G _igy) = (G — iag).

These preceding two equations for a; and ay are solvable if and only
if either k = 2(m — 1) (mod m) or k = 4(m + 3) (mod m). In the first

instance, a; = —iag; and in the second instance, a; = iao. This is to say the
following;:
e When k = 1(m —1) (mod m), then wy —iwy = —2ias ﬁ 2F.
e When k = 3(m + 3) (mod m), then wy —iwy = —2ias 2" 1/]z].
(5.9)

When considering derivatives of sections of Z: Remember that deriva-
tives of sections of 7 are defined using isometries between Z and the product
R-bundle on balls in S* — I'. However, when Z is depicted as in (5.2) and
sections of Z appear as a map from S —I' to C obeying (5.2), then the
derivative of that section appears as the covariant derivative of the corre-
sponding map to C with respect to a particular flat connection on S% — T.
To be explicit, if u denotes the map to C obeying (5.2), then the relevant
covariant derivative is

(5.10) Vu = du — %d@u

with d being the usual derivative on maps to C and with ¢ denoting the
argument of the coordinate z (write z in polar form as |z[e'?). For exam-
ple, ug = \/Eﬁ is a unit length, covariantly constant section of Z on the

complement of the negative real axis in C (it satisfies (5.2) there and it is
annihilated by the covariant derivative in (5.10)). What follows is a conse-
quence:

The T-valued 1-form a = 3(w; —iws)dz + (w1 + iws)dz from (5.6)
is closed when k = k' with both being (m — 1) (mod m). This is to say
that da = 0. Moreover, although d*a is not zero, its norm is bounded by a
constant multiple of |al. (5.11)

As explained subsequently, this last observation plays a key role in the
upcoming proof of the assertions in Theorem 1.2 regarding self-dual, 7 /2
harmonic 2-forms. By way of comparison, if & = k¥’ and both equal %(m +



HOMOGENEOUS Z/2-HARMONIC FORMS AND SPINORS ON R* 371

3) mod (m), then da is not zero; in fact, the norm of da and that of d*a are
both O(|z|~!|al).

6. Holder continuity across the interior of the edges of I

This section states and then proves preliminary results that are needed
for the proof of Lemma 4.2 and for later use. These preliminary results are
summarized by the upcoming Lemmas 6.1 and 6.2. To set the background
for what is to come: A graph in S has been specified (it is again denoted by
I'); and it is assumed implicitly that this graph has even valencies so that
there is a corresponding real line bundle Z on S® — I'. A vector bundle V
on S? has also been specified along with fiber metric and metric compatible
connection. As before, H denotes the Hilbert space completion of the space
of smooth sections of V ® Z with compact support in S? — I' using the
norm whose square is depicted in (4.1). Also as before, use L to denote the
completion of that same space of sections using the norm whose square is
depicted in (4.3). Supposing that R denotes a given endomorphism of V (as
in (4.4)), the promised Lemmas 6.1 and 6.2 concern (V1V +7R)-eigensections
from the Hilbert space H.

By way of a look ahead: These lemmas concern (VIV 4R )-eigensections
near interior points of edges from the graph I'. Lemma 6.1 concerns the
pointwise norm of an eigensection from H near an interior point of an edge;
and Lemma 6.2 concerns the directional derivative of an eigensection from
H in the direction tangent to that nearby edge. Both Lemma 6.1 and 6.2
assume implicitly that the edges of I" are geodesic arcs. (Both lemmas are
true when the geodesic arc assumption is not made, but the proofs in that
generality are not needed for this paper.)

To set the notation for what follows momentarily: Supposing that p
denotes a given point in S% — I, the notation has rp denoting the distance
from p to I'. When p is in I" but not a vertex of I', the number r, denotes the
distance from p to the nearest vertex of I'. When p is a vertex of I', then 7,
denotes the distance from p to the nearest of the edges of I' that don’t have
an endpoint at p. An important geometric point to keep in mind regarding
the various p € I' versions of r), is the following:

There exists a number to be denoted by c (it is greater than 100) such that

when p is a point from ', then the only edges of I' that intersect the radius

%rp ball centered at p are the edges that contain p, the intersection of that

radius %rp ball centered at p with I' being a union of half-open arcs with p
being their common starting point.

(6.1)

Since the geometry is a bit subtle, the subsequent digression to describe
it might prove illuminating. The digression refers to the following diagram,
which sketches a 3-dimensional cartoon version of part of a graph in S3, as
illustrated in Fig. 1.
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FIGURE 1. Local geometry near a vertex p € V(I'). The
sphere represents 0B, (p) and the colored conical regions
represent uniformly separated distance cones around the in-
cident edges. The picture shows the valency—4 case.

What should first catch your eye in this sketch is a sphere centered at
a vertex of I'. Supposing that p denotes that vertex, then the radius of this
sphere is the corresponding r;,, where 7, is the distance from p to the nearest
edge of I" that is not incident to p. The interior of this sphere corresponds to
the ball in S? with distance less than rp from p. This vertex p has valency
4; its incident edges are the black lines that have p as an endpoint. The
colored cones indicate the regions in S® whose closest point in I' lies on the
corresponding edge, with the distance from a given point to that closest
point ¢ bounded by érq. Note that the solid-angle cross-sections of these
cones are very nearly é. The idea is that, after shrinking to the ball of radius
c_lrp, only the incident edges remain in view and these conical regions are
uniformly separated.

What follows is the first of the promised lemmas from this section.

LEMMA 6.1. Let ¢ denote a (VV+7R)-eigensection from H with L-norm
equal to 1. If ¢ signifies an interior point of an edge from I', then the function
|| on S2 — T extends as a continuous function across I in the radius ﬁ rq
ball centered at ¢; and |¢| on this ball obeys

(6.2) | < k dist(-,T)Y2
with k being independent of the chosen point q.

This lemma can be proved using the technology that was introduced in
[14], and also [8]. A proof using a different approach is given below.

The second lemma introduces additional notation: To define this new
notation, let g denote a point in the interior of an edge of I'. The part of I
in the radius 4%771 ball centered at q is then a geodesic arc which is an arc
in a great circle. Denote that great circle by . Fix Euclidean coordinates
r = (21,72, 23,24) for R* so that v appears as the radius 1 circle in the
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x1, 9 plane, i.e., 3 = x4 = 0. The R* vector field :1:18%2 — :1:26%1 is tangent

to S3 along S3 (which is the |z| = 1 locus in R*) and it is tangent to v along
~. In addition, this vector field along S generates an isometry of S? which
maps 7y to itself as the group of constant rotations of . With respect to
the coordinates (z,t) from Section 5 for a ball centered at a point in 7, the
vector field xlaim — 3728%1 is just %. (By way of a reminder: The complex
coordinate z is the restriction of 23 +izy to S3, and ¢t comes by writing the
complex coordinate x; + izo on that ball as (1 — |2|?)Y/2e® with t = 0 at
ball’s center point.)

More notation for the second lemma: Given ¢ as above, let x, denote a
favorite non-increasing, smooth function with values in [0, 1] that is equal
to 1 where the distance to ¢ is less than érq, equal to 0 where the distance
to g is greater than L1y, and such that |dy,| < 100c %

LEMMA 6.2. Let ¢ denote a (VIV + R)-eigensection from H with L-
norm equal to 1. Restricting to the radius érq ball centered at q, let V¢
denote the directional derivative of 1 along the vector field %. Then x, Vi
is in the Hilbert space H; and its H-norm is at most & % with k being

VTq
independent of q.

The rest of this subsection has five parts with Part 4 containing the
proof of Lemma 6.1 and Part 5 containing the proof of Lemma 6.2. Part 1
states some direct a priori bounds for (VIV +R)-eigensections that are used
later. The intervening Parts 2 and 3 then introduce and analyze a Dirichlet
Green’s function for the operator VIV acting on sections of V ® Z over a
given small radius ball centered on an interior point of an edge of I'. This
Green’s function is then used in Part 4 to analyze the behavior of a given
(VIV+R)-eigensection from H near that interior point of the given edge of I,
Using the Green’s function in this way requires some specific bounds for that
Green’s function near I'; and those bounds are relatively straightforward to
come by when I' is a geodesic arc because symmetry considerations can be
exploited. That is why the geodesic arc assumption is made in Lemma 6.1.
As for the geodesic arcs in Lemma 6.2: The proof of that lemma uses the
bounds from Lemma 6.1, but it also uses the fact that there are isometries
of S3 that restrict to any given geodesic (when parametrized by arc-length)
as a rigid rotation.

Part 1: Let 1 denote a (VIV + R)-eigensection from H with L-norm equal
to 1, and let E denote its eigenvalue. The first observations in this part of
Section 6 are the inequalities below for the L-norm of Vi), for a certain
weighted version of the L-norm of ¢, and for the pointwise norm of |¢|:

. /\VW < co(1+E).

1 2
° /mW’ < ¢(1+E).
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e || extends to S® as an L™ function obeying || < co(1 +E).
e For any point z € S3: /m V|2 < co(1+E). (6.3)

By way of a proof: The first of these inequalities follows directly from
(4.5) by taking 7 to be the section 1. The second inequality in (6.3) follows
from (4.2) and the first inequality. The third and fourth inequalities in (6.3)
are proved using the fact that 1) obeys the equation below on S$% —I':

(6.4) ViVYy + Ry = Ev.

To say more: The identity in (6.4) implies that || obeys the differential
inequality below:

(6.5) —LAMWP 4 VY < co(1+E) [

Now, having chosen a point x € S — I', multiply both sides of (6.5)’s
inequality by the Green’s function with pole at  for the operator —A+ + 1
acting on R-valued functions on S3. Integrate the result over S® and then
integrate by parts to see that

2 1 2 1 2
00 W@ + [ i VU < @48 [ ok

The integration by parts doesn’t get hung up on I' even when z is from I
because 9 is from H. This can be justified as done in [23] using a sequence of
bounded approximations to the Green’s function, for example the sequence
{G/(H—%G)}n:l’g,,,, with G denoting just here the —A++1 Green’s function.
Use of the Cauchy—Schwarz inequality with (6.6) and the first bullet in (6.3),
and with a dimension—-3 Sobolev inequality leads to the assertions of the
third and fourth assertions in (6.3). (That Sobolev inequality says in effect
that the fourth root of the integral of the fourth power of an L? function
over S? is no larger than ¢y times that function’s L? norm. The function in
this case is [¢|. Remember in this regard that Kato’s inequality bounds at
each point the norm of d|i| by the norm of V1.)

Part 2: Suppose in what follows that B is a ball in S3 with radius at most
7 (and thus it sits inside a hemisphere). The set of elements in H that
vanish on S3 — B is the completion using the H-norm of the space of smooth
sections of V ® Z that have compact support on B — (BN T'). This subspace
is denoted by Hg. The completion of the space of smooth sections of V® Z
over B — (BN T) using the L-norm is denoted by Lg; it is a subspace of the

Hilbert space L.
The lemma below is the centerpiece of Part 2.

LEMMA 6.3. There exists x > 1 with the following significance: Let B
denote an open ball in S? with radius p < 7- Given ¢ € L, there is a unique
element ¢ € Hp which obeys

(6.7) ViVy=¢ onB—(BNT),
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and is such that the identity

(6.8) [@nv0) = [0

holds for all elements 1 € Hg. This v obeys the bound

(69) J(vuk+ElR) < w [1oP

Proof of Lemma 6.3. The desired section 1) can be obtained by minimizing
the functional on Hy given by the rule

(6.10) w»—>%/3\vw|2 - /B<w,<>-

The existence of a unique minimizer in Hp can be readily proved using (4.2)
with input from the fact that the inequality

(6.11) /B|w\2 > colp—2/3|z/}|2

holds for all v € Hp. (This follows from Kato’s inequality |Vi| > |d|¢]
and the fact that (6.11) holds when v is an ordinary function with com-
pact support in B.) The existence of the minimizer also invokes the Rellich
lemma to conclude that bounded Hp-norm sequences have Lg-norm Cauchy
subsequences.

Part 3: Let B denote an (open) ball of radius less than 7§ centered at an

interior point of an edge in I' whose closure has distance at least twice
B’s radius from any other edge in I'. This step states and then proves a
lemma regarding a Dirichlet Green’s function for the operator VV. By
way of terminology, a Green’s function for VIV is an example of a singular
integral operator, that being an object which is defined for the purposes
of the upcoming lemma as follows: Let (V® Z)r and (V ® 7)1, denote the
respective pull-backs to

(6.12) (B—(BNT)) x (B—(BNT))

of the bundle V ® Z by the projections to the right- and left-hand factors of
B— (BNT). A singular integral operator is a smooth section of the vector
bundle

Hom((V®I)g, (VOI)L)

over the complement of the diagonal in the product space depicted in (6.12),
which is characterized by the following property: Let ¢ denote any given
smooth section of V®Z over B— (BNTI"). The section of V®Z over B— (BNI)
that is obtained by first acting by that section of Hom((V®Z)g, (V®I)L)
on the pull-back of ¢ to the product space in (6.12) via the right-hand
projection and then integrating the result over that same right-hand factor
yields a section of V ® Z in the Hilbert space H.
The lemma below is the centerpiece for Part 3.
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LEMMA 6.4. Suppose in what follows that I' is a graph in S% whose
vertices have even valency and whose edges are geodesic arcs. Given this
graph I', there exists £ > 1 with the following significance: If the radius
of a ball B C S is sufficiently small (less than 1), then there is a linear
operator (denoted by Gg) mapping Lg to Hp with operator norm at most ,
and which has the properties listed in the subsequent bullets.

o If ¢ € Lg, then ¢ = Gj(s) is the section from Lemma 6.3 that obeys
ViV =¢ on B— (BNT), and is such that

(6.13) /B<Vn,V@ZJ> = /B<77,§> for all n € Hp.

e The operator Gg has a unique representation as a Green’s function, and
in particular, as a singular integral operator for which the bounds below
hold for any given pair of distinct points (z,y) in B— (BNT):

K
< &
a) |Ge(z,y)| < dist(z, y)

dist(x, T')1/2

b) If dist(z,T') < & dist(y,I), then |Gs(z,y)| < RW.

c) For any fizedy € B—(BNTL'), the function |VGg(-,y)| has finite integral
on B— (BNT); this integral being at most k. Meanwhile, the integral
of [VGs(-,y)|* over the complement in B — (BNT) of any open ball
centered at y 1is finite, that integral being at most %, with § denoting
the radius of that ball.

Proof of Lemma 6.4. The first bullet simply restates conclusions from Lemma
6.3. As for the second bullet: The existence of the Green’s function can be
proved using standard arguments (see, e.g., [10]) given that Z is isometric to
the product R-bundle on any ball in B— (BNT"). In any event, some remarks
about a construction of the Green’s function are given below in Step 3 of
the upcoming six-step proof.

With regards to the assumption that the edges of I' are geodesic arcs:
This is the case for the graphs that are defined by the radial projections to
53 of the polytopes from Theorem 1.2. In any event, the proofs that follow
of Items a) and c) of Lemma 6.4’s second bullet don’t make the geodesic arc
assumption; and Item b) is true without that assumption, but some extra
(relatively straightforward) steps are needed to deal honestly with that level
of generality.

The six steps of the proof explain how to obtain the bounds that are
asserted in Items a), b), and c¢) of the lemma’s second bullet. What follows
directly are two facts about the Dirichlet Green’s function for the Laplacian
acting on R-valued functions on the ball B. This is a function on the com-
plement of the diagonal in B X B that is harmonic with respect to x for fixed
y and vice versa. (It is symmetric with respect to the map sending (x,y) to

(y,x).) Of particular note are the properties listed below:

c
e This Green’s function is positive, and it is bounded by ﬁ
is

('73/)'
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e The norm of this Green’s function’s differential (which is a 1-form

on the complement of the diagonal in BxB) is bounded by ,070.
dist(z,y)?
(6.14)
With regards to the steps in the proof: Step 1 proves Item a) of the
lemma’s second bullet and Step 2 proves Item c) of that bullet. Step 3 is an
aside regarding the existence of the Green’s function Gg. Steps 4 and 5 prove
Item b) of the lemma’s second bullet for the case when V is the product R-
bundle and thus V®Z = 7 and when the edges of the graph are geodesic arcs.
The sixth step proves Item b) for any given V under that same assumption
about the edges.

Step 1: Fix a point y € B— (BN T') and then an isometric identification
between Z|, and R. Transport this product structure at y along the radial
geodesics from y to identify Z with the product R-bundle on any ball in
B— (BNT') centered at y. Given any positive number r that is less than one-
fourth of the distance from y to I, let u, , denote the characteristic function
for the radius r ball centered at y. Fix a unit length section of V over this
radius r ball to be denoted by ¢, and use the product structure for Z on
this radius 7 ball to view u, ,t, as a section of V®Z from the Hilbert space
Lg. Let 9, , denote the corresponding section from Hg given by Lemma 6.3.
The identity

(6.15) — ATy = uy ety

implies a differential inequality below for the norm of 1), , which is that

1
(616) _AJ_|wy,T’| < T_guy,r-

Granted this inequality, then the comparison/maximum principle can
be brought to bear to compare [, | with the function f,, on B that obeys

the equation —A~+ fyr = Uy and vanishes on B’s boundary. The comparison
finds that

1 1
) . < - ETYVARY T
(6.17) [byr(@)] < 03 /B dist(- ;) ¥

(The function on the right comes via the top bullet of (6.14) since f,, at
any given point x is given by the integral over B of the product of w,, with
Dirichlet Green’s function on B with pole at z.) In particular, if dist(z,y) <
2r, then the bound in (6.17) implies in turn that

1
(6.18) [y (@) < co dist(z.y)"

Letting » — 0 gives the bound in Item a) of the lemma’s second bullet.

Step 2: Take that same v, , with r still positive. Fix ¢ € (O, ﬁ dist(y, F))
and let 3, 5 denote a smooth, non-negative function mapping to [0, 1] which
is zero on the radius %(5 ball centered at y and one on the complement of the

radius ¢ ball centered at y. This function can and should be chosen so that
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|dBys] < cod'. Now take the inner product of both sides of the equation
— ALy, = uy,t, with 65751#?” and integrate the result over B— (BNT).
Supposing that r < %5, then an integration by parts (which is allowed
because v, € Hg) together with (6.18)’s bound leads to this inequality:

1
(6'19) /B‘V(Byﬁwy,r)F < ¢ g

Noting that the right-hand side is independent of r, taking r — 0 proves the
second assertion of Item c) of the lemma’s second bullet.

To prove that |VGg(-,y)| has finite integral, set dy = ﬁdist(y,l“),
and for each positive integer n, let J,, denote 2%50. It follows from (6.18)
and (6.19) that the integral of |V, .| over the complement of the radius dg

ball centered at y is at most co 6, 12 By the same token, for any positive
integer n, the integral of |V, | over the spherical annulus centered at y
with inner radius ¢, and outer radius J,,_; is at most cgd, 1/2 ((5n_1)3/ 2
which is at most ¢g27"dy. Thus, the sum of these annular contributions to

the integral of |[VGg( -, y)| is finite and at most cg do, as

(6.20) Z/ Vibyr| < codo» 27" = codo.
n=1 An n=1

Step &: This step is an aside for a remark regarding the construction of the

Green'’s function Gg. The remark is that the existence of the r — 0 limits for
(6.18) and (6.19) can be used to prove the existence of Gg. This is because
sections of the form w,,t, are dense in Lg; and hence any given section ¢
of Lg can be approximated to any given accuracy (as measured by the Lg-
norm) by a finite linear combination of these sorts of sections with disjoint
support and with any given positive upper bound for the r-values. As a
consequence, the corresponding ¢ from Lemma 6.3 can be approximated
to any given accuracy (as measured by the Hg-norm) by the corresponding
finite linear combination of the v, , sections.

Step 4: This step and the next step prove Item b) of the lemma’s second
bullet for the case when V is the product R-bundle and thus V®Z =2 7. This
step, the next one, and Step 6 all assume that the edges of I' are geodesic
arcs.

To describe Gg when V is the product R-bundle, it proves convenient to
introduce the Gaussian normal coordinates (denoted by z1, z2,x3) centered
at the point ¢ so as to identify the ball B with the ball of radius 75 in R3
centered at the origin and with the intersection of B with the edge containing
q being the —rg < x3 < rp part of the xs-axis. In these coordinates, the
spherical Riemannian metric is invariant with respect to rotations about
the origin, and both the metric and B’s part of the chosen edge from I' are
invariant with respect to rotations of the (x1,x2) plane. This being the case,
it is sufficient for what follows to take y to be a point where o is zero and
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x1 is positive. Let IT denote the part of B where 1 < 0 and xo = 0 (this is
B’s intersection with a half-plane in R3).

As explained in the following, the endomorphism Gg(-,y) in this case
(when V = R) must vanish on II. To see why, note first that Z can be
identified with the product line bundle on B — II with the identification such
that Gg > 0 near y. Now take u, , as before and let g, , denote the function
on B — II that obeys the conditions below:

b _AJ_gy,r = Uy,r,
o =0 and gy, =0. (6.21)

This function is positive on B — IT and, by symmetry (the symmetry of the
Laplacian when o is replaced by —x2), the xp-derivative of g,, at any
given point on the 1 < 0 part of Il coming from positive xo side must be
—1 times the xo-derivative at that same point coming from the negative o
side. It follows from this that g, , can be viewed as a smooth section of 7
on B— (BNT'). And, as such, this section of Z obeys the same equation and
same Dirichlet boundary conditions on 0B as Gg(s) with ¢ = u, ,t, where ¢,
here denotes the unit length section of Z on B — II that is mapped to 1 € R
by the aforementioned isometry between Z and the product R-bundle. Thus,
gy.r = Gg(s). Since this holds for all r, it follows that
1

(6.22) lim —5 gy = Ga( y).

Gy,r

Thus, Gg(+,y) vanishes on II as claimed (and nowhere else in B —I"). (The
preceding argument for the vanishing of Gg(+,y) on II is a simplistic version
of a very clever construction in [9].)

Step 5: Continue here with the assumptions and notation of the previous
step. Let B C B denote the ball centered at the origin in R3 with radius
equal to Wlo dist(y,T"). Let p and 6 denote the standard polar coordinates

on the (x1,z2) plane in R? with the § = 0 ray being the positive z; axis.
Let u = /p cos(36). This is a positive function on B — II that extends
continuously over II so as to be zero on II. It is also harmonic on B — II with
respect to the Euclidean metric on B. With respect to the metric from the
sphere (which is conformal to the Euclidean metric), this function is such
that

(6.23) Atu<0.

Hold onto u for the moment. In the meantime, fix a very small but positive
number to be denoted by ¢ and let w, denote the A+-harmonic, R-valued
function on the spherical annulus in B where p is between € and 155 dist(y, I')
subject to the boundary conditions that w. vanish both on 9B and where
p = ﬁ dist(y,I"), and that w. is equal 1 where p = e. This function w is

non-negative and it obeys the bound

620 wte) € o THLD) [y (G0
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(The bounds in (6.14) can be used to prove the preceding bound by bounding
we by a weighted integral of (6.14)’s Green function.)

By virtue of what is said above about u and w, and by virtue of the
fact that Gg(x,y) is bounded by ¢y m, and by virtue of the fact that
Gsz(-,y) vanishes on II, there exists ¢ € (1, ¢g) such that the function

1
he =c———
=~ Cdist(y, 1)

is larger than Gp(-,y) on the boundary of the complement in B’ — (B’ N 1I)
to the cylinder where p = e. This being the case, the maximum //comparison
principle can be brought to bear using (6.23) and the fact that w. is har-
monic to see that |Gg( -, y)| < cohe on the complement of that same cylinder
in B’ — (B" N 1I). The claim in Item b) of the second bullet of the lemma for
the case where V is the product R-bundle and I'’s edges are geodesic arcs
follows directly from the latter fact by taking ¢ — 0 while noting that the
right-hand side of (6.24) limits to zero at fixed p as ¢ — 0.

(6.25) (u+ we).

Step 6: This step finishes the proof of Item b) of the lemma’s second bullet
under the assumption that the edges of I' are geodesic arcs. To this end,
first fix an identification between Z|, and the product R-bundle as before.
Next, choose an orthonormal basis for V at the point ¢ and parallel transport
that chosen basis using the metric’s Levi-Civita connection along the radial
geodesic arcs from ¢ so as to obtain a basis for V|g. Denote this basis as
{t1, -, taim(v)}- Now use this basis to write Gg(z,y) as

(6.26) Y Gapl@,y) tals © g,

with it understood that the summation is over the labels «, 3, which come
from the index set for V’s orthonormal basis. Each Gog( -, y) is a section of 7
over B that vanishes on 9dB. As such, it obeys an equation on the complement
of y that has the schematic form

(6.27) ~AYGop + Quy - VGop + PoyGrp =0

where the repeated index (v in this case) is implicitly summed over that
same index set and where y is fixed with differentiation on the x coordinate.
(The tensor-valued functions @ and P are smooth on a neighborhood of
B in S% with uniform derivative bounds to any given order.) It follows as
a consequence of (6.27) that Gog(x,y) with  # y can be written using
the Green’s function for —A~ acting on sections of the line bundle Z (here
denoted by G) as

(6.28) Gaglz,y) = G(z,y) 5a,8—/ (G(:c, ‘)(Qow/ -VGopg + POWGWB))‘

B ()

Hold on to this identity for the moment.
Let B’ C B again denote the ball centered at the origin in R? with radius
equal to Wlo dist(y,T"). Let B” denote the ball concentric to B with radius
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ﬁ dist(y,T'). Supposing that = is from B”, an appeal to the V = R case
of Item b) of the lemma’s second bullet, proved in Steps 4-5 implies the
inequality below:

dist(z,T)1/2
|Gap(z,y)| < co W 1+ /B—B”(NGB’(W) + \GB’(~,y))

(6.29)
+ o /B Glia) (IVG3l(y) + 1G5l())-

As for these integrals: An appeal to Items a) and c) of the lemma’s
second bullet for the case when V = R (and thus V ® Z = 7) supply the
bounds asserted below:

® foB”(|VGB|( v + Gl y) < co,
o Jo |Gl (IVGsl(.y) +|Gal(.y) < co dist(z,T)Y/2, (6.30)
And, using these bounds in (6.29) finishes the proof of Item b) of the
lemma’s second bullet for the case when I'’s edges are geodesic arcs.

Part 4: This part of the section proves Lemma 6.1.

