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Comparison Theorems of Phylogenetic Spaces and Algebraic Fans

Yingying Wu, Ph.D.

The University of Texas at Austin, 2019

Supervisor: ANDREW J. BLUMBERG

Rapid developments in high-throughput sequencing have accumulated a wealth of

cancer genomics data [44, 12], which has led to the use of phylogenetic methods becoming

an important direction in cancer research. In-depth understanding of the topological and

metric structures of spaces of phylogenetic trees and phylogenetic networks helps to explain

the inter- and intra-patient variability of tumor cells. The geometric structures of phyloge-

netic spaces also allow comparison between subclones of tumor cells to guide therapeutics

discovery [11, 38]. Motivated by such research goals, my dissertation proves comparison the-

orems between phylogenetic spaces that represent evolutionary histories and algebraic fans

over simplicial complexes which arise in the moduli space of smooth marked del Pezzo sur-

faces. I will discuss homeomorphisms and isometries between their projectivized spaces and

simplicial complexes formed by root subsystems. Furthermore, embeddings between spaces

of phylogenetic trees and networks, and those between the projectivized spaces of phyloge-

netic trees and networks, are introduced. As a result, algebraic fans that correspond to spaces

of phylogenetic trees embed into the fans that correspond to spaces of phylogenetic networks.

Likewise, simplicial complexes that correspond to the projectivized spaces of phylogenetic

trees embed into the simplicial complexes that correspond to the projectivized spaces of

phylogenetic networks. Identifying phylogenetic spaces with structures in mathematics ex-

pedites the discovery of the missing pieces in evolutionary models whose counterparts are

naturally expected in mathematics, and it also equips investigations in phylogeny with more

mathematical tools. The connection between genomic spaces and mathematical structures

presented has the potential to address core challenges in oncology with recent advances in

algebraic geometry [37], tropical geometry [50, 19, 45], and metric methods [7, 57, 5, 3, 53].
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Chapter 1

Introduction

Phylogenetic analysis studies the evolutionary relationships between different species,

organisms, or other taxa to understand the evolution of life [10]. Darwin proposed phylo-

genetic trees in 1859 to represent the evolutionary relationships of reproducing individuals

[13]; over a century later, Grant proposed phylogenetic networks in 1971 [24] to represent

non-tree-like relationships such as species hybridization, bacterial gene transfer, and homol-

ogous recombination. Cancer is a genetic disease that progresses under Darwinian evolution

via a process of diversification and selection for mutations that promote tumor cell prolif-

eration and survival [41]. Evolutionary trees reconstruct the evolution of tumors, and they

are also called “cancer evolutionary trees” [39] or “oncogenetic trees” [48]. Characterizing

inter-tumor heterogeneity according to the patterns of evolutionary trees is an important

strategy for developing targeted therapies and identifying metastatic potential, as well as

preventing the emergence of drug resistance. The task is challenging due to genetic hetero-

geneity, complicated by the clonal evolutionary patterns, and lack of robust identification

across patients.

Multi-region sequencing allows the temporal order of some genomic changes in a

tumor to be inferred. Several reconstruction methods have been developed to resolve intra-

tumor heterogeneity, including nearest-neighbor interchanging in 1978 [55], Robinson-Foulds

distance in 1981 [46], quartet distance in 1985 [21], tree edit distance in 1989 [60], path length

metrics in 1993 [52], branch length scores in 1994 [36], subtree transfer distance in 2001 [2],

and Billera-Holmes-Vogtmann distance in 2001 [5], which is the central object of my study.

Many studies have investigated the characterization of genomic data using tools from ge-

ometry and topology to study the evolution of viruses and cancer [58, 6, 20]. Speyer and

Sturmfels proved that the tropical Grassmannian is the space of phylogenetic trees [50]; Sen

and Dukkipati showed that the tropical linear spaces correspond to the phylogenetic trees
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[19]. Devadoss and Morava formulated a smooth blowup to BHVn from the compactified

moduli stacks of stable genus 0 curves with n marked points M0,n(R) [15]. Baez and Otter

constructed an operad whose operations are the edge-labelled phylogenetic trees [4]. There-

fore, studies on the tropicalization of classical moduli spaces [1, 45], projective variety [37],

and category theory become meaningful tools for the studies of phylogenetic spaces.

In the following, I will introduce comparison theorems between phylogenetic spaces

that represent evolutionary histories and algebraic fans over simplicial complexes which arise

in the moduli space of smooth marked del Pezzo surfaces. I will discuss morphisms between

the projectivized spaces and simplicial complexes formed by root subsystems. Furthermore,

I will prove embeddings between spaces of phylogenetic trees and networks, and those be-

tween the projectivized spaces of phylogenetic trees and networks. As a result, algebraic

fans that correspond to spaces of phylogenetic trees embed into the fans that correspond

to spaces of phylogenetic networks, and simplicial complexes that correspond to the pro-

jectivized spaces of phylogenetic trees embed into the simplicial complexes that correspond

to the projectivized spaces of phylogenetic networks. Identifying phylogenetic spaces with

structures in mathematics equips investigations in phylogeny with more mathematical tools

from algebraic geometry and tropical geometry [50, 19]. The homeomorphisms and isometries

between spaces parameterizing genomic data and non-positively curved cubical complexes

provide a conceptual way to understand spaces of phylogenetics in terms of simplicial fans

formed by the root systems.