Proof of Lemma 6.1: To start the proof, let ¢ denote a given point in the
interior of a given edge of I'. Use ¢ to define the number 7, as done at the
beginning of this section, and let B denote the ball of radius % rq centered at
q. Use x4 to denote (for the purposes of this proof) a smooth function with
values in [0, 1] that equals 1 in the radius % rq ball centered at ¢ and equals
0 near the boundary of B. This function can and should be constructed so
that the norm of its differential and Hessian are bounded respectively by
co % and by ¢ %

Let 14 denote x4, this being a section of V®Z on B — (BN T') with
compact support on B. It is in the Hilbert space Hp (this subspace of H is
defined at the start of Part 2). By virtue of (6.4), the section 1, obeys an
equation that can be written schematically as

(6.31) VIV, =Etby — R -1bg + 2dxg - Vb + (At xy) ¥

where dyg - Vi denotes the directional covariant derivative of 1) along the
gradient of the function x,.

With (6.31) in hand, use the Green’s function Gy from Lemma 6.3 to
depict 14 at a point = in B as done below:

(632) wyla) = [ Golon)(Exaw = R (xg) + 24y Vo + (AL x))

To exploit the preceding identity, suppose that x is in the radius ﬁ rq ball
centered at ¢. This is inside the set where 1) = 1. Moreover, the distance
from x to the support of |dxq/| is no less than g rq. (This last fact is important
when it comes to analyzing the contributions to |¢)(x)| by the right-most two
terms in (6.32).) Introducing r to denote the distance from z to I', let B
denote the part of B where the distance to I is less than 47, and let B” denote
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the complementary part of B. By virtue of the inequality from Item a) of the
second bullet in Lemma 6.4, the contribution to [¢)(x)| from B is at most

1 1/2 1 1
633 < (/ m) ((1 fE4 E> ol + wm) |

This in turn is bounded courtesy of (6.3) by ¢ (1 + %) (1 +E)y/r. Mean-

while, by virtue of the inequality from Item b) of the second bullet in
Lemma 6.4 and (6.3), the contribution to |¢(x)| from B” is at most

(6.34) cor/T (A//W(l%—E)WH—%(l—FE)).

T'q

To elaborate: The contribution to (6.34) from the terms in (6.32)’s integral
with derivatives on x, is accounted for by the right-most term in (6.34)

(the term with the factor of r;1/2). The contribution to (6.34) from (6.32)’s
integral from its two x4 terms is accounted for by the term with the explicit
integral in (6.34). With regards to that integral: The third and fourth bullets
in (6.3) bound that integral by co(1 + E). As a consequence, the expression

in (6.34) is bounded in turn by co/r (1 + \/%—q) (1+E).

Since r = dist(z,T"), the co\/T (1 + %) (1 + E) bound for both the B’
and B” contributions to the integral on the right-hand side of (6.34) prove
Lemma 6.1.

Part 5: This last part of the section justifies the assertion of Lemma 6.2.

Proof of Lemma 6.2: When ¢ is from the interval (0, ﬁ rq), let u. denote
the isometry of 3 that is obtained by integrating the vector field % for time
€. Then, let 1. denote the pull-back of ¥ by this isometry. This 1. is a section
of the pull-back bundle v} (V ® Z). Use parallel transport along the integral
curves of % to identify this bundle over the radius ﬁ rq ball centered at ¢
with V ® Z. Both 1. and 1 are sections of bundle V ® Z over that same
ball, and as such, they both obey (VIV 4+ R)(-) = E(-). Also, the integrals
of [V4|? and |V4).|? over that ball are both bounded by cop~2 times the
integral of |1|? over B. That in turn is bounded by cyp® (see Lemma 6.1).
Thus, the integrals over B of both |V|? and |V.|? are bounded by cqp.
The plan for what follows is to examine the ¢ — 0 behavior of (¢, — 1))
inside the ball B. This section is denoted by 1. in what follows; and it obeys
(VTV + R)n. = Ene. To localize the subsequent analysis to B, reintroduce
the function x, and take the inner product of the equation (VIV+R)n. =
En. with Xgne; then integrate the resulting function over B (where it has
compact support). An instance of integration by parts with (6.3) leads to
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the inequality below

(6.35) /\V(ane)lz < ¢ rgz/lns\z-
B B

The key observation now is that ¢ =1 (1. —1)) converges in the LL-topology
to V0. Hence, the product of 2 times the right-hand side of (6.35) con-
verges as € — 0 to corq_2 times the integral over B of |V;1|2. It follows as a
consequence this (and the dominated convergence theorem) and that x,V¢1
is a limit of a uniformly H-norm bounded sequence of elements in H thus
that it is in H also. Moreover, given the bound in the top bullet of (6.3),
taking ¢ — 0 in (6.35) leads to an a priori bound for the H-norm of x,V;,
this being corq_l times the square root of the integral over B of |V;3|2. This
last fact implies Lemma 6.2’s asserted bound because the square root of the
integral over B of |V;1|? has a cor;/
Lemma 6.1.

? upper bound courtesy of (6.3) and

7. Almgren’s frequency function

This section presents various technical observations and constructions
that are also needed for the proofs of Lemmas 4.2 and 4.4. Some of these
technical observations and constructions are used again in later parts of the
proof of Theorem 1.2.

Assume at the outset that a graph in S3 has been specified (it is again
denoted by I'), and that it has even valencies so that there is a corresponding
real line bundle Z on S3 — I'. Likewise, assume that a vector bundle V on
53 has been specified with fiber metric and metric-compatible connection.
These are fixed throughout the subsequent discussion. As before, H denotes
the Hilbert space completion of the space of smooth sections of V ® Z with
compact support in $3 —I" using the norm whose square is depicted in (4.1).
Also, as before, use LL to denote the completion of that same space of sections
using the norm whose square is depicted in (4.3). Supposing that R denotes
a given endomorphism of V (as in (4.4)), the constructions in what follow
concern (VIV 4 R)-eigensections from the Hilbert space H.

What follows next is a digression to further set the stage and notation for
the definition of the frequency function. To start the digression, suppose that
1 again denotes a (VIV +7R)-eigensection from H and let E again denote its
eigenvalue. For any given point p € S3 and r € (0, ﬁﬂ'}, use B, to denote
the radius r ball centered at p and use 0B, to denote B,’s boundary. With
p fixed in advance, a positive function on (0 to be denoted by X is
defined by the rule below, whereby

2 — L 2
(71) £ = g5 W

where A(r) = 47 sin?(r) is the area 0B,. Thus, K? is the average of |¢|? over
the radius r sphere centered at p. This function K is a differentiable function

+ 7005 ™)
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on (O, Wloow] as an integration by parts (which is allowed if 1) € H) can be
used to write its derivative as below:

(72) K5 = a0 [ (V0P + R —E0P).

As for the r — 0 limit of K: The function K extends continuously to r = 0
except possibly in the cases where the chosen point p is in I'. In any event,
if || is continuous at a chosen point p, then K,(0) = |¢|(p).

Fix a point p € S3. Almgren’s frequency function is defined from the
corresponding version of K: This frequency function is denoted by N; it is
defined (initially) on (0, ﬁﬂ by writing the derivative of the function X
as
(7.3) a8 _ M) K(r).

dr r

It follows from (7.2) that N is a continuous function on (0, tg557] that
can be depicted as the two bullets below:

o N(r) = sz Jom, (0, V) + (Vo) )

o N(r) = Aoz fy (IV0F2 + (. R — EJf2). (7.4)
The first line is obtained by directly differentiating K and the second follows
from the first using the divergence theorem (integration by parts). What
follows are two lemmas that state key properties of the function N and then
a third lemma that states a key property of the function K.

LEMMA 7.1. There exists k > 1 such that the assertions below hold for
any (VIV+R)-eigensection from H. Fiz a point in S® to define the functions
K and then N from the given eigensection. The chosen point’s version of
function N obeys

o N(r) > —rk(1 +E)rZ

e The function N has a unique r — 0 limit; and with regards to that
limit,

(a) lim,_,o N(r) = 0 if 1) is non-zero at the chosen point.

(b) lim, o N(r) > 0 if the chosen point is in a vertex of .

(¢) lim,,oN(r) > % if the chosen point is in the interior of an
edge of I

e Suppose that {p,} C S3 converges to a chosen point in the interior
of an edge of T'. Then that chosen point’s version of N(0) is no
smaller than the limsup of the respective p, versions of N(0).

e Suppose that p denotes a vertex of I' and suppose that the versions
of N(0) for points on the interiors of the edges of I" in a neighborhood
of p are all strictly greater than % Then p’s version of N(0) is not
less than the limsup of the versions of N(0) that are defined by any
sequence of edge points from I' that converges to p.

Fix a basepoint p € S3. Let N,(r) denote the frequency function de-
fined by (7.3), with the integrals taken over the geodesic ball B,(p) and its
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boundary 0B, (p). By Lemma 7.1, N,(r) has a limit as  — 0; we set
N, (0) := 7!1_r>r(1) N, (7).

When p is fixed, we often suppress the subscript and write N(r) and N(0).
We write N(.y(0) for the resulting function p — N,(0).

The proof of this lemma is given momentarily.

The second lemma refers to numbers from the set {r, : p € $3} and the
positive number ¢ that are described just prior to (6.1), and then in (6.1)
and Fig. 1. This is the promised second lemma about the function N.

LEMMA 7.2. Let ¢ denote a (VIV+R)-eigensection from H with L-norm
equal to 1. There exists k > 0 with the following significance: Supposing that
p denotes a given point in S? and supposing that r € (0, é rp), then the
corresponding version of N is almost everywhere differentiable on (07 é rp);
and its derivative (where N is differentiable) obeys the inequality below:

dN T
s L
dr — AK? /aBT ’ Vi

Moreover, if p > 0, and if N.(0) >  at each point from the part of I inside

- k(1+N)r

the radius p ball centered at a vertex of I', and if p has distance at most % P
from that vertex, then the preceding inequality holds at any differentiable
value for the function N from the whole interval (0, x!p).

The proof of this lemma is also given momentarily.
The next lemma states some facts about the function K.

LEMMA 7.3. There exists k > 1 with the following significance: Let 1)
denote a (VIV + R)-eigensection from H with L-norm equal to 1. Fix a
point from I’ (denoted by p) to define the corresponding functions K and N.
IfTE( s A rp) then

K(r) <Kz 7NO)

with 2, being independent of r. As a consequence,

/ 10| < 4rk 2y 2 2+2N(0) and / 1| < 2 p3+2(0),
OB,

With regards to z,: Suppose that p is in the interior of an edge from I'. Let
q denote the nearest vertex in I' to p and let N,(0) denote ¢’s version of
the number N(0). Define N to be the maximum of 0 and N(0) — N4(0). Then,
Zp < KT, N
Proof of Lemma 7.3. Fix p € I and integrate (7.3) between r and £ 7.
Regarding that integral, Lemma 7.2 leads to the inequality

1 1 N(0) )
. < —_— e
(1 5) K(?') Co K< - I’p> ( > T
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N(0)
Let 2z, now denote K(ﬁ rp) <%> . The lemma’s integral inequalities follow
from (7.5).
To see about a bound for zp: Integrate (7.3) again to see that K(p) >
z PO for any given p € [ 7 Tp> 210 rp) This implies in turn that

(7.6) / |w’2 >C 1 2 3+2N( )
Brp —Brp

2¢  dc

If %rp is greater than 10000 times the shortest edge length, then (7.6) will
run afoul of the ||¢||;, = 1 constraint in the event that z, > co.

To see about the case when 1, is relatively small, let ¢ denote the closest
vertex to p. For any given positive number p, let B;) denote the radius p ball
centered at ¢. It then follows from (7.6) using (7.3) that the inequality below
holds for p = %rp:

(77) / |,¢J|2 > Cal Z]% P3+2N(0)‘
By

Let N'(0) denote the vertex ¢’s version of the number N(0). Granted (7.7),
use (7.3) with ¢ replacing p to see that

2 1 52 T'q o) 3+-2N(0)
— +2N
(7.8) /B P2 > (Tp) 20

Since 14 > cq ! this bound runs afoul of the ||| = 1 constraint if
zp > co/rp with N denoting the maximum of 0 and N(0) — N'(0).

Proof of Lemma 7.1. The assertion made by the lemma’s first bullet
follows from the uniform L* bound for [¢| from the third bullet of (6.3).
Since other assertions of the lemma invoke the conclusions of Lemma 7.2,
assume that lemma is true for now.

With regards to the assertion of the second bullet of Lemma 7.1 regard-
ing a 7 — 0 limit for N: Lemma 7.2 says in effect that the derivative of N is
no smaller than —co(1+N)r on an interval of the form (0, 3=7;,) or (0, ¢y p)
as the case may be. Integration of this derivative inequality implies that a
function of the form

(7.9) r— e“"N(r) + cor?

is non-decreasing on that same interval. This non-decreasing property im-
plies in turn the existence of a unique » — 0 limit for N since N is bounded
from below.

Granted that there is a unique r — 0 limit for N, then Item a) of
Lemma 7.1’s second bullet follows by integrating (7.3). Given what is said
by Lemma 6.1, a completely analogous application of (7.3) leads directly
to the conclusions of Item c) of Lemma 7.1. To see about Item b) of that
bullet, note that the bound in (4.2) holds with the integrals on both sides
restricted to the ball of radius r centered on the given vertex of I'. Given the
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formula in (7.4), that bound leads to the lower bound below, which holds
when r is sufficiently small:

(7.10) N(r) > eyt ﬁ /07“ K?(s) ds.

If the » — 0 limit of N(r) is greater than 1, then there is nothing to prove. If
that limit is less than 1, then (7.3) implies that K(s) > 1 K(r) for s between
Ir and r; and then (7.10) leads directly to a c; ' lower bound for N(r) when
r is small.

With regards to the third bullet of Lemma 7.1: Let p denote the limit
point inside that edge of I'. Fix a small value for  and let B, denote the
ball of radius r centered at p. Given a point ¢ from that same edge of I, let
B/ denote the ball of radius r centered at q. A standard measure-theoretic
fact is this: Given € > 0 but very small, there exists § > 0 such that if ¢ is
in that same edge and dist(p, ¢) < d, then

o [ (199 + (. RY) ~ EluP) and

T

(7.11) / <‘V¢|2 + (Y, Ry) — E|¢|2> differ by at most ¢,
B,
Azr) /(9]3 |? and ﬁ /«93/ 1|2 differ by at most e.

For that same ¢ as above, let N'(r) denote ¢’s version of N. It follows from
the formula in the second bullet of (7.4) using (7.11) that if § is sufficiently
small (with r fixed), then N(r) and N'(r) differ by at most . Keeping this
in mind, suppose that r is small enough so that N(r) and N(0) also differ
by at most . Meanwhile, N'(r) is no smaller than e~ “°N'(0) — coe if r is
small and ¢ is very close to p. (See what is said regarding (7.9) in the proof
above for the lemma’s second bullet. Note in this regard, that if p is in the
interior of an edge, and if ¢ is very close to p, then the distance from p
to ¢ will be very much smaller than %: rq.) Thus, if r small to begin with
and then ¢ is sufficiently close to p, then it follows that N(0) is no smaller
than e~ “°N’(0) — cpe. Since € can be any small positive number, this last
inequality establishes the assertion from the lemma’s third bullet.

With regards to the fourth bullet’s assertion: A key input for the argu-
ment given above for the third bullet was the assertion that the function
depicted in (7.9) is non-decreasing as long as r is less than % rp. That up-

per bound for r can be taken to be independent of the point p (thus ¢y D)
for any point sufficiently close to the given vertex on an edge that ends at
that vertex if the conditions for the fourth bullet of Lemma 7.1 are met.
Granted this uniform upper bound for r at those same edge points, then the
argument used for the third bullet of Lemma 7.1 can be repeated almost
verbatim.
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Proof of Lemma 7.2: The proof of the lemma has 11 steps. The first 10
steps prove the assertion of Lemma 7.2 regarding the case where r < % Tp.
The final step proves the assertion regarding the N.)(0) > % assumption for
points near a given vertex.

Step 1: To start the proof of Lemma 7.2, note first that the depiction of
the function N using the second bullet in (7.4) implies that it is an almost
everywhere differentiable function on (O, ﬁﬂ, and that its derivative at
its differentiable points has the form

di  (1+2N)N T 9
o " + e /aBTV1/J| + 7 z(r),

with z(r) denoting a continuous function of r» with norm bounded by ¢y (1 +
E). (This bound for z(r) follows directly from definition of K?(r) as the
average of 1% on 0B;.)

(7.12)

Step 2: Use of a certain symmetric tensor on S®—T" (a section of T*S3@T*53)
is the key idea for analyzing the right-hand side of (7.12). (The introduction
of this tensor and its application in very similar contexts is ultimately due
to Almgren, but see also [7, 11, 12].) This tensor is denoted by T and it
is defined via its components with respect to a chosen orthonormal frame
for T*S3. These are the functions {Twp}ap=123 with any given T, defined
below:

(7.13) Top = (Vatb, Vib) + (Voth, Varh) — 6| Ve[,

Here, V, is the directional derivative along the dual basis vector to the 1-
form labeled by the subscript a. The key observation for what follows is
that the covariant divergence of T' has the schematic form below (repeated
indices are summed over the index set {1,2,3})

(7-14) ViTu = <77Z)7 Zabv(ﬂm + <Zab¢a VW}-

The notation here uses {Z4}qp=1,2,3 to denote a collection of endomor-
phisms of V whose norms are bounded by ¢o(1 + E).

Step 3: Use a Gaussian coordinate system based at p for the radius ﬁw
ball centered at p to define a Euclidean coordinate chart for this ball. Let
{z1, 2, x5} denote these Euclidean coordinates. The 1-forms

1
B }
{ 1+ ’x|2 ‘ a=1,2,3

are an orthonormal basis for 7%53 on this ball. Use this basis to define the
function 2, VT, on the ball (as in (7.14), repeated indices are summed).

Were p in §3 —T" and were r less than the distance from p to I', then
integrating the function x,V,T,, over the radius r ball centered at p and
then integrating by parts leads to the identity

(7.15) r /a (19— IO = - / VU + €(r)
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with the notation being as follows: This identity is using V.1 to denote
the covariant derivative of % in the normal direction of 0B, and it is using
V%) to denote the covariant derivative of ¢ in the directions tangent to
OB,. Meanwhile, € in (7.15) denotes a function of r with the following norm
bound:

(7.16) el < vel [ uf).

To be sure: The restriction on p and r in the derivation of (7.15) is invoked
so that the integration by parts that leads to (7.15) can’t get hung up on I'.
The explanation for why (7.15) holds when the closure of B, intersects
I is given in subsequent steps; but (in some cases) with a bound for the
corresponding version of € that is not as strong as the bound in (7.16).

Step 4: Assuming (7.15) holds (whether or not € obeys (7.16)), that identity
can be used to rewrite (7.12) as done below:

(7.17)
dN  (1+2N)N 2 9 1 / 9 1
pr " + e /8B,» |Vr|* + e |V e C(r) +rz(r).

To proceed from here: Write V,4 in (7.17) as V, ¢ — 21/1 + gw and use the
first bullet in (7.4) to write the identity above as

(7.18)
AN N2 NP1 |
%——;+WABT er—;w +W/BT‘VQM —WQ:(T>+7“Z(T’).

With (7.18) in hand, use the depiction of N from the second bullet in (7.4) to

write the terms in (7.18) with the B, integral of |V|? in terms of N. Doing
so leads to this inequality:
——&(r)+rw(r)

dN 2r
(7.19) ar AR /a Ak

with w(-) denoting a continuous function of r with a ¢o(1 + E) norm bound.

Step 5: Suppose in this step that € does obey the bound in (7.16). Noting
that the function K is almost non-decreasing (this follows from (7.3) and
from the first bullet in Lemma 7.1), it follows that

N 21

Vﬂ/} - ;¢

(7.20) [|? < cor® K3 (r).
B,
Use this last bound for the [¢|? integral on the right-hand side of (7.16), and
use the second bullet in (7.4) to write the |V4)|? integral on the right-hand
side of (7.16) in terms of N. Doing both of those and then using the resulting
bound for € in (7.19) leads directly to the inequality for the derivative of N
that is asserted by Lemma 7.2.
With the preceding understood: As noted in Step 3, the inequality in
(7.16) holds when p is in S% —T" and when r < %: rp. The next step explains
why this is also the case when p is from the interior of an edge of I'. Step 7
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explains why this is the case when p is a vertex in I'. The last step in the
proof (Step 11) explains why (7.16) holds for the case under consideration
in the final assertion of Lemma 7.2.

Step 6: To see about the cases when B, intersects I' (which is always the
case if the point p is in I'), fix ¢ > 0 but very small (the &€ — 0 limit will be
taken eventually). Fix a smooth non-increasing function

x:R—10,1]

1
4

] and equal to 0 on [3, 00). For the purposes of

that is equal to 1 on (—oo T

this step, let

(7.21) o = X(1 - é dist(-,l“)) |

To be sure, this function is equal to 1 where the distance to I' is greater than
€; and it is equal to zero where the distance to I' is less than %5. Also fix
d > 100e but very small (the § — 0 limit will be taken also), let V denote
the set of vertices of the graph I', and

1
(7.22) Bs = X(l -5 dist(-,V)) ,
where
(7.23) dist(+, V) = mi}r} dist(-, v).
ve

To be sure, this function is equal to 1 where the distance to each vertex of
I' is greater than § and equal to 0 where the distance to some vertex is less
than % d.

Now return to the Step 3 and instead of integrating z,V,1y;, over B,
integrate the function a.fs x,V,Ty, over B,.. Then integrate by parts. (The
function a is used so that the support of the integrand has distance greater
than %5 from I'; and the function Ss is used to further shrink the support
so that its distance to any vertex of I' is greater than % 9). The result of this
integration by parts is an e-dependent version of (7.15) where €(-) can be
written as a sum of three terms,

(7'24) Q:() = 615,6(') + CQE,&(') + CBE—:,&(')'

with the distinction between these terms as follows: The term €y, 5 denotes
a function of r that is bounded by what is written on the right-hand side of
(7.16); it is short-hand for an integral over B, of terms with no derivatives
on o, or 3s. Meanwhile, €q. 5 signifies the function of r that contains the
integration by parts terms that do have derivatives of a. but none of (;.
And, €35 contains the integration by parts terms that have derivatives of
Bs but none of a.. The terms €y, 5 and €3, 5 are depicted below in (7.25)
with the notation as follows: The first bullet’s depiction of €. 5 uses dr
for the function dist(-,T'), and it uses a. to denote the function on S that
is obtained by evaluating the derivative of x at the value of the function
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(1 — L dist(-,I")). The second bullet has 9y, denoting the function dist(-,V)
and it defines 3§ analogously to .

o Co5(r) = 1[5 Bs L (Vadr) zpTap.
o Ce5(r) = 5 fy, = B5 (Vadv) 2o Tup. (7.25)
The key concern with regard to €5 5 and €3, 5 is whether they have
respective limits as € and d are taken to zero, and if so, whether those

limits are zero. Because the €3, s analysis is relatively straightforward, it is
considered first below.

Step 7: This step explains why the contribution to €3, s has limit zero as
0 — 0. To see that this is so, note first that the integrand in the second
bullet of (7.25) is supported in the union of the radius ¢ balls centered at
the vertices of I'. With that understood, let ¢ denote a given vertex and let
Bj denote the radius 0 ball centered at ¢. The contribution from Bj is at
most

1
7.26 CoT / T — v¢ 2 .
(7.26) O Jg dist(-, q) Vol
The inequality depicted by the fourth bullet in (6.3) implies that (7.26) is
no larger than cyrp, and then it follows from this last fact (by the dominated
convergence theorem) that the § — 0 limit of (7.26) is zero. (Note that ¢
plays no role in this analysis.)

Step 8: The analysis of the integral in (7.25) for €. s will exploit the fact
that the integrand is supported where the distance to the vertices of I' are
greater than %5 but where the distance to some edge of I' is less than . In
particular, if € is much smaller than §, then contribution to the integral for
€5 in (7.25) comes from points that are much closer to some given edge
of I' than they are to any vertex.

The subsequent analysis of the contribution of a given edge from I' to
the integral for €5, 5 in (7.25) depends whether the point p is on that edge
or not. Suppose henceforth in this step that p is not on a given edge that
intersects B,. (Note that if B, intersects that edge, then r > ¢y lrp.) Since
the length of B,’s intersection with that edge is at most cyr, the part of that
edge where f35 is non-zero can be covered by cor e ! balls of radius € centered
at points on this edge. Let ¢ now denote the center point of one of those
balls and let B, denote the radius € ball centered at g. The contribution to
Co. 5 in (7.25) from the ball B, is at most

1
(7.27) cor—/ V|2
S B.

To see how big this can be, multiply both sides of (6.5) by

o S distla) - 1),
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which is a function with compact support in B5_ that is equal to 1 on BL.
Then integrate the resulting identity and after doing that, integrate by parts
twice to remove derivatives from [¢|?> and put them on the cut-off function
x(2 dist(-,¢) — 1). The result of doing that leads to the bound below when
€ is very small:

1
(7.28) IVy[* < co 6—2/ vl
Bo.

B

Crucially, Lemma 6.1 can be brought to bear if ¢ < 4% r¢; hence the right-
hand side of (7.28) in this case is bounded by coe. Note that if € < 5oq- 9,
then ¢ will be less than ﬁ rq if the distance of ¢ to the nearest vertex of I
is greater than 6.

Supposing henceforth that ¢ is less than ﬁ d, then this ce bound for
(7.27) implies a cor bound for the contribution to the integral for €y, 5 in
(7.25) from an edge of I' that does not contain the point p. Note in particular

that this bound is independent of both ¢ and §.

Step 9: This step considers the contribution to the integral for €y, 5 in (7.25)
from an edge that contains p, but with the additional assumption that p is
an interior point of that edge. It is also assumed in this step that r is less
than é rp S0 as to eventually bring Lemma 6.2 to bear. The exploitation
of Lemma 6.2 uses the fact that if € is much less than é Tp, then on the
support of ol inside the ball of radius é rp centered at p, the vector zy is
almost tangent to the edge in question. This means in particular that

(7.29) |zp Vi Or| < coe and |xy — |x|vp] < coe |zl

where {1} }p—=1 23 denotes the components of the vector field % that appears
in Lemma 6.2.

Let N ;s denote the part of the radius e tubular neighborhood of the
edge in question, where the distance to I is greater than is and where the
distance to the vertex set V of I is greater than i 0. With N s understood, it
then follows as a consequence of the preceding bounds that the contribution

to the integral for €5 5 from the edge containing p is at most

) 1/2 1/2
(7.30) cw—(/ \W) (/ \vtw12> + cor / V|2
€ Nes Nes Nes

The rightmost integral in (7.30) has limit 0 as € — 0 because |V1)| is
in the Hilbert space H. With regards to the rightmost integral: Lemma 6.2
says that V1 is in H, and bounds its H-norm by Co\/%—p- It follows from this

fact and (4.2) that

1
(7.31) / |Vep|? < coe? —.
N, T

£,8 p
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Use of the latter in the leftmost term of (7.30) bounds the latter by

1/2
o 2
(7.32) 0= (/Né VY > ;

which has limit zero as ¢ — 0. To summarize what was just proved: If p is
in the interior of an edge of I' and if r < é Tp, then the term €a. 5 has limit
zero as € — 0.

Step 10: Now consider the case when p is a vertex of I' with r < & rp. In
this case, the integral for €5, 5 in (7.25) is the sum of contributions from the
part of the radius e tubular neighborhood of p’s incident edges that have a
distance between %(5 and r from p. If £ is much smaller than §, then those
tubular neighborhoods are disjoint. In addition, the bounds in (7.29) hold
on each such neighborhood. As a consequence, the analysis in Step 9 can be
repeated with almost no changes to see that the ¢ — 0 limit of €, 5 is zero.

Step 11: Suppose in this step that ¢ is a given vertex of I' and that there

exists p > 0 such that N(.y(0) > % at each point in I' with distance p or less

from ¢. The plan for this case is to show that if p € S3 has distance less than
% p from ¢, then the inequality for the derivative of N holds on (0, ¢, p]. This
will be followed by a demonstration that the integral in (7.25) for €5 5(7)
has limit zero as ¢ — 0 for fixed § when r < ¢y L.

To see about this limit, the first observation is the conclusions of Lemma
7.1 can be assumed and, in particular, the conclusions of the third bullet
since those conclusions only require that the differential inequality from
Lemma 7.2 holds at points in the interior of an edge and for r < é 7(.y- This
being the case, it then follows that for any give value of 9, there exists y > 0
such that if p is a point with distance between % 0 and p from the vertex ¢,

then N, (0) > HT“ It then follows from this that using (7.3) that the integral

on the right-hand side of (7.28) is bounded by coe?t# r;(H“). Since 7, is
greater than c; ' by assumption, this in turn is bounded by ¢oe?t#§~(1+1),

Since the domain of integration for (7.25)’s integral defining €. 5 can
be covered by cpe™! balls of radius € centered at points on edges of I, the
bound |€25,5‘ < coeltre~(+1) follows directly from the preceding analysis.
The ¢ — 0 limit of €y 5 is therefore zero for any fixed choice of 4 as required.

8. Proofs for Lemmas 4.2 and 4.4
This section uses parts of Lemmas 7.1-7.3 to prove Lemmas 4.2 and 4.4.

Proof of Lemma 4.2: The proof explains why [¢| is Holder continuous near
I" with Holder exponent that is no less than the minimum of % and the
versions of the number N(0) that are defined by the vertices of I'. (The
second bullet of Lemma 7.1 says, in part, that this minimum is positive.)
This explanation has 5 steps, most riffing on discourses in [23]. Even so,
the details are written. With regards to notation: Given a positive number
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r and a point in S2, the notation is such that B, again denotes the radius r
ball centered at that point.

Step 1: Suppose that d > 0 and that ¢ is a point in S? with dist(q,T") = d.
As explained directly, the equation in (6.4) on the radius d ball centered at
q when written as

(8.1) Vivy = (E-R)y

implies the inequalities below for the integral of |[V1)|? on the radius %d ball
centered at ¢, and for the integral of |[V®2¢|? on the radius %d ball centered

at q:
® Jograsn VOP < 01+ EP s Jo, [0,
° fB30d/32 [VE212 < co(1 + E)? 314 de []2. (8.2)

To obtain the first bullet of (8.2): Construct a bump function (to be denoted
by ¢;) with values in [0, 1] that is equal to 0 near the boundary of the
radius d ball centered at ¢ and equal to 1 on the concentric radius %d
ball with respective coé and codi2 bounds on its differential and Hessian.
Write the identity in (6.4) as VIV = (E — R)v, take the inner product
of both sides with ¢4i and then integrate over By. Having done that, then
integrate by parts on the left-hand side. To obtain the second bullet of (8.2):
Construct a second version of ¢4 that equals 0 on the complement of that
concentric, radius %d ball and equals 1 on the concentric, radius g—gd ball.
Take the square of the norm of both sides of the identity VIV = (E—R)v,
multiply the result by this new version of ¢;, and then integrate over Bj.
Two applications of integration by parts on the left-hand side leads to the
second bullet of (8.2), given what is said by (8.2)’s first bullet.

Step 2: What follows directly is an application of (8.2): Suppose that z and
y are distinct points in S® with dist(x,y) < Wloﬂ. Given z and y, let d
denote a number that obeys the bound g—gd > %dist(a:, y) which is imposed
so that both z and y are in the radius %d ball centered at the midpoint of
the geodesic arc between them. Let 1) denote for the moment a section of
V ® Z over the radius d ball centered at the midpoint of the short geodesic
between z and y with |V®24|? having finite integral on the concentric radius
g—gd ball. Then the Holder norm bound below holds

(8.3)

1/2
1
[[o(@)] = [ )| < co dist(z, )"/ (/B VO + o /BBWW’2> :

30d,/32

this being a consequence of dimension 3 Sobolev inequalities. (See e.g. [10]
for the latter).

Suppose now that 1) obeys (6.4) and that the radius d ball centered at
the midpoint between x and y is disjoint from I'. According to (8.2), the
function |V®2|? does have finite integral over B3ga,/32; and then (8.3) with
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(8.2) lead to the next bound:

1/2
84) (@) - ()] < co dist(z, y)l/Zd </B$0d/32|¢!2> :

Hold on to the preceding inequality for the moment.

Step 3: Supposing that p is a given point in S® — T, let p’ denote a closest
point to p in I, the distance from p to p’ being the number r,. Suppose in
this step and the next step that 7, (which is dist(p,p’)) is less than é Ty
with ¢ defined by (6.1). Thus the point p is in one of the cones depicted in
Fig. 1 and p’ is from the interior of one of I'’s edges.

Letting v denote the short geodesic between p and p’, set :):1 to denote
the point on v half-way between p and p’. Thus, dist(p,z1) = dist(p, N.
Set d = rp Of particular note is that ggd > 1 5 dist(p, z1) and that the
radius d ball centered at the midpoint between :c1 and p is disjoint from I'.
As a consequence, (8.4) can be invoked with x = 21 and y = p.

To say more about that version of (8.4), note also that the radius d
ball centered on the midpoint between x; and p is contained in the radius
27"p = 3d ball centered at p’. Noting that the latter ball is inside the radius
4C ry ball centered at p’, Lemma 7.3 can be brought to bear to bound the
integral that appears in this version of (8.4). Bring that lemma to bear
results in a bound of the form

(8.5) Hw x1)| — [¥(p H < cozy dist(x1,p) N(0) dist(p, p’) N(0)

< Cozp! \/_
with z, coming from the p’ version of Lemma 7.3 and with N(0) coming
from the p’ version of Lemma 7.1. (Lemma 7.1 says in part that this version
of N(0) is no smaller than 3).

With regards to z,: Let ¢ denote the closest vertex to p’ so as to define

Lemma 7.3’s number N = max(0,N(0) —N4(0)) and then bound z, by co/rg,.
Granted the latter bound, and granted that dist(p, p’) < corp, the bound
in (8.5) leads directly to the Hélder bound:

(8.6) [ (x1)] = [¥(p)]]| < —= dist(p,p" )" < codist(z1,p)*,

\/’

with £ denoting the lesser of the numbers 3 and the versions of N(0) that
are defined by the vertices of I'. For use below: Introduce ¢, to denote the
version of the number ¢ that appears in (8.6).

To continue, let zo denote the point along ~ half way between z1 and p’.
The analysis that lead to (8.6) can be redone with x; replaced by z2 and p
replaced by z1 to see that

BT [~ )] < e dist(aa, ) = 5o dist(p,p')!
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Continue sequentially in this same vein with x,, for n > 3 denoting the point
on « with distance to p’ being 27" dist(p, p’) to see that

(8.8) ‘|@Z)(xn)| — |@Z)(:pn,1)|| < ¢y dist(xp, xp—1)F = 2n—ﬂ dist(p, p')* .

Since the sequence {xn}n:1,27._, converges to p’, adding the corresponding
versions of (8.8) leads directly to the Holder bound

(8.9) ()| = [ ()] < e dist(p, p')*

Note that (8.9) implies that the function [¢| is Holder continuous with ex-
ponent u along the normal direction at any point from the interior of any
edge of I'. (Of course, this also follows directly from Lemma 6.1.)

Step 4: Lemma 6.1 says that |¢| extends across the interiors of the edges
of I' to be zero on I'. This step explains why || is Holder continuous with
exponent y on a neighborhood of any point in the interior of an edge of I'.
By way of background for this explanation: Suppose that ¢ is an interior
point on an edge of I', and that points x and y are in the radius ﬁ rq ball
centered at ¢q. Let ¢, and g, denote the respective closest points to x and
y in I'. These will be in the interior of the same edge as ¢ and with their
corresponding numbers 74, and ry, being greater than iTq' It follows as a
consequence of what is said by (8.9) that

(8.10)

|[(2)| =|9(ga)l| < co dist(z,g)"  and  |[¢(y)|—|1b(gy)]] < co dist(y, gy)"

By way of more background: Let p denote the smaller of dist(z, ¢,) and
dist(y, qy). If dist(z,y) < 155 ¢, then (8.3) can be brought to bear with
d= Wlo p; and that inequality with the r = % p version of Lemma 7.3 leads
to the Holder bound

(8.11) (@) = [ ()] < co dist(z, y)* .

The inequalities in (8.10) and (8.11) can now be used to obtain a uniform,
exponent y Holder bound for |i| near the given point p. Indeed, this comes
directly from (8.11) in the event that dist(z,y) < 1g55p where p again
denotes the minimum of dist(x,q,) and dist(y, ). (Implicit here and in
what follows in this step is that both z and y are in the radius %80 rq ball
centered at some given point ¢ in the interior of one of I'’s edges.) In the
event that dist(z,y) > ﬁ p, the desired Holder bound is obtained from the
inequality

(8.12) [ (@)] = 1) < [¥(@)] + [b(y)]-

To see how to the desired Holder bound follows from (8.12), let ¢, and
¢y again denote the respective closest points to x and y in I'. Since both
|1¥(gz)| and |1p(gy)| are zero, the inequality in (8.12) leads via (8.10) to the
one below:

(8.13) Hz/;( )= |y H < ¢ dist(z, ;)" + co dist(y, gy)*.
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To proceed from (8.13) to the desired Holder bound, assume (without
loss of generality) that

(8.14) dist(z, ¢;) < dist(y, gy)-

Noting that dist(y, ¢,) < dist(y, ¢,) because g, is the closest point to y
in I', and noting also that

(8.15) dist(y, gz) < dist(z,y) + dist(x, gz)
which is less than 1001 dist(z,y), it then follows from (8.13) that
(8.16) |[4(2)] = [0 (y)]| < 2v1001 ¢ dist(z, y)*.

The bound above is the promised bound for when dist(z, y) is not less than
055 times the minimum of dist(z,T") and dist(y, I').

Step 5: Suppose in this step that p is from S* — T' and that r, = dist(p, ")
is not less than any version of érq when ¢ is a closest point to p in I
In this event, let ¢ henceforth denote a chosen, closest vertex to p. If 7,
is greater than this vertex ¢’s version of é r¢, then the distance from p to
I' is no less than ¢, ! which is to say that p is quite far from I' in which
case p is of no concern for purposes at hand. Therefore, suppose in what
follows that r, < é rq with ¢ denoting the chosen closest vertex from I
This assumption and the initial assumption in this step imply that p lies in
the ball depicted in Fig. 1, but that it is not inside the cones centered on
the edges from the vertex ¢q. An important point to keep in mind for what
follows is that dist(p,I") > cal dist(p, ¢), this being a consequence of the
positive lower bound for the solid angle cross sections of the cones that are
depicted in Fig. 1, and it is closer to the vertex center of that sphere than
it is to the edge that is tangent to the disk. Let ¢, denote the larger of this
last version of ¢y and the number ¢ from (6.1).

To proceed in this case, let v denote the short geodesic from ¢ to p and
let x1 denote the point on v that is halfway between that vertex g and p.
Let

1
1 — i .
(8.17) d T000<. dist(p, q)

Fix equally spaced points along v with distance d/4 apart, starting with
p such that the last one has distance d/4 or less from x;. Let N denote the
number of such points noting in particular that N < 1000c.. Denote these
points in order along v moving from p to x1 by y1, ..., yn and then set yn11
to be x1. Now, for each integer k starting with £ = 1 and ending with N,
bring (8.4) to bear sequentially with = y; and y = yr41 keeping in mind
that Lemma 7.3 can be invoked with p the given vertex because of (8.17).
The result is the bound below:

(8.18) ()| = [ (yri1)]| < co dist(p, g)* .
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This implies in turn that

(8.19) [ (z1)] = [ ()] < co dist(p, q)*

Let z2 denote the point half way along v between x; and g. Repeat
the preceding operation with x; replaced by x2 and with p replaced by x;.
Having done that, repeat again with xo replaced by the point half way along
~v between xo and ¢, and with x; replaced by x2. Continuing sequentially
in this way leads to a sequence {p, 1, x2, ...} that converges to ¢ and such
that the following holds for each positive integer:

r .
(8.20) 1)l =1 (@nr)l] < co 5 dist(p,@)"
Of course, these imply that
(8.21) o) = [(g)l| < co dist(p, g)*

Coupled with the results of the previous step, this last inequality implies
that [¢(¢)| = 0. Thus, |¢| vanishes at the vertices I' also. The arguments
from the previous step can also be repeated with minor changes to see that
|¢| is uniformly Hoélder continuous with exponent p on a neighborhood of
each vertex.

Proof of Lemma 4.4: The proof has four steps.

Step 1: 1t follows from the assumptions and from Lemmas 7.1 and 7.2 that
any ¢ € I" version of the number N(0) is no smaller than 1. Indeed, if N(r)
were less than 1 — ¢ for any given sufficiently small but positive r, then
Lemma 7.1°s second bullet would imply that

(8.22) N(r) <1—cyle

for all smaller values of . Then, by virtue of the definition of N via (7.3), this
would run afoul of the assumption that the function r — 1 K(r) is bounded
as r — 0. Thus, since N(-) is (almost) a non-decreasing function of r (see
Lemma 7.2), it follows (again from (7.3)) that the inequalities

(8.23) / W2 <cort  and / [ < cor®
aBT B,

hold for all € (0, ¢y 1]. Since the rightmost bound is uniform with respect
to the choice of the point in I' (see Lemma 7.3), that bound implies in turn
the following bound:

(8.24) / W2 < cort.
dist(-,I")<r

(The exponent of r drops from 5 to 4 because I' has non-zero, finite 1-
dimensional Hausdorff measure.) Hold onto this inequality for the moment.

Step 2: Let o denote a favorite, non-decreasing [0, 1]-valued function on R

that is equal to 0 on (—oo, 4] and equal to 1 on [Z,oo). Given a positive
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number 7, use this function to define a function on S (denoted in what
follows by o) by the rule

(8.25) or() = UG dist (-, r)) .

Write the identity in (6.4) as VIV = (E — R)1, multiply each side by
the function o, and note that it implies in turn the identity
(8.26) Vi(0,Vip) = (E—R) o) — Vo, - Vi.
Of particular import is that 0, V4 has compact support on S2 —T' (as does
each term on the right-hand side of (8.26)).

Take the square of the norm of both sides of the identity in (8.26) and

then integrate the result over S3. An integration by parts with an appeal to
the top bullet in (6.3) leads to the following inequality:

(8.27) /53}V(JTV¢)‘2 < 00(1+E)2—|—corl2/_ |Vep|?.

r <dist(-,[')<r

Step 3: To see about the integral on the right-hand side of (8.27), do as
before and write (6.4) as VIV = (E — R)+, then take the inner product of
both sides of that identity with ¢, then multiply the result by o, /g(1 — og;).
Having done all of that, integrate the result over S3. An integration by parts
then results in the inequality below:

1
s Vol < a [ 2.
T<dist(-,I)<r T J <dist(-,T)<2r

Step 4: Use (8.28) in (8.27) to bound the latter’s right-hand side integral,
and then invoke (8.24) to obtain the r-independent bound below for the
L-norm of V(0,V1)):

(8.29) /{V(arw))\? < ¢ (14+E)?.

It now follows by taking r to zero in (8.29) that V(V4), the covariant
derivative of V) is in the Hilbert space LL. This implies in turn that Vi) is
in H.

9. Fourier modes of 1) near an edge of I

Fix the vector bundle V and its connection; and then let v denote a
(VIV + R)-eigensection on S3 — I' with L-norm equal to 1. There is a
standard way to use the properties of the frequency function N to ‘zoom’ in
on the behavior of ¢ near any given point in I'. This zoom in process for a
point in the interior of a given edge of I is described in this section.

To do this zoom-in, let p denote a point on the interior of an edge. Choose
a Gaussian coordinate chart centered at p to identify the ball of radius é Tp
centered at p with the same radius ball in R3. To be more specific: This
chart should be chosen so that the edge containing p corresponds to the
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part of the x3—axis where z3 is between —é rp and i rp. The restriction of
the line bundle Z to the radius é rp ball centered at p is identified by these
coordinates with the real line bundle that is defined on the complement
in this ball of the x3 axis with monodromy —1 on linking circles with the
T3—axis.

With V now viewed as a vector bundle with connection over the radius
% rp ball centered at the origin in R3, pick an orthonormal frame for V at
the origin and use parallel transport out along the rays in R? from the origin
to write V as a product bundle. The fiber of that product vector bundle is
denoted by V in what follows. Doing that identifies a section of V over that
ball with a map from the |z| < g 7, ball to V. Likewise, a section of V® T
over the complement of the x3—axis in the % rp ball centered at p will be
viewed as a section of the vector bundle Z x V.

Supposing that A € (0, 1], define the rescaling map ¢, : R® — R? by the
rule whereby x = (x1,z2,23) — Az. Parallel transport on radial geodesics
from the points on the |z| = 1 sphere in R? identifies the line bundle Z with
its pull-back via ¢y. This identification is taken for granted henceforth. If
1) denotes a section of the bundle Z x V' on the complement of the z3—axis
in the |z| < é rp ball, then ¢3¢ (which is the composition of first ¢, and
then 1)) defines a section of Z x V' on the complement of the xs—axis in the
2| < & A7, ball.

Given A € (0, ﬁ rp], define the section 1) on this same domain by the
rule whereby

(9.1) T Pa(2) = —— ().

k(M)
The square of what is denoted by K(A) in (9.1) is the » = A version of what
is depicted on the right-hand side of (7.1). The division above by K()) is
done so that the average of |¢)|? over the |x| = 1 sphere in R? equals 1.
Define a ) version of the function K with domain (O, é /\*17"},) to be
the positive square root of the function depicted below:

1
(9.2) r— K)\(T’)Q = / ‘¢)\‘2 ,
A(r) Jos,
where B, denotes here the |z| < 7 ball in R? and 9B, denotes the |z| = r
boundary sphere. Meanwhile, define the function Ny on the same domain as
Ky by writing
dK), N)\(T)

(93) W = , K)\<T’) .

Of particular note is the fact that K, and ’s version of the function K
(defined using the point p), and Ny and ’s version of the function N (also
defined using p) are related as follows:

(9.4) Kx(r) = KO\ LK) and Nx(r) = N(\r).
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Granted (9.4), then Lemma 7.1’s second bullet can be brought to bear
to justify the following observation:

Having fized R > 2 and € > 0, there exists a positive number A\r . such that
INA(-) = N(0)| <€ on [0, R] when A < Ape.
(9.5)
This is to say that as A limits to zero, the values of Ny converge to
N(0) uniformly on any a priori bounded subset of [0, c0). This convergence
implies in turn (via (9.3)) the following convergence assertion for Kj:

Having fired R > 2 and ¢ > 0, there exists a positive number, )\3%78 such
that ﬁ Ka(r)—1| <e forallre [%,R} when A < Np ..

(9.6)
The convergence of Ny and Ky have implications for the integral of
|V45|2, the following is the first (it comes from (9.4)—(9.6) and (7.4)):

Having fized R € (1,00) and € > 0, there exists a positive number, /\;’%75
such that when A < Xf, _ and r € [%, R], then

ot Jp, [V = N(0)| <.

(9.7)
In this last equation and subsequently, the connection that defines the co-
variant derivative V is the product connection on the product V bundle.
The inequality in (8.2) leads (via coordinate rescaling) to a priori bounds
on the second derivatives of ¥, in an annulus around the zs-axis. To write
this precisely, fix R > 2 and let A denote the subset of R?® where the
Euclidean coordinates (z1, z2,3) are such that

1
(9.8) = < (22 +22)"2 < R and |z3| < R.

The bound below holds for any given R > 2 when A is sufficiently small (the
number cg below depends on R but not on \):

(99) / ‘v®2w>\|2 <cp R2N(O)'
AR

Moreover, given R > 2, there are also A-independent bounds for suffi-
ciently small A on the integral over Ag of the square of the norms of the
derivatives of ¢, to any given order:

(910) / ‘V®k¢)\‘2 < CRE RQN(O)'

AR
where cg j, depends on R and k, but not . Indeed, these follow using stan-
dard elliptic regularity tools, given that ) where |z| < é A~1r, obeys the
rescaled version of (6.4)’s eigenvalue equation, this being an equation that
has the schematic form depicted below:

(9.11) VIVYA + Aax - Vo) + A2 Tan — NE¢y = 0.
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Here, the norms of a) and 7, obey |a)| < coA|z| and |T)| < ¢p; and the norms
of their derivatives obey |V ay| < ¢, AP (1 + |2]) and |VOFT,| < ¢y AP
with ¢, ) signifying a constant that depends on k& but not on A.

Another critically important bound follows from Lemma 7.2, which is
the one below:

Having fired R > 2 and € > 0, there exists a positive number, )\’]’{75 such
2
0
that when X < Xp, _ then fBR*Bl/R ‘Vrgb/\ - w 77[)/\‘ <e.

(9.12)
And, there is also the critically important bound which follows from Lemma
6.2 regarding the derivative of ¢y in the x5 direction:

If R > 2, and assuming that X is sufficiently small given R, then
(9.13) | 19asl < con

Br
By way of an explanation for this last bound: The rescaling that de-
fines 1) from ¢ identifies the integral in (9.13) with an integral of |V, |
over the radius AR ball in S3 centered at the original point p up to an
O(AR%k?(AR)) error which is due to the choice of the connection that de-
fines the covariant derivative in (9.13). This identification results initially in
the bound below (the notation has v denoting the vector field in Lemma 6.2):

1
(9.14) / V3] < cox/ IV, 0% + ci AR?Kk%(AR).

Br BARr
Meanwhile, Lemma 6.2 gives an a priori bound for the integral of the
square of the covariant derivative of V¢ over any small radius ball centered
at p; and that bound with the inequality in (6.11) which holds now when
is replaced by V% implies (via a dimension 3 Sobolev inequality for |V, 1|)
that the integral of |V,|® over Byg has an R and )\ independent upper
bound. Since

1/3
(9.15) /B |vyw12<co<A3R3>2/3</B |vyw6> ,

that uniform upper bound on the integral of |V,[% over Byg with (9.15)
leads directly from (9.14) to the asserted bound in (9.13).

The preceding a priori bounds imply convergence of subsequences of
the various ¥)’s as A — 0. The lemma below makes a precise statement and
describes the limit.

LEMMA 9.1. Suppose that {)\j } j=1,... is a decreasing sequence of A\-values
with limit zero. There is a subsequence whose corresponding sequence of 1y ’s
converges to a non-zero, section of Z x V in the C'°° topology on compact
subsets of the complement in R? of the xs-axis. This subsequence also con-
verges in both the L. and H topologies for the space of sections of Z x V' over
any ball in R3. Moreover, the limit (denoted by 1/1) is harmonic in the sense
that VTV% = 0. It is also invariant with respect to translations in the x3
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direction; and it is equivariant under coordinate rescalings in the sense that
Py = AN Oy

Proof of Lemma 9.1. Fix R > 1. It follows from (9.7) that the set
{¥r}re(0,1) has an a priori H-norm bound on the |2| < R ball in R?. This
implies that any sequence from this set with A\ converging to zero along
the sequence has a subsequence (hence denoted by {t;}i=1,2,..) that con-
verges weakly in the H topology and strongly in the L-topology (the Rellich
Lemma) on this ball. By taking diagonal subsequences for R = 2,3, ...,
no generality is lost by requiring that {t;}i=12 . converge weakly in the
H-topology on any R > 1 version of the |z| < R ball and strongly in the L-
topology on any such ball. What with (9.6), the Rellich lemma also implies
that the limit section 1) is non-zero and, more to the point, that

(9.16) / Wg|? = dm N OFS,
By

The convergence in (9.6) with (9.11) also implies that {t;};=12 .. con-
verges to 1)y on any |z| < R ball in the strong H-topology.

In addition: The bounds supplied by (9.9) and (9.10) imply that
{1i}i=1,2,... converges in the C*° topology on any R > 1 version of the set Ag.
That fact coupled with (9.11) implies that 1); is a smooth section of Z x V'
on the complement of the z3-axis in R? and that it obeys Vvai = 0. Mean-
while (9.12) implies that Vs = @1/}1 and (9.13) implies that V3¢ = 0.

Let ¢4 denote a A — 0 limit from Lemma 9.1 of a sequence from the
set {1¥x}re(0,1]- The fact that 1y is VIV harmonic and that it is equivariant
under coordinate rescalings and that it is annihilated by V3 determines any
given Z x V' component of ¢1. To say more, let ¢, denote a component of
1y, thus a section of 7 over the complement in R3 of the x3-axis. Write R?
as C x R with the R factor corresponding to the z3 coordinate and with the
C factor having the complex coordinate z = x1 + ix2. Let ug denote a unit
length, constant section of Z over the complement of the zs-axis and the
negative real axis (where z; < 0). Then 1, must have the form

(9.17) Ve = (azN(O) +a EN(O)) U,

with a denoting a complex number. This restriction on 1, implies in turn
(since 9, is a section of Z and wg is constant) that N(0) must come from the

set {%, %, .. }
10. Proof of Theorem 1.2

To set some background for the subsequent arguments: Having chosen
one of the polytopes listed in Theorem 1.2, center that polytope in R?* so
that its symmetry group is a finite subgroup of the group SO(4) with the
latter acting linearly on R*. Let G denote that subgroup. Now let I' denote
the graph in S® that is given by the union of the radial projection to S® of
the set of edges and vertices of that polytope. The group G acts on S3 —T'
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and, according to Proposition 11.12 in Section 11, it lifts in the manner
described in Section 5 to an action on the line bundle Z. Moreover, these
lifts are such that any given edge of I is fixed by a Z/mZ subgroup with m
being an odd integer and this Z/mZ subgroup induces a linear action on the
normal 2-plane to any interior point of that edge (this is a 27 /m rotation of
that normal plane).