1.1 Topological Structures of Spaces of Phylogenetic Trees

We first discuss theorems that describe topological structures that are related to

spaces of phylogenetic trees. According to the definition of Zairis-Khiabanian-Blumberg-

Rabadan, a cubical complex is a metric space obtained by gluing together cubes via the data

of isometries of faces, subject to the condition that two cubes are connected by at most a

single face identification and no cube is glued to itself. The distance between x and y is

the infimum of the lengths over all paths from x to y that can be expressed as the union of

finitely many segments each contained within a cube [59]. And the link of a vertex v in a
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cubical complex C is obtained as the subset

L(v) = {z ∈ C | d(z, v) = ε}

for fixed 0 < ε < 1 [59]. Then we will show that:

Proposition 2.1.11: The link L(v) of a vertex v in a cubical complex C is a spherical

complex.

We denote root subsystems Θ
Ak|Bk
n of Dn as below:

ΘAk|Bk
n = {±εi ± εj | i 6= j; i, j ∈ Ak}, Ak ⊂ {1, . . . , n}, and Bk = {1, . . . , n} \ Ak.

We define a simplicial complex R(∆n) according to Hacking, Keel and Tevelev [25]. Let

Dk,2m and Dk,2m+1 be sets of root subsystems Θ
Ai|Bi
n , such that

for k = 1, . . . ,m:

Dk,2m+1 =
{

Θ
A1|B1

2m+1 , . . . ,Θ
AL|BL
2m+1

}
, where L =

(
2m+ 1

k

)
;

for k = 1, . . . ,m− 1 :

Dk,2m =
{

Θ
A1|B1

2m , . . . ,Θ
AL|BL
2m

}
, where L =

(
2m

k

)
;

for k = m:

Dm,2m =
{

Θ
A1|B1

2m , . . . ,Θ
AL|BL
2m

}
, where L =

(
2m

m

)/
2.

We define the set R(D2m+1) and R(D2m) as below:

R(D2m+1) = D2,2m+1 tD3,2m+1 t · · · tDm,2m+1;

R(D2m) = D2,2m tD3,2m t · · · tDm−1,2m t (Dm,2m ×Dm,2m).

Therefore, R(Dn) for n = 2m or n = 2m+ 1 is a set of root subsystems with elements from

the sets of root subsystems Dk,n for k from 2 to m. Define the simplicial complex R(∆n)

with 0-simplices being elements in the set R(Dn). Higher-dimensional simplices Θn ⊂ R(∆n)

are formed by elements in R(Dn), such that for each pair of Θ
Ai|Bi
n ,Θ

Aj |Bj
n ∈ Θn, one of the

following criteria is fulfilled:

ΘAi|Bi
n ⊥ ΘAj |Bj

n , ΘAi|Bi
n ⊂ ΘAj |Bj

n , or ΘAj |Bj
n ⊂ ΘAi|Bi

n .
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We define a strongly convex rational polyhedral cone τF as a set:

τF =
{
r1ψ

(
ΘA1|B1
n

)
+ · · ·+ rnψ

(
ΘAk|Bk
n

)
∈ N(Dn)Q : ri ≥ 0

}
.

The fan F(Dn) in N(Dn)Q is a collection of strongly convex rational polyhedral cones τF in

the real vector space N(Dn)Q determined by the rays ψ
(

Θ
Ai|Bi
n

)
for each Θ

Ai|Bi
n ∈ R(∆n),

where rays span a cone in F(Dn) if and only if the corresponding subsystems form a simplex

in R(∆n). Then we will prove:

Proposition 2.4.7: F(Dn) is a fan.

Lemma 2.4.10: F(Dn) is a cubical complex.

Then we will prove theorems that compare different spaces related to phylogenetic

trees and their metric structures. We first define the Billera-Holmes-Vogtmann space of

phylogenetic trees. An illustration of BHV3 and PBHV3 can be found in Fig. 1.1a, and an

illustration of BHV4 and PBHV4 can be found in Fig. 2.1b.

Definition 1.1.1 (Billera-Holmes-Vogtmann space of phylogenetic trees). The Billera-Holmes-

Vogtmann space of phylogenetic trees is the space of isometry classes of rooted phylogenetic

trees with m-labeled leaves, where the nonzero weights are on the internal branches, denoted

as BHVn. The space BHVn is constructed by gluing together (2n − 3)!! positive orthants;

each orthant corresponds to a particular tree topology, with the coordinates specifying the

lengths of the edges. A point Tn in the interior of an orthant in BHVn represents a binary

tree. If any of the coordinates are 0, the tree is obtained by collapsing edges corresponding

to the 0 coordinates from a binary tree. We glue orthants together, such that a tree is on

the boundary between two orthants when it can be obtained by collapsing edges from either

tree topology. The BHVn space is a cubical complex built by tiling each orthant with unit

cubes of dimension n− 2 [59].