The three paragraphs that follow directly are here to give some indication
of how the analysis of the preceding sections and the group theory are used
in Theorem 1.2’s proof. To set notation, let ¢ in these paragraphs denote an
eigensection of the operator VIV + R on S3 — I" from the Hilbert space H.
The preceding analysis established, via Eq. (4.2), that the number N(0) as
defined by v and for any given point on I is non-zero. (By way of a reminder,
N(0) is the r — 0 limit of Almgren’s frequency function N(r) for that point.
See (7.4).) Basically, the monodromy —1 property for the components of
1 on the linking circles to the edges of T force N(0) to be positive. This is
Item b) and c) of the second bullet in Lemma 7.1. No symmetry property
is used for that; it is a consequence of the —1 monodromy which forces the
components of ¥ to have zeros on any linking circle. (For a vertex of I, this
is saying in effect that the minimum eigenvalue for the 2-sphere Laplacian on
sections of Z over the complement of I' on any small radius, linking 2-sphere
to any vertex is necessarily positive.) The fact that N(0) is positive implies
that |¢| is Holder continuous across I'; this being the content of Lemma 4.2.

Now we also need to know that the V1) versions of N(0) are also positive
for any point on I'. In this regard, Vi also obeys an eigenvalue equation
V*V (V) + R'V¢ = EVy, with R’ being a curvature endomorphism (the
Ricci curvature if ¢ is a section of Z). We can apply the arguments for
Lemmas 4.2 and 7.1 to V) if we know that |V(V)|? is integrable across
I'. Lemma 4.4 asserts in effect that this will occur if ¢’s version of N(0) is
greater than 1 at each point of I'. For points in the interior of an edge of I,
it is sufficient to know that N(0) is greater than 1 because that implies that
the integral of [1)|?> on the radius-r ball centered at that point is bounded
by some multiple of 7 when r is sufficiently small; and as explained in
the proof of Lemma 4.4 starting on page 45, that is sufficient to conclude
that |V(V)|? is integrable across I'. This is where the symmetries of the
polytopes are used in the event that ¢ is an invariant section of Z; they are
used to conclude that actually N(0) is at least 3/2 for points in the interior
of edges. The fact that N(0) is greater than 1 for interior points to edges
with the assertion of the fourth bullet in Lemma 7.1 implies that N(0) for
any vertex is not smaller than the smallest value of N(0) on incident edges
(thus 3/2). In this regard: the N(0) > 1 condition for edges is used in the
proof of the fourth bullet in Lemma 7.1 to justify an integration by parts;
if N(0) < 1, then the relevant integration by parts can get hung up with
divergent terms along incident edges.

As is evident from what transpires next in Section 10, the argument
in the case of self-dual, Z/2 harmonic 2-forms does require much more by
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way of analysis regarding the linking 2-spheres to the vertices. This detailed
analysis is the content of the seven parts of Section 10. The reason for the
difficulty in this case is that a homogeneous, self-dual harmonic 2-form on
R* is defined by a coclosed, Z-valued eigensection on S3 —I" for the operator
«d (as opposed to the elliptic *d + *dx). Getting the coclosed condition
and, simultaneously, the Holder continuity of the derivatives requires far
more analysis of the behavior of invariant, Z-valued 1-form near the edges
and near vertices. That analysis explicitly leverages the symmetry group
invariance via the subgroups that fix given edges and vertices.

Theorem 1.2 makes claims regarding homogeneous, Z/2 harmonic 1-
forms, self-dual spinors and self-dual 2-forms. The argument for the claims
regarding Z/2 harmonic 1-forms and self-dual spinors is considered first. To
start that argument, invoke Lemma 5.1 to obtain a non-trivial, G-invariant
Laplace eigensection from Z’s version on S® of the Hilbert space H. This
section is denoted by 1 and its eigenvalue is denoted by E. This is to say
that 1 obeys the equation —Atvy = Et). To continue, let ¢ denote an interior
point to an edge of I' and use this point to ‘zoom in’ on the behavior of 1
near g as was done in Section 9. Doing that results in a version of ¥, that
has the form depicted in (9.17). Keeping in mind that the edge is fixed by
a Z/mZ subgroup of G, what is said in Section 5 (see the paragraph prior
to Lemma 5.1) implies that the version of N(0) that appears in (9.17) must
come from the set {7, 377”, ... }. Since m is at least 3, it then follows from the
manner of convergence dictated in Section 9 that the conditions for bringing
Lemma 4.4 to bear are met by this section ¢, which implies in particular
that di is in the Hilbert space H and as such, it is a VIV +Ric eigensection
from the T*S® ® T version of the Hilbert space H. (Ric here denotes the
Ricci curvature when viewed as an endomorphism of 7%53.) In particular,
|di| extends across I' as a Holder continuous function that vanishes on I'.

Now let 7 denote the radial coordinate on R* and let 7 denote the radial
projection map from R*\ {0} to S%. Let x = (1 + E)/2 — 1. Then ¢ =
rfm*1) is a homogeneous, Z/2 harmonic function on R* whose corresponding
version of the set Z is the closure of 77 !I" and whose corresponding real line
bundle is the 7-pull-back of the bundle Z on S3. (That real line bundle is
subsequently denoted by Z also.) The exterior derivative of ¢ (thus d¢) is
the promised homogeneous, harmonic, Z-valued 1-form on R* if E is greater
than 3 (because then |d¢| limits to zero as r — 0). With regards to this lower
bound for E: Lemmas 5.1 and 4.1 guarantee an infinite set of E in (3, 00).

To obtain a homogeneous, Z-valued, harmonic self-dual spinor, let 7
denote a given, non-zero, constant anti-self-dual spinor on R*. Supposing
that © denotes the standard Dirac operator on R* mapping anti-self-dual
spinors to self-dual spinors (and vice-versa), then D (¢n) is a homogeneous,
harmonic, Z self-dual spinor on R?* if E is greater than 3.

The construction of Theorem 1.2’s homogeneous Z/27Z harmonic, self-
dual 2-forms requires more work. The following seven parts of this section
exhibit that construction.
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Part 1: The plan for what follows is to construct a version of what is denoted
by vt in (2.9) for certain positive values of x. This v+ will be a section of
the T*S ® T version of the Hilbert space H whose norm extends across I as
a Holder continuous function that vanishes on I'. Granted v, then the self-
dual, Z valued 2-form that is depicted in (2.7) is the desired, homogeneous,
Z-valued harmonic self-dual 2-form for Theorem 1.2.

The construction of v+ starts by invoking Lemma 5.2 to obtain G-
invariant, (VIV + Ric)-eigensections in the 7%S% ® T version of the Hilbert
space H. Let 1) denote such an eigensection and let E denote its eigenvalue.
Let d denote for the purposes of this proof the exterior derivative on S* and
let * denote the Hodge star on S3. Granted this notation, set ¢ = xd * v,
this being a section of Z which is a priori only in the Hilbert space L. But
note in this regard that if each edge of I' is fixed by a Z/mZ subgroup of
G with m odd and at least 5, then (by virtue of (5.9) and what is said in
Section 9), the assumptions required by Lemma 4.4 will be met and as a
consequence, ¢ will come from Z’s version of H.)

Anyway, with regards to ¢, this obeys the equation —A1¢ = E¢ because
the eigenvalue equation (VIV + Ric)) = Etp can be written as

(10.1) — (xd(xdv)) + d(*d % ¢)) = E,

and because At¢ = xd(xd¢). Note also that ¢ is a G-invariant section of Z.

If it is the case that ¢ is from H (which is guaranteed if m > 3), then
d¢ is also in H. This is a consequence of Lemma 4.4 whose requirements are
met by ¢ because ¢ is a G-invariant, (—A~)-eigensection from H. Indeed,
being a —A-+-ecigensection from H implies that ¢ has its versions of (9.17),
and being G-invariant implies that the values of N(0) that appear there are
no smaller than 2 (see Section 5).

Supposing that ¢ is in H and thus d¢ too, it then follows that y = ¢ — %dqb
is a coclosed section of H that obeys

(10.2) xd(*dy) = Ey.

Since y is coclosed, it is a G-invariant, (VIV 4 Ric)-eigensection from the
T*S3® T version of H. As explained in subsequent parts of this proof, xdy is
also from H (this follows directly from (9.17) and (5.9) if m > 3). Granted
that xdy is from H, then so is y + ﬁ % dy. This is the desired section v for

use in (2.9). (The number « is V/E.)

With regards to the situation when m = 3: In that case, the top bullet of
(5.9) allows for the case k = 1 which implies that v’s version of N(0) can be
equal to % which is too small to guarantee a priori that ¢ (which is xd*) is
from H. Even so, the manner of convergence to the rescaling limits of ¢ near
the interior points of the edges of I' as described in Section 9 with what is
said by (5.11) suggests that ¢ is indeed in H notwithstanding the fact that
V1 is not in H. This same manner of convergence to rescaling limits with
(5.11) also suggests that xdy is in H notwithstanding the fact that Vi is
not.
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Part 2: This part of the proof and Parts 3 and 4 explain why ¢ is indeed
in H. To start the explanation, bring Lemma 5.1 to bear so as to obtain a
G-invariant section from Z’s version of the Hilbert space H (to be denoted
by v) that obeys the equation —A1v = E¢. Let ¢ = ¢ — v. This section ¢ is
a AL-harmonic section of Z from the Hilbert space L since At¢ and Atv
are both E¢. A key point now is that ¢ = 0 if ¢ is in H; and if ¢ = 0, then
¢ =V and so ¢ is from H as claimed.

The question of whether or not ¢ is from H concerns its behavior near I'
since it is smooth on S? — I". To see about this, the rest of this part of the
proof and all of Part 3 focus attention on some given point in the interior of
an edge of I'. This point is denoted subsequently by p. Rotate the 3-sphere
in R* if needed so that the edge containing p is an arc in the |z| = 1 part
of the x3 = =4 plane in R%. Let z = (z3 + iz4) and then write z; + izo as
(1 — |2|>)/2e™. The R/277Z valued coordinate ¢ is chosen so that p is the
t = 0 point on the |z| = 0 great circle. It proves convenient to write z in
polar form as z = pe? with p > 0 and # being R/27Z valued. The metric
on a ball of radius less than 7 in S when written using the coordinates p,
0 and t has the form
(10.3) _ dp* + p*do* + (1 — p*) dt*.

(1=p?)

As noted in the proof of Lemma 6.2, the constant translations of ¢t are
isometries. (These identify the normal disks to the given edge of I'. The
constant rotations of these normal disks (thus 6§ — 0+ p with u constant) are
also isometries and they commute with those given by constant translations
of t. These isometries will be exploited momentarily.)

Fix a constant, unit-length section of Z in the part of the p < ﬁ Tp
and [t| < ﬁ rp polydisc where § € (—m, 7). Use that section to depict ¢
on that part of the polydisc as an R-valued function. Fourier series can then
be used to write ¢ in this polydisc as a sum,

(104) ¢ = Z ak,n(ﬂ) €i(k+%)6 ei1024ﬂ'cnt/rp ’

this sum being a double sum over the values of k from Z and the values of
n from Z. With regards to this Fourier decomposition: Keep in mind that ¢
is smooth on the complement of the p = 0 locus and it is also in L. (which
is to say that |¢|? has finite integral on S?). It follows as a consequence that
the sum in (10.4) converges pointwise assuming p is positive and both p and
|t| are less than 155 Tp.

To say more about the functions ay,(-): Note first that @y, = a_t_1,—p
since ¢ is R-valued. A second point of note: Because ¢ is harmonic, any given
ar,» obeys the second order ordinary differential equation

1 d 2) 4 (k+3),  (wm2)”
(105) —;d—p (p(l —p )d—pakm> + T ak.n + m Akn = 07
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with r denoting here ﬁ rp. A key point regarding the preceding equation
(which can be derived using standard theorems about ODEs) is that any
solution must have the form

(106) ak,n(m) = (ak,n + prk,n) Pk+% + (ﬁk,n + p2bk,n) P_(k+%),

with oy, and Sy, being constant, and with [fy | and |bg | being bounded
functions of p. (This is because p = 0 is the only singular point of that
equation.) Since ¢ is in L, the depiction of ay,,, in (10.6) implies in particular
(by taking p < 1) that o ,, = 0 for kK < —2 and S, = 0 for k > 1. But there
is more: Since ¢ is G invariant, oy, and B, must be zero unless 2k +1 =
0 mod m. These conditions require (in particular) that a_1, = ag, = 0
and that By, = -1, =0.

Because of the preceding constraints, the norm of ay , obeys

(10.7) lakn| < 2kn p*2,

with zj, , being constant. Here is more to keep in mind about the set {a, }:
The fact that |¢|? has finite integral implies that the integral below is finite

_p__
1024c
(10.8) S [ lakal o < o1 +8).
0

where the sum is over the same set as in (10.4).

Part 3: Given € > 0, let 0. denote a smooth function of the coordinate
p that is equal to 1 where p < ¢ and equal to 0 where p > 2¢; and also
with |da€| < cpe~!. The constructions that follow use o, to denote the
€ = 5a55: Tp Version of o.. Multiply both sides of (10.5) by (1 — 02)op kn
and then integrate the result. Since the integrand has compact support on
(0, 525 Tp)» an integration by parts can be done (and (10.7) can be invoked)
to obtain the following inequality:

_p__ 2 1\2 ™\ 2
2048¢ d k+ 5 5,

(109) / (‘d—ak,n + _( 2) |akz,n‘2 + (2r2) |ak,n|2> pdp
0 p cos? p

sin? p
CO 1024c
<colanl’ e + = / |agn|* pdp.
Tp 0

With (10.9) in hand: Having fixed 6 > 0 and a large integer NV, it follows
from (10.9) and (10.8) that there exists ¢5 v > 0 such that if € < g5, then

- 2 (k+1)? )2
(10.10) Z/M (‘_akn +(+72)Iaknl2+(%)plak,nl2 pdp

sin? p ’ cos
<di+—
<6+ 5 (1+E),
P
N

where the symbol Z indicates there is a sum over pairs (k,n) such that
|k| < N and |n| < N. Another important point with regards to (10.9):
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Having fixed § > 0 then that inequality also implies that there exists positive
e} v such that if € < &} 5, and N’ > N, then

(10.11)
N,N’
: rp/2048¢ d 2 k+ mn/2r
Z/ 7 (‘d_akn +u|a n|2 #| k:n|2 ,odp<5
0 P sin? p cos

N,N’
where the symbol Z indicates that the sum is over all pairs (k,n) with
|k| and |n| between N and N’. The observations in (10.10) and (10.11)

imply this: Set r = ﬁrp and set x, to denote for now the function
X(210 dist(p,-)/r — 1). Then, the sequence

N . 1 .
(10.12) {sz%n(p) el (F3)0 giml02dent/ry Ny 1,2,...}

is a Cauchy sequence in the B, version of the Hilbert space Hg. This last
conclusion implies in turn that x,< is in H since this sequence converges in
the B, version of Lg to x,s.

Part 4: To summarize: Part 3 established that |Vs|? is integrable on the
complement in S of any open set containing the vertices of I'. With this
understood, the focus in this part of the proof is on the behavior of V¢ near
some given vertex of I'. Use p now to denote that vertex. Fix ¢ € (O, ﬁ rp)
but very small. Let x. and x, denote the respective r = ¢ and r = ﬁ Tp
versions of the function x (dist(-,p)/r — 1). Since —A+¢ = 0, it is also true
that

1
(10.13) —§AJ‘\§\2 + |Vsf? =

Multiply both sides of this last identity by (1 — x)x, and then inte-
grate the result over the radius m rp ball centered at p. Two instances
of integration by parts leads from that integral identity to the inequality
below:

C
1010) [l <G [0 ek + e,

where ¢, is a positive number that is determined by p and E. This last
inequality leads directly to an a priori bound for the integral of |V¢|? on
the radius m rp ball centered at p if, for every small but positive €, there
exists a coe? bounds for the integral of ¢ on radius 2¢ ball centered at p.

Find such a bound: Let B, denote for the moment the r = 102 1 Tp radius
ball in S2 centered at p. Let v denote the valency of the vertex p. The edges
of I that are incident to p intersect 0B, as a configuration of v distinct
points; denote this set by

(10.15) p:=TN0B,.
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A chosen Gaussian coordinate system centered at p identifies OB, with the
radius r sphere centered at the origin in R?, and then the radial projection
from the origin in R? identifies that sphere with the radius 1 sphere in R3.
That radius 1 sphere is denoted by S2. Under this identification, the image
of p C OB, is a configuration of v points in S?, which we also denote by p.
Radial pull-back from 9B, of the line bundle Z defines a real line bundle on
S? — p which will be denoted by Z also.

Borrowing from [27], let Hj, denote the Hilbert space that is obtained
by taking the completion of the space of compactly supported sections of
the S2? — p version of Z using the norm whose square is the functional

(10.16) f— /S2 |df]? .

Define the Hilbert space L, to be the completion of that same space of
sections of Z on S? — p using the norm whose square sends a section to the
S? integral of the square of its norm.

Let Ay denote the Laplace operator on S? for the round metric but
with it acting on sections of Z over S? — p. The section f of Z on S% — p
is said to be an eigensection in H, for —Ay when it obeys the equation
—Agof = Af with A being a non-negative real number. (The number A is
f’s eigenvalue.) Proposition 1.1 from Taubes-Wu [27] makes an assertion
to the effect that the set of eigenvalues of these eigensections from Hi, is
discrete, bounded away from zero and has no accumulation points. This
same theorem also asserts that each such eigenvalue has finite multiplicity.
Meanwhile, Proposition 1.1 [27] makes an assertion to the effect that L, has
an orthonormal basis of (—Ag)-eigensections from Hy,. Let {f;};=12,.. denote
this orthonormal basis, labeled using the convention that the eigenvalue of
any given version of §; is no larger than that of ;1.

Returning to ¢: Let r = 1024c rp and let B, denote again the radius r
ball centered at p. Let p now denote the function on B, giving the distance
to p. The section ¢ can be written on B, using that orthonormal basis of
(—Ap)-eigensections from H, as

(10.17) c=> a(p)f;

where the sum is over the indexing set j € {1,2,...} for the Ly-orthonormal
basis of (—Ag)-eigensections. The coefficient function set {a;(p)};=1,2,.. obey
the ordinary differential equation

1 d d 1
10.18 Aj——a; =0.
( ) sin pdp (Sm pd )+ jsin2pa]

Because [¢|? is integrable on S3, the function set {a;} are constrained to
obey the bound

,
(10.19) Z/o |a;|?sin? pdp < hE

with cgyE denoting another positive number that depends only on p and E.
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Fix a non-negative integer j and set a = a; and A = A;. Then, introduce
the numbers

_ L 1/2 21 1/2
(10.20) u—2< 1+ (1+4)) ) and u_2<1+(1+4/\) )

Standard ordinary differential equation technology can be used to see that
the function a(-) must have the form in (10.21):

(10.21) a(p) = a(1+ ps)ph + B(1 + p*t)p ™+,

where o and (8 are j-dependent real numbers, and s and t are j-dependent
functions of p obeying |s| + |t| < ¢; with ¢; being a positive real number.

Granted (10.21), it then follows that the contribution to the small €
integral in (10.14) from the ap" term in (10.21) will limit to zero as ¢ limits
to zero because y is positive. Meanwhile, the Sp~* term in (10.21) will be
absent (8 =0) if y/ > % because if that isn’t the case, then the presence of
the Bp~* term with u/ > 3 runs afoul of the constraint in (10.19). Since y/
is no smaller than % when A > %, the issue to address is whether a (—Ag)-
eigensection from Hl, with eigenvalue less than % can appear in (10.17).

To see about a lower bound for those \;: The key input for the analysis
of those eigenvalues is the fact that each edge of I' is invariant under the
action of an order 3 subgroup of G that acts freely on the normal disks to
interior points of that edge. That subgroup for an incident edge to p acts
as an order three rotation on the constant radius spheres centered at the
vertex p. With this understood, fix a point (to be denoted by ¢) from the
configuration p. The order 3 subgroup of G that fixed p acts to permute
the other points in p. Each f; that appears in (10.17) must be invariant
with regards to this Z/3Z subgroup which implies in turn that |f;| near ¢ is
bounded by cq dist(-, ¢)%/? (See [26, Proposition 2.2, Equation 4.6]).

To explore the ramifications of this observation, introduce by way of
notation Vs to denote the metric covariant derivative on sections of T*S2.
The section df; of T*S 2 ® T obeys the differential equation

(10.22) VIVa(dij) + dfj = A df; -
Having fixed £ > 0 but tiny, let

(10.23) Xe = X(l —et dist(-,p)),

where

(10.24) dist(-,p) := I;leilIJl dist(-, p).

To be sure, this function has value 1 where the distance to p is greater
than ¢, and it has value zero where the distance to p is less than /4. Take
the inner product of both sides of the equation in (10.22) with x. df; and
then integrate the result over S2. Since . is zero near p, the result after an
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integration by parts leads to this:

(10.25) / X€(|VQdfj|2 + |dfj|2) < )\j/ |dfj‘2 + e,
S2 S2

with ¢ being the term from the integration by parts with derivatives on x-..
In particular, the norm of ¢ obeys the bound

(10.26) le] < cpe? /32 Xe/s (1 — xac) || .

To see about the integral on the right in (10.26), multiply both sides of
the eigenvalue equation —Aqf; = A;f; by X8 (1 — X45)fj and then integrate
the result. An integration by parts leads in turn to the inequality below:

(10.27) / Xes (1= xae) [dfj* < co 5—2/ (1= xse) IF1%-
52 52

This last inequality leads to a coe® bound for the integral over S? of
Js2 Xes (1 — xae) |df;]? since [f;] < coe®/? on the domain of the integral on
the left-hand side of (10.26). That bound with (10.26) implies in turn that
le| < coe which has limit zero as ¢ — 0. With this understood, take € to zero
in (10.25) to see that A; must be greater than 1. (Note that in this regards
that df; can’t be identically zero since Z is not the trivial line bundle.)

Part 5: To summarize where things stand at this point: Parts 2-4 have
established that the 7*S5% ® T valued 1-form y = v — %d(;b is in the T*S®*® T
version of the Hilbert space H. This 1-form is coclosed, and it obeys (10.2).
It is also G-invariant. This part of the proof and Part 6 explain why xdy is
also in this same version of H. This part focuses on the behavior *dy near
interior points of the edges of I'. The next part of the proof considers xdy
near the vertices of T

Supposing that p denotes a point in the interior of an edge of I', rein-
troduce the coordinates (z,t) from Part 2 of this section for a neighborhood
of p in S3. (These are defined just prior to (10.3).) Thus, 2 is a complex
coordinate and t is R-valued; and both are zero at the point p. With regards
to (10.3), keep in mind that p = |z|. The metric in (10.3) when written using
z and t has the form below:

(10.28) dz® dz +di* + | |2(zd2+2dz)2+|z|2dt2.
— |z
Now write y using the coordinate basis as
(10.29) y=widt +wdz+wdz.

(This is the depiction in (5.5) if w is written using its real and imaginary
parts as w = w; — jwy.)

Let 3, denote for the moment the r = ﬁrp version of X(M — 1)

which is equal to 1 near p and equal to zero where dist(-,p) is greater than
mrp. Lemma 6.2 guarantees that (8, V;y is in H. As will be explained
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momentarily, the fact that y is G-invariant implies that 3, dw; is also in H.
Granted these last two points, it then follows that |V (xdy)|? has finite inte-
gral on the radius 5g-s>— r;, ball centered at p if this is so for |V(dw/0z)[%.
For the latter, this follows algebraically if 3, dw; and £, V;y are in H using
the two identities *d(xdy) = Ey and d*y = 0.

To see about dwy, the first key point is that w; in the radius ﬁ Tp
ball centered at p obeys a differential equation that has the schematic form
below:

(10.30) Ry 42220 4 220 — By,

ot ot ’
with A denoting the operator depicted below (the notation reintroduces the
nonnegative function p and the R/277Z valued function 6 by writing z as

pe’):

,\ _ 52 2 2
(10.31) R_Ll-p a< a> 10 1 9

o op\"op) T Ao T T2 o
Fourier series (mimicking what was done in Part 2) will be used with

(10.30) to analyze the behavior of w;. To this end, reintroduce from Part 2
the product structure for Z where 6 € (—m, 7). Having done that, write

(10.32) Bpwy = Z W n(p) ilk+3)8 ,i1024ment/ry

Introduce by way of notation,

B 0 0 _
(10.33) £=5, <2z w22 Ew>

and write £ similarly as
(10.34) b — Z Xt () ik +3)0 i 1024ment/r,
Note in particular: The fact that 3, Viy is in H implies that

(10.35) Xkl S cop.
Now it follows from (10.35) and (10.31) that uy,, can be written as

1 _ 1
(1036) Uk n = (ak’,n + psz,n) Pk+2 + (Bk,n + p2bk,n) 1Y (k+3) + Ckn

where |ej. | < o p* and where |fx | and |bg | are bounded functions of p.
Because w; is in H and it is G-invariant, an argument essentially a verbatim
copy of that used subsequent to (10.6) can be used to deduce that aj, =0
for £ <0 and that 3, = 0 for kK > —1. Thus,

(10.37) k] < cozpn p*2

With this bound in hand, the arguments from Part 3 can be copied al-
most verbatim to see that 8,Vw; is in H as claimed.

Part 6: This part of Section 10 and the final part explain why |V (xdy)|? is
integrable near the vertices of I'. To keep the notation succinct, let ¢ now
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denote *dy. Keep in mind from Part 5 that |V¢q|? is integrable on sufficiently
small radius balls centered at the interior points to the edges of I'.

With the preceding in mind, let p now denote the function on the ﬁ Tp
ball centered at p that gives the distance to p. Introduce as before, a Gaussian
coordinate system centered at p to identify this ball centered at p with the
same radius ball centered at the origin in R?. Use p now to denote the radial
coordinate on R3. Let S? again denote the p = 1 sphere in R? and let p C S?
denote the intersection between S? and the radial projection to S? of the
intersection of I' with any constant p € (0, ﬁ rp) sphere. (The graph I’
in the p < ﬁ rp ball is the intersection of that ball with the cone on the
configuration p.)

Let g, denote the dp component of g on that p < ﬁ rp ball (this is the

pairing between g and the dual vector field 8%). The rest of this part of the

proof focuses on g, and in so doing, it proves that |dg,|* is integrable on
small p balls.
This g, is a section of Z on the complement of I' in that ball. By virtue
of ¢ obeying (10.2), this section g, obeys the equation below:
1 & 1

10.38 —————(sin® — ——Asq, = Eq,,

( ) SinzdeQ( P ) sin? p 24p 4o
with Ay denoting (as before) the standard Laplacian on the S2. To see what
this equation requires of g,, expand g, as was done with ¢ in (10.17) using
the H, eigensections of As:

(10.39) g =Y bi(p)f;-

(Remember in this regard that {fi,fs,...} is an Ly-orthonormal basis of
eigensections of Ay from Hy. In what follows A; for j € {1,2,...} denotes
the eigenvalue of the corresponding f;.) Of particular note is that the sum
in (10.39) is convergent in the L-topology on the radius ﬁ rp ball centered
at the origin in R3. This is to say that

Tp
106¢

2
(10.40) lim g — SN byf; | sin? pdp = 0.

N—o0 0

where the notation here and below has ZN signifying that the sum is over
the indices j from the set {1,...,N}.
By virtue of (10.38), any given b; obeys the equation below:

1 & 9 1
This equation requires in turn that b; have the form
(10.42) bj = ap"(1+p%) +Bp " (1+ pt),

with « and 8 being constant, with p and p’ being the numbers depicted
below in (10.43) and with s and t being functions of p with bounded norm
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(which can depend on j):

(10.43) = (—§ i )%) and = (§ ciag )%,
2 2 2 2

With regards to 8: The number 8 must be zero because if 3 is non-zero,
then the v = y and = = p version of the integral that is depicted in the
fourth bullet of (6.3) would diverge, because p is greater than 2 since \; is
positive.

With regards to u: As explained directly, p is greater than —0.4. This
is because g, is invariant with respect to the Z/37Z subgroup of G' that fixes
any given edge incident to p. Given such an edge, this Z/37Z subgroup acts
as a rotation of S? that fixes the corresponding point in p. The f; must
be invariant with respect to these subgroups, which implies (as explained in
[26]) that |f;] is bounded by a constant multiple of dist(-, p)/2. That implies
in turn that df; is from the 7*S? ® T version of Hj, which implies in turn
(as noted previously) that A; is strictly greater than 1 (see (10.25) and the
subsequent remarks).

Any r € (0, ﬁ rp) version of the bound below follows directly since
p > —0.4 (this bound has c¢; being independent of r):

(10.44) / 6;1%dp < ¢;r"?.
0

The preceding bounds with the bounds implied by the ¢ — 0 limit of
(10.25) can be used to see that [Vq,|? is integrable near p. This is done using
(10.38) by first approximating g, using a sequence of finite sum versions of
(10.39) with the N’th element in this sequence (for N = 1,2,...) being
Eijfj. Let g, n denote this approximation. A key fact now is that g, n
obeys (10.38) also. Granted that, fix € to be positive but very small. Letting

r denote the m p, multiply both sides of the g, y version of (10.38) by

x(1 = p/e)x(p/r — 1) qp,N sin? p. Having done that, then integrate and use
integration by parts to see that

(10.45) / IVagpn|* < co 82/ g, N % + co 7“2/ lgp.N |2
BT*Bs B25 B27'*B7‘

(Note that the derivation of this bound uses ¢ = 0 version of (10.25) and the
fact that the eigenvalues \; for the f;’s that appear in (10.39) are greater
than 1.) To finish from here: The r = 2¢ version of (10.44) implies that the
leftmost term on the right-hand side of (10.45) has an € — 0 limit; and also
that this limit is 0. The latter fact and the dominated convergence theorem
leads from (10.45) and (10.40) to an N-independent bound for the integral
of Vg, n|? on B,. And, much the same manipulations can be used to con-
clude that {X (g — 1) quvN}N:LQ,... is a Cauchy sequence in the B, version

of the Hilbert space Hg. That last fact implies that x (’;) — 1) qp is in Hp too.
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Part 7: The fact that x (f — 1) qp is in Hp will be used momentarily to prove
that the bound below in (10.46) holds for any given value of s < ﬁ rp with
¢x independent of s.

1
(10.46) / — g’ < e
Bs P

Suppose for the moment that (10.46) holds. As explained directly, that
bound implies that the whole of (’;’ — 1) q is in the T*83 ® T version of
Hp. This is done by first noting that (6.5) holds with ¢ = ¢ since ¢ obeys
ViVq+Ric-q = Eq (because d*q = 0 and *d(*dq) = Eq). Keeping the latter
fact in mind, fix ¢ > 0 but much less r (which is m rp) and multiply both
sides of the 1) = ¢ version of (6.5) by x (1—£) x (2 —1). Then integrate

T
the result over the radius 27 ball centered at p and integrate by parts in the

resulting identity to obtain the inequality

(10.47) / |Vg|? che‘Q/ |q|2+cOr‘2/ .
r»—DBe Bo. Bor

(The integration by parts does not get hung up on the edges of I' in By,
because |Vg|? is integrable near interior points of the edges.)

The right-hand side of (10.47) is bounded as e limits to zero by virtue
of the s = 2¢ version of (10.46). The existence of that limit implies that
|Vq|? is integrable on B, and that in turn implies (with another appeal to
(10.46)) the desired conclusion that x (2 —1)¢ is in the B = B, version
of Hp. (That other appeal is used in a straightforward way to see that
x (1—2)x (&2 —1)q converges in Hp as ¢ limits to zero.)

With the preceding understood, the subsequent paragraphs derive
(10.46). To this end, note first that (10.46) is obeyed with ¢ replaced by
qp because x (£ —1) g, is in Hg and thus the ¢ = x(£ — 1) g, version of (4.2)
holds.

The rest of ¢ is ¢ — g, dp; this is written in what follows as ¢ and it is
viewed as a p-dependent, Z-valued 1-form on S?—p. (To be sure about what
this means: At any given value of p, the norm of § as an Z—valued section
of T*S? is sinp times its norm as an Z-valued section of T*S%.) The dp
component of the identity *dq = Ey can be depicted using ¢ in the manner
of the leftmost equation in (10.48). The rightmost equation in (10.48) uses
¢ to depict the identity dxq = 0. The notation in (10.48) uses d and % to
denote the respective exterior derivative along S? and the Hodge star on S2.
Also, (10.48) uses y, to denote the dp component of y.

1 - 1
(10.48) ———*dGd=Ey, and —
sin” p sin” p

%(d%(j) _ 9 2cosp

_(‘3_qu sin p Gp-

Now comes the first key observation: The square of the norm of the right-
hand side of both equations in (10.48) is integrable on B,.. As a consequence,
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there exists ¢y such that for any given small but positive e,

1 5 5
(10.49) / — (]dq!Q + |d *q\Q) < ¢
5., sin' p

Now comes the second key observation: Since |Vgq|? is integrable near
points in the interior of the edges of I', the Z—valued 1-form ¢ at all but a
measure zero set of p values is in the 7*S? ® T version of the Hilbert space
H, (which implies that the square of the norm of its S2—covariant derivative
is integrable on S? at these values of p). That implies in turn that some
integration by parts can be used (with no hang-up on the edges of I' in
B, —B.) to write (10.49) as done below (with V denoting the round metric’s

covariant derivative and with | - |g2 denoting the round metric’s norm on
1-forms and tensors).
1 ~
10.50 ——(IVa% + 1% ) < e
(10.50) | (Wi i) <

1
sin p

to (10.46) with ¢ replaced by ¢ by taking e ever smaller with limit zero.

Because the S norm of § is |G| 52, this last inequality leads directly

Part 2. Polytope symmetry, equivariance, and topological
invariants

11. Regular 4-polytopes and their symmetries

Part I develops the analytic framework for Z/2-harmonic objects on
S$3\ T with values in a real line bundle Z — S3 \ T. Part II verifies the
geometric properties needed to apply the analytic results of Part I to the
graphs I' € S3 obtained from regular 4-polytopes. Concretely, we will need
(i) an explicit description of the induced action of G = Sym™(P) on S3\ T
and its compatibility with the {£1}-local system Z, (ii) the existence of
odd—order cyclic subgroups fixing edges of I' pointwise acting by rotations
on the normal 2-planes, and (iii) a splitting of the lift extension for the
G-action on the associated connected double cover, yielding fiberwise linear
automorphisms of Z.

This section develops the background for Part II. Section 11.1 records
the quaternionic model for SO(4), used to write elements of G explicitly
and to compute their fixed—point sets, vertex actions, and facet actions.
Sections 11.2 and 11.3 recall the regular 4-polytopes, their chambers, radial
projections, Schlafli symbols, and local link/figure conventions. Finally, Sec-
tions 11.4 and 11.5 extract the structural consequences used later: even va-
lency of the radial graph, odd—order cyclic subgroups fixing edges pointwise,
liftability of the G-action to Z, and standard presentations of the relevant
rotation subgroups.

11.1. Quaternionic representation of SO(4) and the G-action.
Since each regular 4-polytope P C R* is centered at the origin, its rotational
symmetry group G = Sym™(P) C SO(4) acts linearly on R* and hence
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on S3. It is convenient to work in the quaternionic model R* = H, where
elements of SO(4) are represented (up to sign) by pairs in % x $3 and many
fixed—set computations reduce to quaternion algebra. Let

H={w+axi+yj+zk:w,z,yz€R}, 2= =k =ijk=—1.
Write R(p) = w and I(p) = xi+yj+ 2k, so that H = R®IH with SH = R3.
Quaternion conjugation is p = w — xi — yj — zk and the norm is

Ip|* = pp = w® + 2 + y* + 2°.
We identify R* = H by
(@1, T2, T3, T4) <> T1 + T2t + T3] + T4k,

so that {p,q) = R(pq), |p|* = pp. In particular, the quaternion norm agrees
with the Euclidean norm.

The Spin(4) covering of SO(4). Let S% = {qg € H : |q| = 1} = SU(2).
Define

IT: 83 x 8% = SO(4), (g, qr)(p) = quqE:l.
Then II is a surjective homomorphism with kernel {(1,1), (-1, 1)} = Zy;
hence SO(4) = (5% x §3)/{%(1,1)}. Indeed, II is a group homomorphism
because II(qr,qr) = Lq, Rqél and composition corresponds to quaternion
multiplication. If II(qr, gr) = id, then qrp qgl = p for all p, whence q;, = qgr

and g7, commutes with 4, j, k, so ¢, = 1. Surjectivity follows from Spin(4) =
S3x S3 being the universal cover of SO(4). Thus,

SU(Q)L X SU(Q)R
{(17 1)7 (_17 _1)} .
Thus, every g € SO(4) can be represented (nonuniquely) by a pair (¢r,, qr) €

S3 x 83, unique up to the simultaneous sign change (qr,qr) — (—q1, —qr)
20, §2.7, p. 42].

SO(4) =

Left /right multiplication and the special case Ad,. Identifying H = R*
via the ordered basis (1,14,7, k), left and right multiplication are R-linear
maps
Lq(p) =ap,  Rq(p) =pg

If |g| =1 then Ly, Ry € SO(4). An important special case is q;, = gr = a €
S3, where Ad, () := II(a, a)(z) = aza™'. More precisely, suppose a ¢ {41},
so write a = cos@ + usinf with v € SH, |u| = 1, and 0 < § < 7. For
x € ut C QH, one has uzr = —zu, and

Ad,(z) = aza™! = cos(260)z + sin(26)u.

Since  + ux is the quarter-turn on =, this is rotation by angle 26 about
the axis Spang{u} in SH. Also, Ad,(1) = 1. Consequently, for a ¢ {£1},
the fixed-point set of Ad, in R* ~ H = R @ SH is the 2-plane Spang{1, u}.
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In the exceptional cases a = +1, Ad, is the identity and its fixed-point set
is all of R*.

11.2. Regular 4-polytopes, chambers, and barycentric subdivi-
sion. This section introduces definitions leading to convex regular 4—poly-
topes, whose 1-skeleta supply local models for Z/2 harmonic forms. Regular
4-polytopes are defined in terms of chambers. The following exhibits some
basic notions.

DEFINITION 11.1 (Convex polytope [6, Def. A.1.1]). A convex polytope
P in an affine space A is the convex hull of a finite subset of A. Its dimension
is the dimension of the affine subspace it spans.

DEFINITION 11.2 (Supporting hyperplane [6, p. 402, Appendix A.1]).
Suppose X is a closed convexr subset of A. An affine hyperplane H is a
supporting hyperplane of X if X "H # 0 and if X is contained in one of
the half-spaces bounded by H. (That is to say, X lies on one side of H.)

DEFINITION 11.3 (Face of a polytope [6, p. 402, Appendix A.1]). Suppose
P is a convex polytope and H a supporting hyperplane. Then PN H is also
a convex polytope, called a face of P. A proper face is a face in the set of all
nonempty faces of a convex polytope P other than P itself. The collection of
all proper faces OP is the boundary complex of P.

DEFINITION 11.4 (Chain [6, p. 126, Sec. 7.2]). For any poset P, a chain
is a monempty totally ordered subset of P. A chain not properly contained
in a larger chain is called a maximal chain.

DEFINITION 11.5 (Barycentric subdivision [6, Appendix A.3, p. 411]).
Let P be a convexr polytope. Choose for each face F' < P a point vp in
the relative interior of F. For each chain a = (Fy < --- < F}) of faces of
P, let & be the simplex spanned by vp,,...,vE, . The simplices {a} form a
simplicial complex bP, called the barycentric subdivision of P.

Non-maximal chains give the lower-dimensional faces of the barycentric
subdivision. For example, in the barycentric subdivision of the boundary of
a 4-polytope, a maximal chain V < E < F' < C gives a tetrahedral chamber
[vy,vE, vF, ve], while a shorter chain such as V' < E < F gives the triangular
face [vy,vg, vF], and a chain F < C gives the edge [vg, vc]. Applied to the
boundary complex 0P, this construction gives the barycentric subdivision
b(OP); see Fig. 2. Its top-dimensional simplices are precisely the chambers.

DEFINITION 11.6 (Chamber [6, p. 94]). A chamber of a convez polytope
P" is a maximal chain of proper faces of P, Fy < Fy < --- < F,,_1, where
dim F; = i. Equivalently, a chamber is a top-dimensional simplex of b(OP),
and such a simplex is identified with a mazimal chain {Fy < F} < -+ <
F,—_1} of faces of OP.

Thus, the chambers come from maximal chains, and the full barycentric
subdivision is obtained by including all chains.
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UVF,

UF,

\—chambers
&= {op,v5..v0.}

S YU R,

F1GURE 2. Illustration of barycentric subdivision b(9P) of a
two-dimensional boundary complex of a 3-dimensional poly-
tope P. For a maximal chain of proper faces o« = (Fy < F} <
F,) in OP, the simplex & = [vg,, VF,, VR, ] is a top-dimensional
simplex of b(9P), i.e. a chamber.

DEFINITION 11.7 (Regular polytope [6, p. 94]; [6, Def. B.2.1, p. 424]).
A polytope in Euclidean space is regular if its symmetry group Isom(P) acts
transitively on the set of chambers, which is denoted Cham(b(OP)).

Recall the radial projection of the 1-skeleton of a regular 4—polytope is
defined as

r = {% : xEP(l)\{O}} c S8
For each polytope edge [u, v] of a centered regular polytope, the radial image
of [u,v] is contained in spang{u,v} N S3. Since 0 ¢ [u,v], the endpoints u
and v are not antipodal, so spang{u, v} is a two-plane and its intersection
with S3 is a great circle. Thus, the radial image of [u, v] is a geodesic arc in
S3. This verifies the geodesic-edge hypothesis used in Part I, most directly
in the local edge estimates of Lemmas 6.1, 6.2, and 6.4, and hence in the
proof of Lemma 4.2.

11.3. Links, edge figures, Schliafli symbols and local models.
Schlafli symbols record the local incidence data of a regular 4—polytope in a
way compatible with the chamber structure of the barycentric subdivision.
Schlafli symbols play an essential role in determining the geometric and
topological requirements on polytopes prescribed by Section 3, and also
provide a description of the symmetry group of regular polytopes. We use
them to encode vertex figures, edge figures, and the cyclic order of facets
around an edge.

We first recall the abstract notion of a link and its geometric realization.
For a simplex 7 of an abstract simplicial complex A, the link is

Lka(r):={ce€eA|lonT=0, cUT € A}

[18, Def. 2.13, p. 11]. Although Lka(7) is defined abstractly as a collec-
tion of simplices, it has a geometric realization obtained by replacing each
abstract simplex by the corresponding Euclidean simplex and gluing along
common faces. When 7 = {v} is a vertex and the complex is embedded, this
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Top view Edge figure (3-gon) Edge link (3-cycle)

FiGURE 3. Local model near an interior point x € E° of
an edge F (Eg. 11.9). The edge is contained in the three
cubic facets Fy, F3, and Fy. A small sphere S.(x) registers
the local transverse picture. The top view records the three
sectors determined by the incident facets; the edge figure is
the triangular 2-cell bounded by that cycle; and the edge link
is the equatorial 3-cycle.

geometric realization of Lka (v) is naturally homeomorphic to the intersec-
tion of the embedded complex with a sufficiently small sphere centered at
v [18, p. 27]. For example, if A is the boundary complex of a tetrahedron
with vertices 1,2,3,4, then Lka({1}) has vertices {2},{3}, {4} and edges
{2,3},{2,4}, {3, 4}; its geometric realization is the boundary of a triangle,
matching the intersection of the tetrahedron boundary with a sufficiently
small sphere centered at vertex 1.

For a general face o, choose a point x € ¢° and set d = dimo. A
neighborhood of z in the complex is locally modeled as B x @, where B¢
is a small d-dimensional ball in the directions tangent to o, while @) is the
transverse complex obtained by slicing normal to . The point x corresponds
to the central vertex of (), and the link of ¢ is the link of this central vertex
in Q [18, p. 27]. In particular, for an edge E C 0P, the factor B! is the
direction along F, and ) records how the incident faces or facets meet after
this edge direction is removed. The edge link is the boundary of the edge
figure: for a 3—polytope, such as the ordinary cube, it is the two endpoints
of an interval; for a 4—polytope, such as the 5-cell, it is a polygonal cycle.
Thus, when r facets meet cyclically around an edge of a 4—polytope, the
edge link is an r—cycle and the edge figure is the r—gon bounded by it; see
Examples 11.8, 11.9, and Fig. 3.

EXAMPLE 11.8. Let P = [0,1]3 be the ordinary cube and let
E={(t11):0<t<1}

be an edge. Choose x = (tg,1,1) € E°. Near x, the boundary complex OP is
locally B x Q, where B! is a small interval in the E-direction and Q is the
transverse V -shaped complex obtained by slicing with the plane {x1 = to}.
The two rays of QQ come from the two square faces incident to E. The link
of the central vertex of Q) consists of two points. These two points form the
edge link, and the edge figure is the interval joining them.
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EXAMPLE 11.9. Let P = [0,1]* be the 8-cell and let
E={(t111):0<t<1).

Choose x = (to,1,1,1) € E°. Near x, the boundary complex OP is locally
B' x Q, where B' is a small interval in the E-direction and Q is the trans-
verse complex obtained by slicing with the hyperplane {x1 = to}. The three
sectors of Q@ come from the three cubic facets incident to E. The link of the
central vertex of Q is a 3—cycle. This cycle is the edge link, and the edge
figure is the associated 3—gon, see Fig. 3.

11.3.1. Schlafli symbols and edge figures. For a regular 4-polytope with
Schlafli symbol {p,q,r}, each 2—face is a p—gon, and each facet is a regular
polyhedron of type {p, ¢}; within each facet, exactly ¢ of these 2—faces meet
at each vertex. Exactly r facets meet cyclically around each edge. Equiva-
lently, the edge link is an r—cycle, and the edge figure is the polygonal 2—cell
bounded by this cycle. Fig. 3 shows the case r = 3, where the edge link
is a 3—cycle and the edge figure is the triangular 2—cell it bounds. For an
edge F, the full stabilizer in the symmetry group acts on the edge figure
by the dihedral group D,, and the orientation—preserving pointwise stabi-
lizer contains a cyclic subgroup C, acting on the normal 2—plane by rotation
through angle 27/r. The vertex figure is the regular polyhedron of type
{q,r}; equivalently, the local figure at each vertex is {¢,r}. In particular,
the valence of each vertex is the number of vertices of the vertex figure. The
Schléafli symbols for regular 4-polytopes [4, p. 414] are exhibited in Table 1.

TABLE 1. Vertex and edge figures of the convex regular 4-polytopes

Polytope Schlifli symbol Facet Vertex figure Edge figure
5-cell {3,3,3} {3,3} tetrahedron  {3,3} tetrahedron {3} 3-gon
8-cell {4,3,3} {4,3} cube {3,3} tetrahedron {3} 3-gon
16-cell {3,3,4} {3,3} tetrahedron  {3,4} octahedron {4} 4-gon
24-~cell {3,4,3} {3,4} octahedron {4, 3} cube {3} 3-gon
120-cell {5,3,3} {5,3} dodecahedron {3,3} tetrahedron {3} 3-gon
600-cell {3,3,5} {3,3} tetrahedron  {3,5} icosahedron {5} 5-gon

11.3.2. Rotation subgroup presentations. We record the following stan-
dard presentations for the rotation subgroups of the regular 4-polytopes [17,
Eq. (4), p. 1311]. For the regular 4-simplex {3, 3,3}, the group presentation
for the rotation subgroup is:

(11.1)
3,3,3]" = (01,02, 03 ‘ 0} = 03 = 03 = (0102)? = (0203)? = (010903)* = 1).

This group is isomorphic to

(r,s|r?=5%=(sr)° =1) = A5
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under the map s — o1, —> 0309.
The regular 8-cell has rotation subgroup:

(11.2)
[4,3,3]" = (01,02,03 | ot =08 = 08 = (0102)% = (0203)* = (010203)* = 1).

The rotation subgroup of the symmetry group of the regular 24-cell is:
(11.3)

(3,4, 3 <01,02,03 ‘ 01 = 03 = O'g = (0102)2 = (0203)2 = (010203)2 = 1>.
For the regular 120-cell, its rotation subgroup is:

(11.4)

[5,3,3]" = (01,02,03 | o] = 08 = 08 = (0102)% = (0203)* = (010203)* = 1).
For the regular 600-cell, its rotation subgroup is:

(11.5)

[3,3,5]" <01,02,03 ‘ 01 = JS’ = ag’ = (0102) (0203)2 = (010203)2 = 1>.

11.4. Even valency of the radial graph. This subsection extracts
from Table 1 the even-valency condition needed for the line bundle Z on

S3\T.

PROPOSITION 11.10 (Even valency of the regular 4-polytopes). Let P C
R* be the reqular 4-polytope with vertex set {Vi,...,V,} CR?*, and let T C
S3 be the radial projection of the 1-skeleton of P. Set G := Sym™(P) C
SO(4). Then each vertex of I' has even valency.

PROOF. As the valency of each vertex is the number of vertices of the
vertex figure, it is enough to list the vertex figures of the regular 4—polytopes.
For the 5—cell and 8—cell, the vertex figure is a tetrahedron; for the 16—cell,
it is an octahedron; for the 24—cell, it is a cube; for the 120—cell, it is a tetra-
hedron; and for the 600—cell, it is an icosahedron. Hence, the corresponding
numbers of vertices are 4,4,6,8,4,12, respectively. All of these are even.
Therefore, each vertex of I' has even valency. O

11.5. Odd-order pointwise stabilizers of edges and lift of the
symmetry action to Z. The following proposition is verified case by case
in Sections 13-17; see Propositions 13.1, 14.1, 15.1, 16.2, and 17.2 for the
model-dependent proofs of the odd-order pointwise stabilizers of edges.

PRrROPOSITION 11.11 (Odd-order pointwise stabilizers of edges). Let P
be one of the reqular 4-polytopes appearing in Theorem 1.2, let T C S® be
the radial projection of its 1-skeleton, and let G < SO(4) be the orientation-
preserving symmetry group of P. For each edge E C T, let Wg C R* denote
the unique 2-plane through the origin such that E C Wg N S3. Then there
exists an odd integer m > 1 and a cyclic subgroup C,, C G such that Cy,
fixzes E pointwise. Moreover, the induced action of Cp, on Wé‘ is faithful,
and a generator of Cp, acts on Wb% by rotation through angle 2mw/m.
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PROOF. Let P have Schléfli symbol {p,q,r}. For a regular 4-polytope,
exactly r facets meet cyclically around each edge, so the edge figure is a
regular r-gon. Hence, the orientation-preserving pointwise stabilizer of an
edge acts faithfully on the normal 2-plane as the rotation group of this r-
gon, and therefore contains a cyclic subgroup C), whose generator acts by
rotation through angle 27 /r. For the regular 4-polytopes in Theorem 1.2,
one has r = 3 for the 5-, 8-, 24-, and 120-cell, and r = 5 for the 600-cell.
Thus 7 is odd in every case, and the proposition follows with m = r. O

Remark. Among the six convex regular 4-polytopes, the only one not dis-
cussed here is the 16-cell. In the local models of Section 5, the Z/mZ-action
lifts to the line bundle Z only when m is odd, and in all of the cases listed
here, the corresponding pointwise stabilizer of an edge has odd order. By
contrast, the 16-cell has Schlafli symbol {3, 3,4}, so its edge figure is a square;
equivalently, four tetrahedral facets meet around each edge, and the nontriv-
ial rotations in the cyclic pointwise stabilizer of an edge have orders 2 and
4, not odd order. Therefore, the odd-order lifting criterion from Section 5
fails at an interior edge of the 16-cell, so the construction used in Part II
does not apply to it.

ProposITION 11.12 (Lift of symmetry to Z). Let P be one of the regular
4-polytopes from Theorem 1.2, let T' C S3 be the radial projection of its 1-
skeleton, and let G < SO(4) be the orientation-preserving symmetry group
of P. Then the induced action of G on S®\ T lifts to an action on the total
space of the line bundle T — S3\ T defined in Section 3.

PRrROOF. The claim is verified case-by-case in Sections 13-17. In the 5-
cell case, Proposition 13.2 proves that the resulting 7 /2-extension splits, and
Lemma 12.5 converts the induced G5-action on the connected double cover
into fiberwise linear bundle automorphisms of the associated line bundle
Is — Ms. The remaining 8-, 24-, 120-, and 600-cell cases are proved in
Propositions 14.2, 15.2, 16.3, and 17.4, respectively. Hence, the induced G-
action on S?\T lifts to the total space of Z in every case listed in Theorem 1.2.

O

12. Monodromy, connected double covers, and fiberwise lifts

This section discusses the covering space and line bundle lemmas used
later. Starting from a graph complement M = S\ T" and a real line bun-
dle J — M with monodromy character py : m (M) — {£1}, this section
explains: (i) how monodromy behaves under pullback (Lemma 12.1), (ii)
when a homeomorphism of M lifts to the connected double cover associated
to ker(ps) (Lemma 12.3), (iii) how such lifts form a central Z/2-extension
of the symmetry group (Lemma 12.4), and (iv) how a choice of lifts form-
ing a group homomorphism induces fiberwise linear automorphisms of the
associated real line bundle (Lemma 12.5).
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In the polytope applications, Lemma 12.2 is the concrete criterion used
to verify the hypothesis of Lemma 12.3: if a symmetry preserves I' and per-
mutes its edges, then it preserves the monodromy character. Sections 13-17
verify the odd-order cyclic subgroups fixing edges pointwise and the splitting
of the lift extension for each model.

12.1. Monodromy and the associated connected double cover.
We begin with the relation between the pullback of real line bundles and the
pullback of their monodromy characters. For a self-map, this identifies the
condition f*J ~ J with preservation of the monodromy character, which is
the condition used in Lemma 12.2 to lift the map to the associated connected
double cover.

LEMMA 12.1 (Pullback monodromy). Let f : (X,z0) — (Y,y0) be con-
tinuous between path-connected spaces, and let J — Y be a real line bun-
dle. Let py : m(Y,y0) — {£1} be its monodromy character. Then pip«7 =
wr o fo:m(X,xo) = {£1}. If in addition, X =Y and X is paracompact,
then f*J ~ J if and only if uyo fo = pys.

PROOF. Fix 79 € X and set yo := f(z0). Let a : (S1,1) = (X, z0) be a
based loop. Then there is a canonical isomorphism of real line bundles over
St o*(f*J) = (f oa)*J. Hence the monodromy of f*7 along a equals the
monodromy of J along f o a, so psg(le]) = pg([f o o) = (ug o f)([a]).
Thus g7 = 17 © fi.

Now assume X =Y and X is paracompact. If f*7 ~ 7, then isomorphic
line bundles have the same monodromy character, so p7 = pp+7 = p17 © fu.

Conversely, suppose that puz o fi = pgy. By the first part, pr7 = ps.
Under the canonical identification H'(X;Z/2) = Hom(m (X, z0),Z/2), the
first Stiefel-Whitney class wi(L) of a real line bundle £ corresponds to
its monodromy character o (after identifying {£1} = Z/2). Therefore,
w1 (f*T) = w1 (J). Since X is paracompact, the first Stiefel-Whitney class
classifies real line bundles on X [16, Ch. 17, Theorem 3.4, p. 250]. Therefore
w1 (f*T) = w1 (J) implies f*J ~ J. O

LEMMA 12.2 (Edge-permuting symmetries preserve monodromy). Let
I' C S2 be a finite graph and set X := S3\I'. Let 7 — X be a real line bundle
with monodromy character py : 1 (X) — {£1} such that ps([m.]) = —1
for every edge meridian m. about an edge e C T'. Let f : S — S3 be a
homeomorphism preserving I' and permuting its edges, and denote by f :
X — X the induced homeomorphism. Then pyo fo = .

PROOF. Since f preserves I' and permutes its edges, the class fi([m.])
is conjugate in w1 (X) to [m f(e)]il; the sign records whether f preserves the
chosen orientation of the meridian. Because every element of {+1} equals
its own inverse, pu7(v7!) = ps(y) for all v € 1 (X). Also, the target {£1}
is abelian; therefore, p 7 is invariant under conjugacy. Thus, for each edge

e, (g o fo)(Ime]) = pg(felme]) = pg (Impe)*') = =1 = pg(Ime]).
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Thus pg o fi and py agree on all edge meridians. Identifying {41}
with Z/2, both characters factor through H;(X;Z/2). The edge meridians
generate H1(X;7Z/2) by Alexander duality. Hence the two characters agree
on Hi(X;7Z/2), and therefore ps o f, = py on m(X). O

LEMMA 12.3 (Lifting criterion). Let X be path-connected and locally
path-connected, and let i : 71 (X) — {£1} be a nontrivial character. Suppose
p: X — X is the connected double cover corresponding to H := ker(u), and
let T denote its nontrivial deck involution. For a homeomorphism f : X —
X, the following are equivalent:

(1) f admits a lift f:X = X withpof=fop;
(2) f*(H) =H;
(3) po fu=p
When these hold, any two lifts differ by composition with 7.

PRrROOF. Fix 29 € X and Zp € p (x9), and set z1 := f(x(). Choose
#1 € p~Y(z1) and write, with p, denoting the homomorphism induced by p
on the fundamental groups,

H() = p*ﬂ’l()’z,fo) § 7T1(X,$0), H1 = p*ﬂl(j(:,i'l) S Wl(X,l‘l).

Since p : X — X is a connected double cover, the corresponding subgroups
have index 2 [13, Proposition 1.32]:

[m1(X, z0) : Ho|] = [m1(X,z1) : H1] = 2.

We first prove (1)<>(2). If a lift sends %o to the other point of p~!(z1),
composing it with 7 gives a lift sending Z¢ to the chosen Z;. By the covering-
space lifting criterion [13, Proposition 1.33], there exists a lift f with f(i’o) =
F1 and po f = fop if and only if f«(Ho) C Hy, where f, : m(X,z9) —
m1(X, x1) is induced by f. Indeed, applying the criterion to fop: ()Af, Zo) —
(X,z1) and the covering p : (X,#1) — (X,z1) gives the condition

(f o p)emi (X, Z0) C pumi (X, #1),

which is precisely f.(Hy) C Hj.
Assume first that such a lift exists. Then the lifting criterion gives
f«(Hp) C Hy. Moreover,

[m1 (X, 1) = fe(Ho)] = [m1(X, xo) : Ho] = 2,

because fi : m (X, x0) — 71 (X, z1) is an isomorphism and hence induces a
bijection from the left cosets of Hy in 71 (X, z¢) to the left cosets of f.(Hp) in
m1(X, x1). Since H; also has index 2 in 7 (X, z1), the inclusion f.(Hp) C H;
forces equality: f.(Ho) = Hy. Conversely, f.(Hp) = H; implies f.(Ho) C Hi,
hence the required lift exists. This proves (1)<(2).
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We next prove (2)<(3). If f.(H) = H, then for any loop [a] € m (X, z¢)
we have [a] € H <= f.([a]) € H, hence

u(f*([a])):{l Flal €, ef =

-1 if o] ¢ H,
Conversely, if po f, = pand [a] € H, then u([a]) = 1 implies u(f«([a])) =1,
hence f.([a]) € H; thus f.(H) C H. Since po f, = p implies po (f 1)y = p,
the same argument applied to f~! gives (f~!).(H) C H. Applying f. to
both sides gives H C f«(H), hence f.(H) = H.

It remains to prove the assertion about the two possible lifts. If ﬁ, fg
are two lifts of f, then fi(Zo) and fa(ig) both lie in the fiber p~!(zy).
Since Deck(p) = {id, 7} acts transitively on this two-point fiber, there exists
d € {id, 7} such that 6(]71(5:0)) = fa(Zo). Then o f, and f, are lifts of f that
agree at Tp, so by the uniqueness of lifts, they are equal. Hence J?g =do ]?1,
ie. f2:f1 OI"fQZTOfl. ([

12.2. Symmetries preserving monodromy and the lift exten-
sion. In the polytope cases, the relevant symmetries preserve the graph I'
and permute its edges. Lemma 12.2 shows that such symmetries preserve
the monodromy character, and Lemma 12.3 then gives lifts to the associated
connected double cover.

Given a subgroup G < Homeo(M), define the group of lifts by

G := {§€Homeo(ﬁ) | 3¢ € G such that pog = gop},

where p : M — M is the connected double cover associated to ker(u7). The
next lemma packages these individual lifts into a short exact sequence and
identifies a splitting with a choice of lifts s(g) forming a group homomor-
phism s: G — G.

LEMMA 12.4 (Group of lifts and the central extension). Let p : M — M
be a connected double cover with deck involution T, and let G < Homeo(M).

Let G denote the set of lifts of elements of G to M. Assume that everyg € G
admits at least one lift to M. Then G is a group under composition, and the
projection w : G — G defined by w(g) = g fits into a short exact sequence

1— (1) — GG —1.

Moreover, (T) C Z(G), so this is a central Z/2-extension of G. This sequence
splits if and only if one can choose, for each g € G, a lift s(g) € G such that
s(g192) = s(g1)s(g2) for all g1, 92 € G.

PRrROOF. We first show that Gisa group under composition. Since p o
id37 = idps o p, one has idg; € G. If g; is a lift of g; for ¢ = 1,2, then

po(gig2) = (pogi)oga=(g1op)oga=g10(peg2) = (g192) oD,
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SO ngg is a lift of g1go. We next show that G is closed qnder inverses. L~et
G € G be alift of g € G. Since g~! € G, choose a lift h of g~!. Then hj
covers idjy, because

Yo (gop) =idyop.

po(h§) = (poh)og=(g"op)oj=g
After replacing h by 7 o h if necessary, we may assume that (ﬁg)(i’o) = Ip
for a chosen g € M. Thus hg and idﬁ are lifts of idy; that agree at g,
so uniqueness of lifts gives Bg = idg7. Similarly, f]ﬁ and idz; are lifts of idpys
that agree at (i), so gh = idy;. Hence h=g"' sog'edq.
We next define the projection to G and check exactness. The projection
m is well-defined. Indeed, if ¢ covers both g1 and gs, then gyop = pog = go0p.
For any y € M, choose § € M with p(y) = y. Then

91(y) = 91(p(9)) = 92(p(9)) = 92(y).

Hence g1 = g2, and 7(g) is unambiguous. Now we check that 7 is a homo-
morphism. Suppose that 7(g;) = g; for i = 1,2. Then

po(Gi1g2) = (pogi)oge=(g91op)oga=gi0(g920p) = (9192) ° p.

Therefore W(glgg) = 4g192 = 7T(§1)7T(§2). _

We now prove exactness. We need to show that the inclusion (7) < G
is injective, that ker(w) = (7), and that 7 is surjective. First, the inclusion
(T) — G is injective. Indeed, idy; and 7 both cover id s, and (1) = {idﬂ, T}
Hence, the natural map (7) — G is the inclusion map, so it is injective.

Second, we compute the kernel. Since both id;; and 7 cover idys, one
has (1) C ker(m). Conversely, if g € ker(r), then g covers idys, so g is a deck
transformation of p. Since p is a connected double cover, Deck(p) = {idz;, 7}
Hence ker(m) = {id3;, 7} = (7). As 7 is surjective by the hypothesis that
every g € G admits a lift,

1—(r)— GG —1

is exact. It remains to check that the extension is central, i.e., that (7) C
Z(@G). Let g € G. Then grg~! covers idy, because

po(grg )= (gop)oTog t=gopog l=p.

1 1

is a deck transformation of p. The deck transformation grg~" is
1 on each side.

Thus grg~
not the identity, otherwise 7 = idg; by multiplying g and g~
Hence §rg ! = 7, or equivalently g7 = 7. Therefore (7) C Z(G).

Finally, by definition, a splitting is a group homomorphism s : G — G
with 7o s = idg. Since 7m(s(g)) = g, each s(g) is a lift of g, and since s is a
homomorphism it satisfies s(g192) = s(g1)s(g2) for all g1, g2 € G. Conversely,
any choice of lifts s(g) with s(g192) = s(g1)s(g2) defines a homomorphism
s:G—G and, since each s(g) is a lift of g, satisfies mo s = idg. This proves
the final claim. O
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12.3. From cover lifts to fiberwise linear bundle automorphisms.
A lift on the connected double cover determines a fiberwise linear automor-
phism of the associated real line bundle. Replacing a chosen lift by its com-
position with the deck involution changes the induced bundle map by a sign.
Lemma, 12.5 connects lifts of G on the double cover p : M — M to fiberwise
linear lifts on the associated real line bundle Z — M and explains how the
deck involution 7 produces the sign ambiguity in bundle automorphisms.

LEMMA 12.5 (From lifts of the double cover to fiberwise lifts). Let p :

M — M be a connected double cover with deck involution T, and let J — M
be the associated real line bundle, realized as the quotient

J = (M xR)/((t&,u) ~ (&, —u)).

Suppose g : M — M is a homeomorphism admitting a lift g : M — ]TJ/, S0
that po g = gop. Then:

(1) g commutes with .

(2) The formula §([Z,u]) := [§(Z),u] defines a well-defined fiberwise
linear bundle automorphism g : J — J covering g. Equivalently,
it gives a pullback-bundle isomorphism 04 : g*T — T by (6g)z =
(/g\w)il : jg(a:) — \733

(8) Replacing g by the other lift T o g replaces g by —g.

PrOOF. We first show that g is a homeomorphism. This makes the con-
jugate grg~! well-defined; it also allows the construction applied to g—! to
give an inverse to the induced bundle map, so that the resulting fiberwise
linear map is a bundle automorphism. Let p 7 : m (M) — {£1} denote the
monodromy character of J. Equivalently, p : M — M is the connected dou-
ble cover corresponding to ker(u 7). Since g is a lift of g, Lemma 12.3 gives
U7 ogs = pir. Let h = g—%. Since hy, = g;! and pgs o g« = pgz, composing
on the right by g ! gives u7 o hy = 7. Hence, by Lemma 12.3, h admits a
lift h:M— M. Choose 7y € M, and replace h by 7o h if necessary so that
h(g(Zo)) = Zo. Then ho g is a lift of idy;, since

po(hog)=(poh)og=(hop)og=ho(gop)=iduyop.

It agrees with idg; at Zo, so by uniqueness of lifts, hogj= id37. Similarly,

po(joh)=(pog)oh=(gop)oh=go(hop)=np,
and (g o h)(§(Z0)) = §(Zo), so again by the uniqueness of lifts, o h = idg7.
Thus h = g1, and in particular § is a homeomorphism.

(1) Apply Lemma 12.4 to the cyclic subgroup (g) < Homeo(M). Its hypoth-
esis is satisfied because §" is a lift of ¢g" for every n € Z. Since g belongs to
the corresponding lift group, the centrality conclusion of Lemma 12.4 gives
gr =Tg.

(2) If (t2,u) ~ (%, —u), then using (1),

[g(T‘%)?u] = [Tg(i')vu] - [g('%>7 —u],
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so ¢ is well-defined on the quotient. It is fiberwise linear because

9([Z,u] + [7,0]) = [§(2), u + v] = g([Z,u]) + g([2,v]),
gA[Z, u]) = [9(2), Au] = Ag([Z, u]).
Moreover, if 7 : J — M denotes the bundle projection, then

m(g([%, u])) = p(9(2)) = 9(p(2)) = g(x([Z,u])),

SO g covers g.

Since g~ ! is a lift of g~!, the same construction applied to §~! gives an
inverse bundle map. Hence g is a bundle automorphism. Equivalently, since
g is an automorphism covering g, its inverse on fibers gives a pullback-bundle
isomorphism

(59)33 = (/g\x)_l : jg(;z:) — jxa 5g : g*j — j
This is the fiberwise direction used in Section 5.
(3) If §' = 70 g, then §'([Z,u]) = [7§(Z),u] = [§(Z), —u] = —g([Z,u]). O
REMARK 12.6. Part (2) may also be viewed through the functoriality
of associated bundles. Since J = M X753 Regn, a lift g : M — M com-
muting with the deck involution is a principal Z/2-bundle automorphism, so

Proposition 6.2 of Husemoller induces the associated fiberwise linear bundle
automorphism of J [16]. If the chosen lifts come from a splitting s : G — G,

—_—

then functoriality gives s(g192) = s(g1) s(g2), so the induced bundle automor-
phisms form a G-action on J.

13. Order—3 isometries on regular 5—cell

Let Ps C R* be the regular 5-cell, let I's ¢ S be the radial projec-
tion of its 1-skeleton, set Mz := S3\ I's, and let G5 := Sym™ (P5) = As. By
Section 12, the remaining tasks are to identify the odd-order pointwise stabi-
lizers of edges needed for Proposition 11.11 and to show that the associated
short exact sequence 1 — (75) — Gs — G5 — 1 splits.

13.1. The 5—cell model. A 5-cell (regular 4-simplex) is the convex
hull of five points in R* with all pairwise distances equal; see e.g. [5]. It has
Schléfli symbol {3, 3,3}, so its facets and vertex figures are regular tetrahe-
dra. In this subsection, we fix explicit vertices V1(5), cee V5(5) €SP CcR~H
adapted to the quaternionic order-3 rotation Ad,, and we record the induced
permutation of vertices and tetrahedral facets under Ad,.

The symmetry group of the 5—cell is isomorphic to S5, acting by per-
muting the vertices, and its rotational subgroup is As. Let

F:=spang{l,i+j+k} CH

denote the fixed 2-plane of Ad, in R* ~ H. We choose V1(5), V2(5) €cFNnS?
and V3(5), 4(5), 5(5) so that Ad, cyclically permutes {V3(5), 4(5), V5(5)}.
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The five vertices

V1(5) = (]., O, O, 0), ‘/2(5) = (_ia S, S, 8)7 ‘/3(5) = (_i’ §, =% _S)’
1/4(5) = (—i, -8, 8, —s), ‘/5(5) = (—iv —S$, =S, 5)

where s := %. One checks that Vi(5) € S3 and that ||V;(5) — Vj(5) |2 = 5/2 for
1 # j; hence the 1/;(5) form a regular 4-simplex whose centroid is the origin.

Thus Ps has 5 vertices, 10 edges, and 5 tetrahedral 3-cells.
Using the identification R* 2 H from Section 11.1, consider

1
q:§(1+i—|—j—|—k)653, Adq(x):qzz;(q)_l.

On SH = R3 it is a 120° rotation about the axis Span{i + j + k}, and in R*
its fixed—point set is the plane Span{l, ¢ + j + k}. This choice of g will be
used in Sections 13-16.

The images of vertices under Ad, are as follows:

Ady: VP — v 5 v® 5 vP v v fixed.
For any index 1, let

7 = {2, v, v v v vy

be the regular tetrahedral facet opposite VZ-(S). Every facet has edge length
M and all ten triangular faces are congruent equilateral triangles. Any
two distinct facets share exactly one triangular face, so the facet adjacency
graph, whose vertices are the facets Ti(s) and whose edges record shared
triangular faces, is the complete graph K.

By computing the quaternion conjugation, Ad, fixes the 2-plane F' =
spang{l,i + j + k} pointwise and rotates (F)* by angle 27/3. Hence
Fix(Adg|gs) = F N S3, so Ad, fixes ‘/'1(5),‘/'2(5) and cyclically permutes

5 5 5
AORAORC]

(1) (7)) (T T 1) e Ady : T o T o T o T,

13.1.1. Lifted facet decomposition and the double cover. Let T's C S3 be
the radial projection of the 1-skeleton of Ps, and set My := S3\ I's. Here
7 : R*\{0} — S denotes the radial projection x + /|x|. Let us : 71 (Ms) —
{£1} denote the monodromy character determined by ps([me]) = —1 on
edge meridians. Let

Consequently, the induced permutation on facets is

,7;(5) — (112(5)> C 53’ 702(5) — 7;(5) \F5 C M5.

Let ps5 : M5 — M5 be the associated connected double cover corresponding
to the kernel of the monodromy character s and let 75 denote its nontrivial

deck involution. Therefore, the preimage pgl (’7;(5)> is the disjoint union of
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F1GURE 4. Lifted facet dynamics for the order—6 lift AH;’ o
over the edge [‘/1(5), 2(5)]. Here Ti(S)’i denotes the two lifts

of the facet Ti(5), and 75 is the deck involution. Reading left

to right across the first row and then the second row gives

T 5 70T S 1O P P L 10 itk
—~ perm, 3

(Adq ) = T5-

two copies of 702(5); after fixing one choice of sheet we write

pgl <7°’7(5)) _ 7;(5),+ L] 7;(5)7—, s (7;(5)7i) _ 7;(5),?

1

7
B = FONDs © Ms. Thenp ™ (F)) = FOH RS with 7 (FY) =
1] :
Since Ad, preserves I's and permutes its edges, Lemma 12.2 gives us5 o
(Adgy)« = ps. Hence, by Lemma 12.3, the symmetry Ad, € G5 admits a lift

For i # j let F,L-(f) =T7n 7;-(5) denote the common triangular face, and set

to M5, and any two such lifts differ by composition with 75. Since Ad, has

order 3 on Ms, one lift has order 3, and the other has order 6. For the lifted-
— perm

facet illustration in Fig. 4, choose the order—6 lift Ad(f characterized by

(A\El;) erm)g = 75. [ts action on the lifted facets is the permutation

N perm 5), 5),— 5), 5),—
Adq . (7'1()+7'1() >(7'2()+7-2() >
(75(5)7+ 71(5)77 7})(5)7+ 7’3(5)’7 7:1(5)’+ 7?5(5)77) ,

as illustrated in Fig. 4. The order—3 lift from the splitting is chosen later in
Proposition 13.2.
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13.2. Invariance of u5 and lifting to Mg,. This subsection shows that
for 5-cells, the natural G5 = Sym™ (P5) = As-action on Ms preserves the
monodromy character ps : w1 (Ms) — {£1}, and hence lifts to the connected
double cover ps : ]\:4; — Msy. Let s — My denote the real line bundle
associated to ps : Ms — Ms5. Proposition 13.1 supplies, for each edge of
Ps5, an element of odd order in G fixing that edge pointwise, to fulfill the
5-cell case of Proposition 11.11. By Proposition 11.10, every vertex of I's
has valency 4, so the assignment pus([m.]) = —1 for each edge meridian m,
is well-defined. Since every g € G5 preserves I's and permutes its edges,
Lemma 12.2 implies that us o g« = us for every g € G5. By Lemma 12.3,
this is equivalent to saying that each g € Gf lifts to the connected double
cover ps : My — Ms, uniquely up to the deck involution 75. Lemma 12.4
packages these individual lifts into the short exact sequence

1—><T5>—)é57r—5)G5—)1‘
Proposition 13.2 proves that this extension splits. Equivalently, there is a
homomorphism o : G5 — G5 with 75 0 0 = idg,. Lemma 12.5 then con-
verts the chosen lifts o(g) into fiberwise linear bundle automorphisms of the
associated line bundle Z5 — Ms5.

PROPOSITION 13.1 (Order—3 symmetries of the 5—cell). Let Ps C R* be
the regular 5—cell with vertex set {Vl(s), .. .,V5(5)} C R*, and let T'5 C S3
be the radial projection of the 1-skeleton of Ps. Set G5 := Sym™(Ps) =
As C SO(4). Let Eés) = {\/1(5), 2(5)] For any edge E®) = {V(5),V-(5)}

i J
of Ps there exists h € G5 with h (E(()E’)) = E(5), and the two nontrivial
order-3 elements of Gy fizing E®) pointwise are h Ad, h=1 and its inverse.
Each restricts to be@, where W) 1= Spang {Vi(‘r)), Vj(S)}, to a rotation
by 27 /3. In particular, G5 contains exactly 20 elements of order 3.
Proor. By §13.1, the map Ad, € G5 C SO(4) has order 3 and fixes
pointwise the 2-plane F = Fix(Ad,), rotating £+ by 27/3. Moreover, V1(5)
and V2(5) lie in F', so Ad, fixes the edge E(()E)) pointwise. Since V1(5) and V2(5)
are linearly independent and F' is a 2—plane, we have
5 5
F = SpanR{Vl( ), VQ( )} = WE(()5)‘
Therefore Ad, restricting to WEL@ is a rotation by 27/3. Since G5 = Aj acts
0

transitively on the 2-element subsets of {1,...,5}, for any edge E® there

exists h € G35 with h (E(()E’)) = E®). Then hAd,h™! fixes E®) pointwise

and fixes Wg;) = h(WE(5>) pointwise. Hence its restriction to Wb%(s) is a
0

rotation by +27/3. Any order-3 symmetry fixing both endpoints of E®)
must act as a 3—cycle on the remaining three vertices; there are exactly two



434 C. H. TAUBES AND Y. WU

such 3—cycles. As P5 has (g) = 10 edges, G5 contains exactly 20 elements of
order 3. O

13.3. From lifts of the double cover to fiberwise lifts. Given
g*Z ~ T, Lemma 12.1 gives y o g, = p, thus p is G—invariant. Therefore,
from Lemma 12.3, one knows that every g € G5 admits a lift. We then define
the group of lifts

G5 = {g € Homeo(Ms) | 3g € G5 such that ps 0§ = go ps}.

Lemma 12.5 shows that for each g € G5, a choice of lift g : M5 — ]\75
induces a fiberwise linear bundle automorphism g : Zs — Zs, and replacing
g by 15049 replaces g by —g. Thus a splitting of the extension in Lemma 12.4
gives a choice of lifts whose induced bundle maps g satisfy gh = g o h

for all g,h € G5. Proposition 13.2 constructs such a splitting when G5 =
Sym™(P5) = As.
ProposITION 13.2 (Splitting for the 5—cell group). The Gs-action on

Ms lifts to a fiberwise linear action by bundle automorphisms g : Ts — Is
covering g, such that gh = goh for all g,h € G5.

PROOF. Let Hj := ker(us). By Lemma 12.2, for every g € G5 we have

150 gx = 5. Since ps : My — M5 is the connected double cover correspond-
ing to Hs, Lemma 12.3 implies that g.(Hs) = Hs and that every g € G5

admits a lift to M5, unique up to composition with the deck involution 7s.
Let 75 : G5 — G5 be given byms(g) = ¢g. By Lemma 12.4, this fits into a
short exact sequence
1— (15) — G5 /= G5 — 1,

so it suffices to construct a splitting o : G5 — C~¥5.
According to Eq. (11.1), G5 = As has the presentation

As=(r,s|r? =1, s> =1, (rs)®> =1).

Step 1: choose a lift of s of order 3. By Lemma 12.3, s admits a lift s to Mg,.
Since s? = id, the element 33 is a deck transformation, so $3 € {id, 5}. If

53 = 75, replace 3 by 755. By Lemma 12.5(1), every lift commutes with 7,
hence (753)% = 7553 = 75 - 75 = id. Thus, we may choose a lift 5 such that
~3 .

s° =id.

Step 2: choose a lift of r of order 2. As an involution in As, r is a double
transposition on the five vertices, so it fixes exactly one vertex of Ps. Since
r? = id, the minimal polynomial of r divides 22 — 1 = (z — 1)(x + 1), so
r is diagonalizable with eigenvalues in {£1}. As r € SO(4), this implies
det(r) = 1, so the multiplicity of the eigenvalue —1 is even. Since r # =id,
the only possibility is that both +1 and —1 occur with multiplicity 2. Hence
ker(r — id) is a 2-plane in R?*, and Fix(r|gs) = ker(r —id) N S? is a great
circle. This circle cannot be contained in I's. Indeed, if it were contained in
the finite graph I's, then it would contain the radial image of some edge E of
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Ps5, and r would fix that edge pointwise. But the 5-cell has Schlafli symbol
{3,3,3}, so three tetrahedral facets meet around each edge and the edge
figure is a triangle. Hence, the orientation-preserving pointwise stabilizer
of E acts faithfully as a subgroup of the rotation group of this triangle,
namely C5. Thus, every nontrivial element fixing F pointwise has order 3,
whereas 7 has order 2, a contradiction. Hence Fix(r|gs) N My # ). Choose
z, € Fix(r|gs) \ T's, a lift & € ps '(x,), and let 7 be the unique lift of 7 such
that 7(z,) = Z,. Then 72 is a deck transformation, since it covers r? = id.
Because 72 fixes Z, and 75 acts freely, it follows that 72 = id. The other lift
757 also has square id, thus both lifts of r have order 2, and Step 3 chooses
between them to enforce the relation (rs)® = 1 upstairs.

Step 3: choose between the two order-2 lifts of r to enforce the relation
(rs)® = 1 upstairs. The lift 5 is fixed from Step 1. The lift 7 from Step 2 is
still provisional: in this step, we choose between 7 and 757. The product 75 is
a lift of rs, since p50(78) = (rs)ops. Iterating gives p50(73)° = (rs)°ops = ps.
Hence (75)° € {id, 75}. The desired relation for the splitting is (75)° = id. If
instead (75)° = 75, replace 7 by the other order-2 lift 757. Since 75 is central
in Gs, ((157)3)° = 72(73)% = 75 - 75 = id. After this possible replacement, we
continue to denote the chosen lift by 7. Hence, the final choices satisfy the
defining relations

72 =1id, 33 =1d, (75)° = id.

Therefore the assignment o(r) = 7, o(s) = s extends to a homomorphism
o:Gs — 65 with 75 0 0 = idg.

For each g € G5, let § : Zs — Zs be the bundle map induced by the lift
o(g) via Lemma 12.5. Then gh = G o h follows from o(gh) =0o(g)o(h). O

REMARK 13.3 (The two lifts of Ad, in the 5-cell case). Let 0 : G5 —

(NJ5 denote the splitting constructed in the proof of Proposition 13.2. Then
o(Ady) is a lift of Ad, of order 3. The order—6 lift used in §13.1.1 to describe
the lifted facets is the other lift, namely

—~ perm

Ad,  =rT500(Ady),

and hence (Ei;erm)g = 75. Thus Proposition 13.2 uses the order-3 lift from

the splitting, whereas §13.1.1 exhibits the order—6 lift.

14. Order—3 isometries on regular 8—cell

Let Ps := [—1,1]* C R* denote the regular 8-cell, let I's C S be the ra-
dial projection of its 1-skeleton, and set Mg := S3\I's. Let Gg := Sym™ (F)
denote the orientation-preserving symmetry group of Pg. The goal of this
section is to prove the 8-cell cases of Propositions 11.11 and 11.12. Using the
explicit model of Pg, Proposition 14.1 shows that for each edge E®) c Py,
there are two nontrivial order-3 elements of Gg fixing E(® pointwise and

acting on be(g) by rotation through angles +27/3; this gives the 8-cell case
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FiGURE 5. The eight Euclidean cubic facets of the 8-cell
P8 = [ ]4: C—li— = (+1,T,S,t), Cl = (—I,T‘,S,t), 0-2}— =
(r,+1, St) C% = (r,—1,s,t), C3 = (rs,+1,t), C3 =
(r,s,—1,t), C% = (r,s,t,+1), C* = (r,s,t,—1), with r, s, €
[—1,1].

of Proposition 11.11. Proposition 11.10 shows that every vertex of I's has va-
lency 4, so the assignment pg([me]) = —1 on edge meridians is well-defined.
Proposition 14.2 proves that this extension splits and therefore the Gg-action
lifts through a homomorphism s : Gg — Gs.

14.1. The 8—cell model. The regular 8-cell is the 4-dimensional cube;
see e.g. [5]. It has Schlafli symbol {4, 3,3}, so its facets are Euclidean cubes
and its vertex figures are regular tetrahedra. Pg has 16 vertices, 32 edges,
and 8 cubic 3-cells. Its edge length is 2, and every vertex has distance 2 from
the origin. The vertices of Pg are the 16 sign vectors (+1,+1,+1,+1); we

enumerate them lexicographically as Vl(s), e V1((§ ), so that

Vi = (41,41, 41, 41), VW = (+1,-1,-1,-1),

Vi = (1,41, 4+1,+1), V¥ =(-1,-1,-1,-1).
For i € {1,2,3,4} and € € {£1}, let

Cg = {(wl,xg,xg,a:4) €0Ps : x; = 6}

denote the cubic facet obtained by fixing the i-th coordinate. Two distinct
facets C? and C’g meet along a square face if and only if i # j; the oppo-
site pair C_i and C? are disjoint. Fig. 5 records this labeling of the eight

Euclidean cubic facets.
In coordinates, Ad, acts by

(141) Adq(xthax37x4) = (.ZU1,$4,Z’2,$3)-

Since Ad, fixes the first coordinate and cyclically permutes the last three, the
coordinate formula (14.1) shows that Ad, has order 3 and preserves Fg, hence
permutes the vertices, edges, and facets of Pg. By quaternion conjugation,
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A1t
7 HICY
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FiGURE 6. Lifted facet dynamics for the order—3 lift A\(/iq.

We write V; := Vi(g). The figure displays the two cycles over
the base facets C’_2H C3, and Ci. The two cycles are: C’i’Jr —
3t — OFT (first row), and CF~ — O — €} (second
row). The analogous cycles over C?,C3,C* are not shown.

The lifted facets over C’i and C! are fixed by this order—3
lift.

Ad, fixes the 2-plane F = Spang{1, i+ j + k} pointwise and rotates F'- by
angle 27 /3. Hence Ad, fixes pointwise the two edges E(f’ = [Vl(g), V;)(g)} and

E(,s) = V8(8), 1(68 )} , preserves the two facets C’jlc, and cyclically permutes

(C%,C3,C1)(C2,03,C1). This facet motion is illustrated schematically in
Fig. 6: the two facets C1 are setwise invariant, while C%,C3,C% form two
3-cycles.
14.1.1. Lifted facet decomposition and the double cover. Let ug

71 (Mg) — {£1} denote the monodromy character determined by pg([me]) =
—1 on edge meridians, let psg : Mg — Mg be the associated connected double
cover, and let g denote its nontrivial deck involution. For i € {1,2,3,4} and
€€ {+,—}, set

Cl:=n(CY C 83, Cl:=C'\Tg C M.

€

The eight sets {C;}ZE are the facets in Mg determined by the cubical cell
decomposition of S obtained from the boundary complex of Pg by radial
projection. For i # j and ¢,6 € {+, —}, let

76 P— i j 76 Pyp— 76 3 r 75 Pyp— 76
FP=cinc], Fe=aFl)cs®,  F=F\Ts

Then .7-";’5 is the radial projection of a square face of JF3.

The preimage pgl(égl) is the disjoint union of two copies of Ci; after
fixing one choice of sheet we write

pgt(CHy =CiHuch-,  w(ChF) =CiT.
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Likewise,

- I ’5 r 75» r 75»7 I 76’:|: I 767
ps (F) =F R () =T

Since Ad, preserves I's and permutes its edges, Lemma 12.2 gives ug o

(Ad,)« = ps. Hence Lemma 12.3 gives a lift of Ad, to Mg, and the only two
such lifts differ by composition with the deck involution 75. Since Ad, has

order 3, one lift has order 3, and the other has order 6. Let ;‘;aq denote the
order—3 lift. Then 75 o Ad, is the order—6 lift, characterized by (750 Ad,)? =

7g. After choosing the sheet labels accordingly, its action on the lifted facets
is
wAd, : (Cpt eyt ety et et et et et el
(N N i el )
while the action of Avdq
N P (G AR bl (G A s | (i i | (G e e
is illustrated in Fig. 6.

PROPOSITION 14.1 (Order-3 symmetries of the 8-cell). Let Py C R* be
the regular 8-cell with vertices {‘/1(8), ce 1(5)} C R and let Ts € S2 be
the radial projection of the 1-skeleton of Ps. Set Gg := Sym™ (Pg) C SO(4).
Let E(SS) = [ 1(8), Vg(g)] . For any edge E®) = [V;(S), Vj(g)] of Pg, there exists
h € Gg with h (Eés)) = E®) and the two nontrivial order-3 elements of
Gg fizing E®) pointwise are hAd,h~! and (h Ad, h_l)_l. The restriction

of each to be(s), where W) = SpanR{Vi(g), Vj(g)}, is a rotation through

angle +2x /3. In particular, Gg contains exactly 32 elements of order 3.

PrOOF. The coordinate formula Adg(z1,22,23,24) = (21,24, 22, 23)
shows that Ad, € Gy has order 3 and preserves Py = [—1, 1]*. By quaternion
conjugation, Ad, fixes the 2-plane

F =spang{l,i+j+ k}
pointwise and rotates F- by 27/3. Since Vl(g) and Vg(s) lie in F', the edge

E(()s) = [Vl(s)’%(s)] is fixed pointwise by Ad,. Because VI(S) and Vg(s) are
linearly independent and F' is a 2-plane, one has

F = spanR{Vl(S), Vg(s)} = WEég)‘

Therefore Ad, restricting to W};S) is a rotation by 27/3.

Since Pg is regular, Gg actsotransitively on its edges, so for any edge
E®) there exists h € Gg with h (E((]S)) = E®). Then h Ad, h~! fixes E®

pointwise and restricts on Wb%(g) to a rotation by +2m/3.
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To see that there are no further nontrivial order-3 elements fixing E(®)
pointwise, note that the 8-cell has Schlafli symbol {4, 3,3}, so the edge figure
is a triangle. Hence, the orientation-preserving action fixing E pointwise is
cyclic of order 3.

Now we show the rotation group Gg of the 8-cell has exactly 32 elements
of order 3. View (g as the orientation-preserving permutation group of Ps,
every g € Gy acts on the standard basis {e1, ea, e3,e4} by g(e;) = teq ;) for
some permutation o € Sy. If g has order 3, then o must have order dividing
3. Since o # id, it follows that o must be a 3-cycle. There are exactly 8 such
3-cycles in S4. To determine when ¢2 = id, let a be the fixed index of the
3-cycle o, and let {b,c,d} be the three cyclically permuted indices. Then
g%(ea) = €a€a, 50 €4 = 1. On the 3-cycle, g(ep) = epecqep, and similarly for
e. and eg. Hence g% = id if and only if ¢, = 1, epe.e4 = 1. There are exactly
four choices for (ep,ec,eq):

(+7+’+)7 (+’*7*>7 (*7+’ *)7 (*’*7+)'

Because a 3-cycle has sign +1, these four sign choices have determinant
€q€pEceq = 1, so they define elements of Gg. Thus, each of the eight un-
derlying 3-cycles gives exactly four elements of Gg of order 3, for a total of
32. [l

14.2. The lift group ég and the associated 7Z/2—extension. From
Lemma 12.3 and Lemma 12.2; one knows that ug is Gg—invariant and every
g € Gg admits a lift. Define the group of lifts

Gs = {§ € Homeo(Mg) | 3g € Gg such that pgo g = go ps}.
Then Lemma 12.4 gives a short exact sequence
1—><T8>—>68L>G8—>1.

Lemma 12.5 shows that for each g € Gg, a choice of lift g : Mg — Mg induces
a fiberwise linear bundle automorphism g : Zg — Zg, and replacing g by 7s0g
replaces g by —g. Thus, a splitting of the extensmn above gives a choice of
lifts whose induced bundle maps g satisfy gh =go 1 for all g,h € Gs.

PROPOSITION 14.2 (Splitting for the 8—cell group). The Gg—action on
Mg lifts to a fiberwise linear action by bundle automorphisms: for each g €

Gyg, there is a bundle automorphism ¢ : Ig — Ig covering g, and gh = goh
for all g,h € Gg.

PROOF. Let Hg := ker(ug). Since ug o g. = ug for every g € Gg, the
connected double cover pg corresponding to Hg is preserved by Gg. Hence
every g € Gg admits a lift to Mg, unique up to composition with the deck
involution 75. By Lemma 12.4, there is a short exact sequence

1—><T8>—>68L>G8—>1.
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It suffices to construct a splitting o : Gg — ég. Choose generators o1, 03,
o3 € Gg by
o1(21, T2, 23, 74) = (=72, T1, T3, T4),
o2(z1, 12, 73, 4) = (3,71, T2, T4),
03(r1, 2,23, 74) = (T1, 74, 22, 73) = Ady(1, 72, 23, 74).
These are orientation—preserving symmetries of Py = [—1,1]*. According to
Eq. (11.2), the group representation is:

GS = [47 37 3]+
= (01,09,03 | ail = 05’ = Ug = (0102)2 = (0203)2 = (010203)2 =1).

We now choose lifts of o1, 09, 03 with the same orders in ég.

Step 1: choose a lift of o1 with ;' = 1. The fixed-point set of o1 on S° is
Fix(oy|gs) = {1 = 22 = 0} N S3,

a great circle. This circle cannot be contained in I'g; otherwise o would fix
the radial image of some edge pointwise, whereas the orientation-preserving
pointwise stabilizer of an edge is cyclic of order 3 by the triangular edge
figure. Hence Fix(o1) N Mg # (). Choose x5, € Fix(01) N Ms, Zo, € pg*(To,),
and let &1 be the unique lift of oy such that &1(Zy,) = Zo,. Then o is a
deck transformation, since it covers of = id. Because & fixes T,, and the
nontrivial deck involution 7g acts freely, it follows that &;! = id.

Step 2: choose lifts of o3 and o3 with 53 = 73 = id. By Lemma 12.3, 02 and
o3 admit lifts 52, 73 to Ms. Since o3 = o3 = id, the elements &5 and 3 are
deck transformations, so 53,53 € {id, 7s}. For j = 2,3, choose the final lift
of o; to be either the current lift o; or the other lift 730;: keep o; if 5;3 =id,
and replace it by 7g0; if 5]3 = 7g. Since every lift commutes with 75, in the
second case (7‘85]-)3 = 835]-3 = 73-7¢ = id. After this possible replacement, we
continue to denote the chosen lifts by &2, 73, and they satisfy 5 = 5 = id.

Step 3: verify the involution relations in Gs. A direct computation gives
o102(71, T2, T3, T4) = (—T1, T3, T2, Ta),
0203(71, T2, T3,74) = (T2, 71, T4, 73),
010203(21, T2, x3,24) = (—T1, X2, T4, T3).

Hence
Fix((0109)|g3) = {1 =0, x5 = 23} N S,
Fix((0203)|g3) = {#1 = x2, 23 = 24} N S3,
FiX((010203)|S3) = {:cl = 0, I3 = 334} N Sg.
Each is a great circle. None is contained in I's; otherwise, the corresponding
involution would fix the radial image of some edge pointwise, impossible

because the orientation-preserving pointwise stabilizer of an edge is cyclic of
order 3. Hence, for each g € {0102, 0903, 010203}, one has Fix(g) N Mg # (.
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Now set gi2 := 01 02, §23 := 0203, g123 := 01 09 03. These are lifts of o109,
0903, and 010903, respectively. Since

(0102)* = (0203)% = (010203)? = id

in Gg, each of G5, 9%, and g3 is a deck transformation.

We claim that each of these deck transformations is the identity. Let g €
{0102, 0203,010203} and let g denote the corresponding lift above. Choose
z € Fix(g) N Mg and 7 € pg'(z). Since g(x) = z, the point §(Z) lies in the
two-point fiber pg ! (z), so §(¥) € {7, 7s(F)}. Since g is a lift, Lemma 12.5(1)
gives grg = 78g. In either case, §2(Z) = Z. But g2 is a deck transformation,
and the nontrivial deck involution 7g has no fixed points. Therefore g2 =
id. Applying this to g = 0109,0203, 010203 gives (G102)? = (6203)% =
(71 72 73)% = id.

Thus, the chosen lifts satisfy all defining relations of the presentation
of Gg. Therefore the assignment o1 — 01,09 — 09,03 +— 03 extends to a
homomorphism s : Gg — Gg such that 7o s = idg,. Hence, the extension
splits.

Finally, for each g € Gg, let g : Zg — Zg be the fiberwise linear bundle
automorphism induced by the lift s(g) via Lemma 12.5. Since s is a homo-

A~

morphism, these bundle maps satisfy gh = ﬁo/ﬁ for all g, h € Gg. This proves
the proposition. ([l

15. Order—3 isometries on regular 24—cell

The goal of this section is to verify the 24-cell case of Propositions 11.11
and 11.12. Proposition 15.1 shows that for each edge of Pa4 there is an
order-3 element of G4 fixing that edge pointwise and acting on the nor-
mal 2-plane by rotation through angle +27/3; this gives the 24-cell case of
Proposition 11.11. The even-valency statement needed to define the mon-
odromy character poq4 is supplied by Proposition 11.10. Proposition 15.2 then
shows that the associated Z/2-extension splits, and hence that the resulting
splitting gives a homomorphic choice of lifts to the double cover and induces

a fiberwise linear action by bundle automorphisms on the associated line
bundle.

15.1. The 24-cell model. A 24-—cell Py, is the convex hull of the 24
unit Hurwitz quaternions in H ~ R*, which has 24 vertices, 96 edges, and
24 octahedral 3-cells. Its edge length is 1, and since Voy C S3, every vertex
has distance 1 from the origin. Let

+14itjLk

Vau 1= {£1, i, +j, +k} U { 5

}CS3CH,

We enumerate them lexicographically as ‘/'1(24), e 2(42 4), where the 16 half-
Hurwitz vertices are ordered by their sign vectors (gg,e1,€2,63) € {£1}*
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FIGURE 7. The three octahedral facets O, Oy, O3 of the 24-

cell Pyy meeting along the reference edge E(()M) = [1,q], to-
gether with the induced facet dynamics under Ad,.

with + preceding —. Thus

1 1
V= P = ok WP = Sk, VY = Sl

Forg:=i(1+i+j+k) = ‘/9(24), we obtain
Ady = (Va Vs V) (Vi Vs Va) (Vip Viz Vit) (Viz Via Vis) (Vis Va1 Vig) (Vao Vaa Vas),

(24) (24)

and it fixes V1, Vo, Vg, Vi, V17, Voy. Two vertices V,'" and V]

an edge if and only if ‘1/;(24) — 1/;(24)‘ = 1. Define P4 := Hull(V54) C R*. This
is the regular 24—cell. It has Schléfli symbol {3,4,3}; in particular, its facets
are regular octahedra, its 2—faces are equilateral triangles, its vertex figures
are cubes, and its edge figure is a triangle. Set Gay := Sym™ (Pyy) C SO(4).

Fig. 7 is a three-dimensional perspective schematic of the local boundary
geometry of the 24-cell near the reference edge E(()24) = [1,q]: it shows the
three octahedral facets O1, Oz, O3 meeting along this edge and their cyclic
permutation under Ad,. To assign labels to Fig. 7, we first fix the reference

edge E(()M) = [1,q] = [V1,Vy]. Let N(v) denote the set of vertices adjacent

to v. The distance formulas give
N(V1) = {Va, Vio, Vi1, V12, Vi3, V14, V15, Va6 },
N(VYQ) — {VY17 ‘/éa VY5; V77 VY107 Vila ‘/133 ‘/17}7

and therefore N (Vi) N N(Vy) = {Vio, Vi1, Vis}.
For the pair {Vi1, Vi3}, one finds

N(Vl)ﬂN(VH)ﬂN(VB) = {Vg, V15}, N(%)QN(VH)QN(VB) = {Vl, V7}.

are joined by

Thus the first octahedral facet through E(()24) is 01 = {1, V7, Vy, V11, Vi3,

Vis}.
For the pair {Vig, Vi3}, one finds

N(Vl)ﬂN(Vm)ﬂN(Vlg) = {Vg, V14}, N(Vg)ﬁN(Vm)ﬂN(Vm) = {Vl, V5}.
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Thus the second octahedral facet through E(g24) is Oy = {V1, Vs, Vo, Vig, Vi3,

Via}.
For the pair {Vig, V11}, one finds

N(V1)NAN(Vio) NN (V11) = {Vo, Vi2}, N(Vo)NN(Vio)NN(V11) = {V1, V3}.

Thus the third octahedral facet through E(()24) is O3 = {V1, V3, Vo, Vio, Vi1,
Via}.

PROPOSITION 15.1 (Order—3 symmetries of the 24-cell). Let Pyy C R?
be a regular 24-cell, let Ty C S3 be the radial projection of the 1-skeleton

of Py, and set Gay := Sym™ (Pyy) C SO(4). Let E(24) := [1,q]. For any
edge B2 = {%(24),V(24} of Py, there exists h € Goy with h (E(24)>

ECY and the two nontrivial order-3 elements of Gay ﬁzmg E@Y point-
wise are hAdgh™ L and its inverse. Each restricts on WE(24>vWE(24) =

Ve, Vj<24>

span , to a rotation by £2xw/3. In particular, Ga4 contains
R

exactly 32 elements of order 3 fizing an edge pointwise.

ProOF. We first show that Ad, € Gas. As Ady(Vas) = Vau and Ad, €
SO(4), Ad, € Sym™ (Py4) = Gas. Also, Fix(Ad,) = spang{l,i + j + k} and
Ad, rotates Fix'(Ad,) by angle 27/3. So Ad,, fixes the reference edge E(()24)
pointwise. Therefore Ad, restricting on W;-(%) is a rotation by 27/3. Since

Py, is regular, Go4 acts transitively on its edges. Hence for any edge E there
exists h € Gy with H(ESY) = E. Then hAd, h~! fixes E pointwise and
restricts on Wz to a rotation by 27/3, while its inverse restricts to a rotation
by —27/3, as illustrated in Fig. 7.

The 24-cell has 96 edges, and Fix(Ad,) N Vay = {£1, +q, +4¢°}. Let
u=(i+j+k)/V3, 50 q¢=cos(r/3) + usin(n/3). On the circle Fix(Ad,) N
S3, multiplication by ¢ is rotation through angle 7/3; hence the six points
¢°,...,q¢° namely 1,q,q¢%, —1, —q, —q¢?, occur in this cyclic order and form
a regular hexagon. By the adjacency criterion, two vertices u and v are
connected by an edge if and only if ®(uv) = % So the edges of P,y contained
in Fix(Ad,) are exactly the six sides of this hexagon. The same conclusion
holds for every conjugate plane. Furthermore, if two such hexagons share
an edge F = [V(24),Vj(24)], then their fixed planes both contain Wy =

7
spanR{Vi(M), Vj(24)}. Since both fixed planes are two-dimensional, the fixed
planes coincide, and hence the hexagons coincide. It follows that the 96 edges
of Py are partitioned into disjoint hexagons of size 6, and each corresponds
to exactly two nontrivial order—3 elements fixing an edge pointwise, for a

total of 32. O

15.2. The lift group C~}'24 and the associated Z/2—extension. Let
May := 83\ T'ay, and let pog : m(May) — {£1} be the monodromy char-
acter determined by pos([me]) = —1 for each edge meridian m., which is
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well-defined by Proposition 11.10. Let pog : ]\724 — M>4 be the associated
connected double cover corresponding to Hay := ker(ua4), let 724 denote its

nontrivial deck involution, and let Zoy — M4 be the associated real line
bundle. Define

C~¥24 = {§ € Homeo(MM) dg € Ga4 such that pogog=g op24} .

PROPOSITION 15.2 (Splitting for the 24—cell group). The Gas-action on
Moy lifts to a fiberwise linear action by bundle automorphisms: for each
g € Gog, there is a bundle automorphism § : Tog — Loy covering g, such that

g/\h::q\o/l% for all g, h € Gay.

Proor. By Proposition 11.10, each vertex of I'y4 has valency 8, so the
assignment p24([me]) = —1 on edge meridians is well-defined. Since every
g € G94 preserves I'o4 and permutes its edges, Lemma 12.2 gives figq 0 gx =
po4. Hence g, (Hayq) = Hoy, so every g € Gog admits a lift to Mayg, unique up
to composition with the deck involution 7o4. It follows that

1 — <7‘24> —>é24 L)G24 — 1

is a short exact sequence, so it suffices to construct a splitting o : Go4 — 624.
Step 1: choose lifts of o1 and o3 with 57 = 75 = id. By Lemma 12.3, oy
and o3 admit lifts 51,53 to May. Since o} = 03 = id, the elements 57 and
5?? are deck transformations, 513,35’ € {id, 7o4}. If 3 = 7o4, replace o1 by

T9407; similarly for o3. Since every lift commutes with 794,
~\3 3~3 . ~ \3 3~3 :
(7’240‘1) = Toy01 :T24-7'24:1d, (7‘2403) :’7‘2403 :7‘24'7‘24:1(11.

Thus, we may choose lifts 71,3 such that o = 5;’ =id.

Step 2: choose a lift of oo of order 4. Following [17, Eq. (4), p. 1311], take
the following standard generators of [3,4,3]*:

o1(z1, x2, w3, x4) =(x1, T4, T2, T3),

oo(x1, 2, T3, 4) =(x1, T2, —T4,T3),

1
o3(x1, 2,3, 74) =§(961 + T2 + T3+ T4, T1 + T2 — T3 — Ty,

T1 — T2+ X3 — T4, *331+$2+563*$4)'

Thus, C := Fix(o2|gs) = {3 = 74 = 0} N S3 is a great circle. We claim
that C' ¢ I'y4. Indeed, if C' C I'y4, then C contains the radial projection of
some edge E = [u,v] of Pyy. Hence oy fixes the edge E pointwise. Since the
24-cell has Schlafli symbol {3,4, 3}, its edge figure is a triangle. Therefore,
the orientation-preserving pointwise stabilizer of an edge acts faithfully on
that triangle, so it is a subgroup of C3 (rotation group of order 3). Hence,
any nontrivial element fixing an edge pointwise has order 3, whereas oy has
order 4. Therefore, C'N May # 0. Choose z,, € C'N Moy and Zo, € pyj} (24,),

and let o5 be the unique lift of o5 such that 2 (Z4,) = Z4,. Then 73 is a deck
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transformation. Because &, fixes Z,, and the nontrivial deck involution acts
freely, it follows that o4 = id.

Step 3: verify the involution relations upstairs. Set

g12 := 0109, g23 = 0203, g123 := 010203.

These are lifts of o109, 0203, and 010903, respectively. Since (0102)2 =

(0203)% = (010203)% = id in Ga4, each of G5, G4, Giog is a deck transforma-
tion. Let g € {01092,0203, 010203}, and let g denote the corresponding lift
above. We first show that Fix(g) N May # (). Since g = id, it is enough to
rule out ¢ = +id. If oy00 = +1id, then o1 = iaQ_I, contradicting a% =id
and 0‘% = id; similarly, o903 # +id. If 010003 = +1id, then o109 = :l:a?jl,
which contradicts (0102)? = id and ¢§ = id. Thus g # +id, so by the
same eigenvalue argument as in Proposition 13.2, Cy := Fix(g|gs3) is a great
circle. If €y C T'g4, then Cy contains the radial projection of some edge
E = [u,v] of Pyy. But no element of order 2 fixes an edge pointwise, because
the edge figure of the 24-cell is a triangle, so the orientation-preserving point-
wise stabilizer of an edge is cyclic of order 3. This contradiction shows that
Cy N May # 0. Choose © € Cy N Mag and 7 € pyj (z), then g(7) lies in the
two-point fiber py(v) = {Z,724(F)}. In either case, §2(Z) = Z. Since g2 is
a deck transformation and the nontrivial deck involution 794 acts freely, it
follows that g2 = id. Thus

(6102)? = (G203)% = (610203)% =id.
Hence, the chosen lifts satisfy all defining relations of the presentation; there-
fore, the assignments o1 — 01,02 — 09,03 +— 03 extend to a homomorphism
o: Gy — (~;24 with m o o0 = idg,,. Hence, the extension splits. For each
g € Goy, let g : oy — Zog be the fiberwise linear bundle automorphism
induced by the lift o(g) via Lemma 12.5. Since o is a homomorphism, these
satisfy g/i\z =go 1 for all g, h € Ga4. This proves the proposition. O

16. Order—3 isometries on regular 120—cell

The goal of this section is to verify the 120—cell case of Propositions 11.12
and 11.11. Using the model in §16.1, Proposition 16.2 supplies the odd—order
pointwise stabilizers of edges required for Proposition 11.11. Proposition 16.3
then proves that the associated Z/2—-extension splits.

16.1. The 120—cell model. A 120—cell is the regular convex 4—poly-
tope with Schlafli symbol {5,3,3}. Its facets are regular dodecahedra, its
2—faces are regular pentagons, its vertex figures are regular tetrahedra, and
its edge figure is a triangle. Pioo has 600 vertices, 1200 edges, and 120 dodec-
ahedral 3-cells, denoted D; as depicted in Fig. 8. Its edge length is 3 — /5,
and every listed vertex has norm 2v/2, so every vertex has distance 2v/2

from the origin. Let ¢ := # We use the standard coordinate model of
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FIGURE 8. The three dodecahedral facets Dy, Dy, D3 of the

120-cell Pjop meeting along the reference edge E(()120) =

[‘/1(120)7 2(120) ], together with the induced facet dynamics un-

der Ad,.

the regular 120—cell, whose 600 vertices are the union of the following seven
families:

Family 1: 2(£1,£1,0,0) and all permutations,

Family 2: (£v/5,+1,£1,41) and all permutations,
Family 3: (¢~ 2, &6, £¢, +¢) and all permutations,
Family 4: (£¢2, £¢ 1, £¢ 71, £¢ 1) and all permutations,
Family 5: (42, £¢~2,£1,0) and all even permutations,
Family 6: (i\/g, +o 1, 40, 0) and all even permutations,
Family 7: (2, %1, +¢, +¢ ') and all even permutations.

As Ad, fixes the first coordinate and cyclically permutes the last three, Ad,
preserves the seven-family vertex set above: Families 1-4 are closed under all
permutations, and Families 5-7 are closed under even permutations. Thus
Adq € Gio.

Let Vigg := {Vl(lzo), e 1/6%020)} C R* ~ H denote this set, and define
Piog = Hull(Visg) C R*. Let T'139 € S® be the radial projection of the
1-skeleton of Pjoq, set Miog := S3 \ I'190, and write G199 := Sym+(P120) C
SO(4).

LEMMA 16.1. Let e = [u,v] be an edge of the reqular 120-cell. Then
the plane P, := span{u,v} contains exactly 12 vertices of the 120-cell and
exactly 6 edges of the 120-cell.

PRrROOF. Since the 120-cell is regular, its symmetry group is transitive
on edges. Hence, it is enough to prove the claim for one specific edge. Take
u = (2,2,0,0),v = (v5,¢,0,071). A direct computation gives |lu — v||?> =
(3 —/5)2, so [u,] is an edge. Thus

span{u,v} = {(z1, z2, T3,24) € R*:23=0, 21 = 29 + x4}
Family 1 contributes exactly the six vertices
AO = (2727070)7 Al - (2707072)7 A2 - (07 _2707 2)7
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A3 = (_27 _25070)7 A4 — (_270)0)_2)7 A5 - (072707 _2)

Family 6 contributes exactly the six vertices
BO = (\/ga ¢’ 07 ¢_1)7 Bl = (¢, _¢_17 Oa \/5)7 B2 = (_¢_1a _\/57 Oa ¢)a
B3 = (_\/57 _¢a Oa _¢_1)7 By = (_(Z)a ¢_17 07 _\/5)a B5 = (¢_17 \/57 07 _¢)

Substituting the vertices from Families 2,3,4,5, and 7 into 3 = 0 and
r1 = 9 + x4 gives no solutions, so these families contribute no vertices
to P.. Therefore, P, contains exactly 12 vertices of the 120-cell. A direct

computation shows that the distance 3 — /5 occurs exactly for the six pairs:
AoBo, A1B1, AsBs, A3Bs, AyBy, AsBs. U

PROPOSITION 16.2 (Order—3 symmetries of the 120—cell). Let Piag C
R* be a regular 120—cell. Let T'159 C S3 be the radial projection of its
1-skeleton, and set G1ao := Sym™ (Pja9) C SO(4). Let V1(120) = (v5,1,1,1),
V2(120) = (%, 07,07 07 Y), and Eémo) = [V1(120)7V2(120)]. For any edge
Ei(jl20) = [V(HO),VA(HO)} of Piog, there exists h € Gio9 with h(E[ng)) =

i J
Ei(j120)7 and the two nontrivial order-3 elements of G1ag fixing Ei(jm()) point-

wise are hAd, h™' and its inverse. Each restricts on W .0, W _(120) 1=
q g2 B
(%) 2
1(120) 1,(120)
i Vg
order 3 in Gio9 that fix some edge pointwise is 400.

spanp { } , to a rotation by +2mw /3. The number of elements of

Proor. The map Ad, € Gizo has order 3, fixes the 2-plane F' =

spang{l,i+j+k} pointwise, and rotates F- by angle 27 /3. Both ‘/1(120) and

V2(120) belong to the vertex set of the standard model, and both are fixed

by Ad,, since their last three coordinates are equal. Moreover, HV1(120) —

V2(120) |? = (3—+/5)2. Hence E(()120) is an edge of Pjg9. Since ‘/1(120)7 VQ(HO) eF

are linearly independent, we have WE(120) = spanR{Vl(mo),VQ(mo)} = F.
0

Therefore, Ad, fixes E(()120) pointwise and restricts on be(m) to a rotation
0

by angle 27 /3, as illustrated in Fig. 8.

Since the 120—cell is regular, G199 acts transitively on its edges. Hence,
for any edge

120 120 120
Ei(j ). [Vz( )an( )]
of Piag, there exists h € G0 with h(E§'™") = EL*”. Then h Adg h™" fixes
Ei(j120) pointwise and restricts on VVEL(IQO)7 with WE(IQO) = spanR{Vi(mO),
ij ij

‘/}(120)}7 to a rotation by 27 /3, while its inverse restricts to a rotation by
—2m/3.

The 120-cell has 1200 edges [5]. By Lemma 16.1, each edge lies in a
unique plane through the origin, and each such plane contains exactly 6
edges. Therefore, the number of such planes is 200. There are exactly two
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nontrivial rotations of order 3 fixing the plane P, pointwise and rotating
P by +27/3. Conversely, if an element of order 3 fixes an edge e = [u, v]
pointwise, then it fixes the plane span{u, v} pointwise, and therefore is one
of the two order-3 rotations associated with that plane. Thus, the number
of order-3 elements fixing some edge pointwise is 400. O

16.2. The lift group élgg and the associated Z/2—extension. By
Proposition 11.10, each vertex of I'1o9 has valency 4, so the assignment
w120([me]) = —1 on edge meridians is well-defined. Let piag : Mizo —
M99 be the associated connected double cover corresponding to Hizg :=
ker(p120), let 7120 denote its nontrivial deck involution, and let Zy99 — Mjg
be the associated real line bundle. Define

Gio0 := {ﬁ € Homeo(Mi29) | g € G1a9 such that pjgpog =g Op120} .

PROPOSITION 16.3 (Splitting for the 120—cell group). The Gi9-action
on Miog lifts to a fiberwise linear action by bundle automorphismsq : T1og —
Ty90 covering g € G129, such that gh = go h for all g,h € Gi99.

PROOF. Since every g € (G199 preserves I'199 and permutes its edges,
Lemma 12.2 givg\s/ 14120 © g« = p120- Hence, by Lemma 12.3, every g € Gia9
admits a lift to Mjo, unique up to composition with 7199. By Lemma 12.4,
one therefore has a short exact sequence

1 — <7‘120> — éuo L> G120 — 1.

It suffices to construct a splitting s : G129 — 57’120.
Choose generators o1, 09,03 € G199 as in Equation (11.4) with presen-
tation

G120 = [57 37 3]+
= (01,02, 03 | 0} = 05 = 03 = (0102)* = (0203)* = (010203)* = 1).
Set g12 := 0109, g23 := 0203, and gio3 := 010203. We show below that each
of gi12, g23, g123 has fixed-point set meeting Moy, which is enough to verify
the involution relations upstairs.
Step 1: choose lifts of o1,092,03 with the same odd orders upstairs. By
Lemma 12.3, each o; admits a lift to M7o9. Choose arbitrary lifts o1, 09, 03.

Since 0f = 03 = 03 = 1, the elements 77,53, 53 € {id, T190}. If &7 = 7120, Te-

place &1 by T12001. Since every lift commutes with 7190, (T12001)° = Ti9007 =

T120 - T120 = id. The same odd-order adjustment applies to oo and &3. Thus
we may assume o7 = oy = o3 = id.
Step 2: verify the involution relations upstairs. Set
gi2 := 0102, Go3 1= 0203, J123 := 010203.
These are lifts of

g12 1= 0109, g23 = 0203, g123 1= 010203.
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Since g2, = g33 = giyy = 1 in G129, each of G5, G5, Jis is a deck transfor-
mation.

We first claim that each of g19,¢23, 9123 is a nontrivial involution in
SO(4). Indeed, g2 # =id, for otherwise o1 = +o05 1 impossible since oy
has order 5 while 0, ! has order 3 or 6. Likewise, g3 # +id, for otherwise
gi23 = +o71, contradicting g3 = 1 and |o1| = 5. Finally, gia3 # +id, for
otherwise g12 = +o3 ', contradicting g%, = 1 and |o3| = 3.

Hence, for each g € {gi12, 923, 9123}, the fixed-point set Fix(g|gs) is a
great circle. We claim that Fix(g) N Mya # 0. If not, then Fix(g) C T'g.
Since Fix(g) is a great circle contained in the radial graph, it contains the
radial image of some edge of Pjag, so g fixes that edge pointwise. But the
120-cell has triangular edge figure, so the orientation-preserving pointwise
stabilizer of an edge is cyclic of order 3, as in the proof of Proposition 11.11.
In particular, no involution can fix an edge pointwise.

Therefore, we may choose z12 € Fix(g12) N Mi29, 223 € Fix(ga3) N Mi20,
z123 € Fix(g123) N Migo, and lifts T12 € pon(712), Tog € Piog(w23), T123 €
P1_210 (z123). Because each g fixes the corresponding point, the lift g sends the
chosen lift x either to = or to T120(). Since g commutes with 7j90, in both
cases §2(7) = 7. Since g2 is a deck transformation and the nontrivial deck
involution acts freely, it follows that (5102)% = (6203)% = (F10203)% = id.

Thus, the chosen lifts satisfy all defining relations of the presentation
of G129. Therefore, the assignment o1 — 01,09 +— 09,03 +> 03 extends
to a homomorphism s : G290 — G120 with 7o s = idg,,,. Hence, the
extension splits. For each g € Giag, let g : Z199 — Z19¢ be the fiberwise
linear bundle automorphism induced by the lift s(g) via Lemma 12.5. Since
s is a homomorphism, these satisfy gh goh for all g, h € G199. This proves
the proposition. O

17. Order—5 isometries on regular 600—cell

The goal of this section is to verify the 600—cell case of Propositions 11.12
and 11.11. Using the model in §17.1, Proposition 17.2 supplies the odd—order
pointwise stabilizers of edges required for Proposition 11.11. Proposition 17.4
then proves that the associated Z/2-extension splits.

17.1. The 600—cell model. A 600—cell is the regular convex 4—poly-
tope with Schlafli symbol {3,3,5}. Its facets are regular tetrahedra, its
2—faces are equilateral triangles, its vertex figures are regular icosahedra,
and its edge figure is a pentagon. Pggp has 120 vertices, 720 edges, and 600
tetrahedral 3-cells, denoted F; as depicted in Fig. 9. Its edge length is ¢!,
and since Vggo C S3, every vertex has distance 1 from the origin. Explicitly,
the vertices are the union of the following three families:

A1 = {(£1,0,0,0) and all permutations},

1
Ay = {E(il,il,il,il)} ,
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& AR B &)

FIGURE 9. The five tetrahedral facets F1, ..., F5 of the 600-
cell Psoo meeting along the reference edge E(SGOO) = [1,p],

together with the induced 5-cycle of facets under Ad,,.

Az = (0,£1, £¢, ¢~ !) and all even permutations} ,

N =

where ¢ = —‘/_ These three families contribute 8, 16, and 96 vertices,

respectively. Let Veoo := {V 600) ) 600 } C 52 denote this set, and define
Pspo := Hull(Vs0) C R%. Let F600 C S be the radial projection of the
1-skeleton of Pgsgo, set Mggg := S3 \ I'g00, and write Gggg := Smer (P@()()) C
SO(4).

The set Vgoo is the binary icosahedral group 2I C S3, so it is closed
under quaternion multiplication and inversion. Set

= %(¢+ ol + k).

Then p € A3 C Vsoo, because its coordinate vector (¢, ¢~ 1,0,1) is the even
permutation of (0,1, ¢, gb*l). Since p € 93, its inverse is its quaternionic
conjugate:

_ _ 1 1.
p=p=5(0-¢ k)
For x € H, define Ad,(z) := pzp~!. Direct computation gives

1 1
Ady(1) =1, Ady(i) = 5(i+ 65 +¢7'k), Ady(j) = 5(=di+ 67" +h),

Ady(k) = £ (67— + k).

By R-linearity, Ad,(+1) = +1 € Ay, Ady(+i), Adp(£5), Ady(£k) € Az be-
cause the coordinate vectors

(0317¢7 d)_l)’ (07 _¢7 ¢_171)7 (07¢_17_17¢)

are all even permutations of (0, +1, +¢, £¢1).

Let & € Vgoo. Since Vgoo = 21 is a group, and both p and p~! lie in Vggo,
the product pzp~! also lies in Vgoo. To show injectivity, suppose z,y € Voo
and Ady(r) = Ad,(y). Then prp~! = pyp~!. Multiplying on the left by

I and on the right by p, we get = y. Hence Ad,, is injective on Vsgp.
Since Ad,(Vs00) € Veoo and Vego is finite, every injective self-map of Ve is
bijective (also Ad, has explicit inverse Ad,-1). Thus Ad, preserves Psoo =
Hull(Vso0); since Ad, € SO(4), it lies in Ggoo. The lemma below records
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the vertices and edges of Pgpp contained in the fixed plane spang{1, 3(p)},
which is used to verify the order-5 pointwise stabilizers.

LEMMA 17.1. Let ¢ := 1+2‘/5,p = L(p+¢ Li+k) € Vooo C 93, and F :=
SpanR{L %(p)} CHx~ R4' Then Fﬂvﬁoo = {17p7p27p37p47 _]-a —-b, _p27 _p37
—p*}. These ten vertices lie on the unit circle F N S® as a reqular decagon.
Moreover, the edges of Pgoo contained in F are exactly the ten sides of this

decagon.

PRrROOF. Let u = Im(p)/| Im(p)|. Since spang{1,u} is closed under mul-
tiplication, every power p" € spang{l,u}. Since p = cos(7/5) + usin(w/5),
one has p° = —1, so these are ten distinct points. We now check F N Vggo
consists of exactly these ten vertices. A quaternion x = a + bi + ¢j + dk lies
in F if and only if ¢ = 0,d = ¢b. Equivalently, F = {a+bi+¢bk : a,b € R }.

e A; : The condition ¢ = 0 and d = ¢b restricts to Ay N F = {£1}.

e As: Every such point has j-coordinate :l:% # 0, so none lies in F.
Hence As N F = (.

e Az: Among even permutations of (0,1, ¢, ¢~ 1), the ones with 0 in
the third slot are:

(1,6,0,071),  (¢,¢71,0,1),  (¢711,0,0).

The latter two satisfy d = ¢b. Therefore the only Az vertices in F
are the 8 points:

%(s¢+5¢—1¢+5k), %(e¢_1+5i+6¢k), e.5 € {+1}.

The eight As-vertices listed above are precisely p, p?, p3, p*, —p, —p?, —p>,
—p*. Together with A;NF = {41}, this gives the stated equality F'NVsgo =
{1,p,p%,p%,p*, =1, —p, —p?, —p?, —p*}. Since p = cos(/5)+usin(7/5), these
ten points are equally spaced on the circle F' N S3, hence form a regular
decagon.

Finally, the edge length of Pgg is ¢!, and ||p™ Tt —p™|| = |1-p|| = ¢~ .
So consecutive vertices in the decagon are joined by edges of Pggg. For any
integers m,r,

LT
I = 5™ = o™ = Dl = o™ 5" = 1 = 1" = 1] =2 sin 7]

If r is chosen modulo 10 with 0 < |r| < 5, this simplifies to ||[p™™" —p™| =
2 sin(%) > ¢~ Lif |r| > 2. So no non-consecutive pair is joined by an edge.
Therefore, the edges of Pgoo contained in F are exactly the ten sides of the
regular decagon. O

PROPOSITION 17.2 (Order-5 symmetries of the 600—cell). Let Pgog C R*
be the regular 600—cell, let Tgog C S® be the radial projection of its 1-skeleton,

and set Ggop := Sym™ (Pgog) C SO(4). Let Eéﬁoo) := [1,p]. For any edge

E(600) [VZ.(GOO),Vj(ﬁoo) of Psoo, there exists h € Ggog with h(E(()GOO)) =
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E(©00) - Moreover, the four nontrivial order-5 elements of Geoo fizing E(600)
pointwise are (h Ad, hil)k,k = 1,2,3,4. Fach restricts to WE(G()O), where

W gs00) 1= spanR{Vi(mO), ‘/}(600)}7 to a rotation by angle 2wk /5. In particular,

the orientation—preserving pointwise stabilizer of E©%) s cyclic of order 5.

PRroor. By the quaternionic description from §11.1, Ad,, fixes pointwise
the 2—plane

F := spanp{1,3(p)}

and rotates F- by angle 2% By Lemma 17.1, the segment E(()ﬁoo) = [1,p]

is an edge of Pgoo, and it is contained in F'. Therefore, Ad, fixes E((]GOO)

pointwise and restricts on be(m()) to a rotation by angle 27/5, as illustrated

0
in Fig. 9. Since Py is regular, Ggop acts transitively on its edges. Hence for
any edge E600) there exists h € Geoo such that h<E6600)> = E(600) Then

hAd,h™! fixes E(600) pointwise and acts on W;:(GOO) by rotation through
27 /5. Its powers (h Ad, h~1k k =1,2,3,4, act by rotations through angles
27k /5. Since the 600-cell has Schlafli symbol {3,3,5}, its edge figure is a
pentagon, so any orientation-preserving symmetry fixing F(°0) pointwise
acts faithfully on this pentagon and hence lies in its rotation group Cj;
the subgroup just constructed has order 5, so the orientation-preserving
pointwise stabilizer of E9) is exactly cyclic of order 5. (]

COROLLARY 17.3. The number of order 5 elements in Ggyg preserving
an edge of Pgoo 1s 288.

ProOF. The 600—cell has 720 edges. By Proposition 17.2, the orienta-
tion—preserving pointwise stabilizer of any edge is cyclic of order 5. There-
fore, each edge is preserved by exactly four nontrivial elements of order 5.
By Proposition 17.2, every fixed plane of such an element is a conjugate
of F. By Lemma 17.1, each such plane contains exactly 10 edges of Pgoo.
Fach edge spans a 2—plane through the origin, so each edge lies in exactly
one such fixed plane. Thus 720 edges determine 72 such planes, and each
such plane determines four nontrivial order 5 rotations. Therefore there are
72 -4 = 288 such elements. U

17.2. The lift group CNJGOO and the associated Z/2—extension. By
Proposition 11.10, each vertex of I'gpo has valency 12, so the assignment
teoo([me]) = —1 on edge meridians is well-defined. Let pgoo : Meoo —
Mgoo be the associated connected double cover corresponding to Hggg :=
ker(ue00), let 7600 denote its nontrivial deck involution, and let Zgog — Meoo
be the associated real line bundle. Define

6600 = {§ € Homeo(ﬁﬁgo) dg € Geoo such that pggpog =g Opﬁoo} .

PROPOSITION 17.4 (Splitting for the 600—cell group). The Ggoo—action
on Mgoo lifts to a fiberwise linear action by bundle automorphisms: for each
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g € Geoo, there is a bundle automorphism § : Zgoo — Zgoo covering g, and
gh=goh for all g,h € Ggyp.

PROOF. Since every g € Ggoo preserves I'goo and permutes its edges,
Lemma 12.2 giv@i 1600 © g« = teoo- Hence, by Lemma 12.3, every g € Ggoo
admits a lift to Mggg, unique up to composition with 7g9. By Lemma 12.4,
one therefore has a short exact sequence

1 — <7_600> — éﬁoo i> GGOO — 1.

It suffices to construct a splitting s : Gggo — 6600. Choose generators
01,09,03 € Ggoo as in Equation (11.5), with presentation

Geoo = [3,3,5] "
= <01,02,03 ‘ ai)’ = ag’ = a§ = (0102)2 = (0203)2 = (010203)2 = 1>.

Step 1: choose lifts of o1,02,03 with the same odd orders upstairs. By
Lemma 12.3, each o; admits a lift to Mggy. Choose arbitrary lifts o1, 09, 03.
Since o3 = o3 = 0§ = 1, the elements 5,575,055 are deck transformations,
hence lie in {id, 7go0}. If &7 = 7600, Teplace &1 by Te0001. Since every lift
commutes with 760, (760001)> = id. The same odd-order adjustment applies

to o2 and 3. Thus we may assume 6; = 75 = o9 = id.

Step 2: verify the involution relations upstairs. Set 0109, 0203, and 010203 as
lifts of 01092, 0203, and 0109203. Since (0'10'2)2 = (0'20'3)2 = (0'10'203)2 =1in
G0, each of (5102) 2, (5203)2, and (510253)2 is a deck transformation. We
claim that each of o109, 0903, and o10903 has a fixed point in Mgyg. First,
none of them is equal to —id. Indeed, if o109 = —id, then o1 = —02_1, SO
o3 = (—0;1)3 = —id, contrary to o3 = id. If 0903 = —id, then oo = —051,
so 03% = (—0;1)15 = —id, contrary to 03° = id. If 010903 = —id, then
0102 = —03 1, but o109 has order dividing 2, whereas —o5 ! has order 10, a
contradiction.

Now let g € {0102, 0203, 010203}. If g = id, then trivially Fix(g)NMgoo =
Megoo # 0. Assume g # id. Then g is an involution in SO(4) distinct from
+id. Hence its +1- and —1-eigenspaces are both 2-dimensional, and therefore
Fix(g|gs) is a great circle. We claim that Fix(g|gs) ¢ T'eoo. If Fix(g|gs) C
T'goo, then this great circle contains an open arc of the radial image of some
edge E = [u,v] of Psop. The map g fixes this open arc pointwise, and hence
fixes Wg = spang{u, v} pointwise. Therefore g fixes E pointwise. But this
is impossible by Proposition 17.2, since the orientation-preserving pointwise
stabilizer of any edge is cyclic of order 5. Therefore, Fix(g|g3) N Mgoo # 0.

Choose x12 € Fix(o102) N Mgoo, xes € Fix(o203) N Mgoo, and x123 €
FiX(O’lo‘Qo‘g) N Megoo, and lifts 12 € pgolo(.%‘m),igg € pgolo(.xggg), and T93 €
pgolo(:zlgg). Since 0109 covers o102 and o102(x12) = T2, the point o102(712)
lies in the two-point fiber pgoy(12) = {Z12, Te00(F12) }. Hence (7159) 2(F12) =
Z12. Since (0102) 2 is a deck transformation and the nontrivial deck involution
600 acts freely, it follows that (5102)? = id. Similarly, (G203)%(Z23) = T23
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and (510203)%(T123) = T123. Since both squares are deck transformations,
the same argument gives (5203)% = (510203)? = id.

Thus, the chosen lifts satisfy all defining relations of Equation (11.5).
Therefore the map

01+—>51, 0'2*—)52, O’3l—>5:3

extends to a homomorphism s : Gggg — 6600 with 7o s = idgg,,. Hence,
by Lemma 12.4, the extension splits. For each g € Ggoo, let § : Zgoo — Zeoo
be the fiberwise linear bundle automorphism induced by the lift s(g) via

Lemma 12.5. Since s is a homomorphism, these bundle maps satisfy g7z =
goh for all g, h € Ggoo. This proves the proposition. U
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