Definition 1.1.2 (Projective Billera-Holmes-Vogtmann space of phylogenetic trees). The

projective Billera-Holmes-Vogtmann space of phylogenetic trees PBHVn is the subspace of

BHVn consisting of points in each orthant, for which the sum of its n− 2 internal edges ti is

1. PBHVn inherits a simplicial structure from BHVn, where the k-simplices of PBHVn are

4



points projected from points in BHVn with exactly k+1 nonzero edges, and the intersection

of faces is determined by degenerated trees that share the same internal edges.

Then we will show that:

Proposition 2.1.12: There is an isomorphism of sets between PBHVn and the link of

BHVn at the origin defined by Zairis-Khiabanian-Blumberg-Rabadan.

Proposition 2.1.15: The link of BHVn at the origin equipped with the Euclidean metric

on each simplex is homeomorphic to the space equipped with the spherical metric.

Proposition 2.1.16: PBHVn is the projectivized space of BHVn, and the cone over PBHVn

is isomorphic to BHVn as sets.

Proposition 2.1.21: The 0-cone over PBHVn is isometric to BHVn.

Theorem 2.3.7: R(∆n) and P(Dn) are duals: k-simplices of R(∆n) are in bijection with

(n− k− 4)-dimensional faces of P(Dn); a k-simplex of R(∆n) consists of a collection of root

subsystems Θ forms a (k + 1)-simplex of R(∆n) with some root subsystem Θ
A|B
n if and only

if the (n − k − 4)-dimensional faces of P(Dn) that corresponds to Θ form an (n − k − 5)-

dimensional face of P(Dn) with a facet that corresponds to Θ
A|B
n .

1.2 Comparison Theorems on Spaces of Phylogenetic Trees and
Algebraic Fans

Then we compare spaces of phylogenetic trees that correspond to simplicial complexes

and algebraic fans that arise in algebraic geometry:

Theorem 2.3.1: PBHVn−1 and R(∆n) are isomorphic abstract simplicial complexes.

Corollary 2.3.4: The geometric realization of PBHVn−1 and R(∆n) are homeomorphic.

Theorem 2.4.8: BHVn−1 and F(Dn) are isomorphic.

Main Theorem 2.4.11: BHVn−1 and F(Dn) are isometric with the cubical complex metric.
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1.3 Topological Structures of Spaces of Phylogenetic Networks

We perform analogous analysis for the space of phylogenetic networks. We prove the-

orems on topological structures of spaces that are related to spaces of phylogenetic networks.

We define G(Dn) as the convex hull of the collection of rays from F(Dn); these rays form a

cone if and only if the corresponding boundary divisors all meet a single closed cell. We will

show:

Proposition 3.2.3: G(Dn) is a fan.

Lemma 3.4.1: G(Dn) is a cubical complex.

A split network N = (V,E, σ, λ) that represents a set of splits S on X is given by a

split graph (G = (V,E), σ : E → S) and a node labeling λ : X→ V , such that

A =
⋃
v∈V 0

S

λ−1(v) and B =
⋃
v∈V 1

S

λ−1(v)

for every split S = A | B in S, where V 0
S and V 1

S refer to the sets of vertices in the connected

component G0
c and G1

c , respectively [29]. Phylogenetic network refers to any graph used to

represent evolutionary relationships between a set of taxa [30].

Definition 1.3.1 (The space of circular split networks). The space of circular split networks

is the space of isometry classes of split networks with n-labeled leaves, where the nonzero

weights are on the internal branches sharing the same circular ordering, denoted as CSNn.

The space CSNn is constructed by gluing together (n−1)!
2

positive orthants; each orthant

corresponds to a particular split network topology, with the coordinates specifying the lengths

of the edges. A point Cn in the interior of an orthant in CSNn represents a split network

with all positive edge lengths. If any of the coordinates are 0, the split network is obtained

by collapsing edges corresponding to the 0 coordinates from a split network with all positive

length edges. We glue orthants together, such that a split network topology is on the

boundary between two orthants when it can be obtained by collapsing edges from either

network topology. The CSNn space is a cubical complex built by tiling each orthant with

unit cubes of dimension n(n−3)
2

.

6



Definition 1.3.2 (Projective space of circular split networks). The projective space of cir-

cular split networks PCSNn is the subspace of CSNn consisting of points in each orthant,

for which the sum of its n(n−3)
2

internal edges ti is 1. PCSNn inherits a simplicial structure

from CSNn, where the k-simplices of PCSNn are points projected from points in CSNn with

exactly k + 1 nonzero edges, and the intersection of faces is determined by collapsed edges.

12 | 34

13 | 24 14 | 23
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2

1

3

2

4

1

2 3

4

12 | 34

13 | 24 14 | 23
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32
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3

2

4

Figure 1.1: (a) BHV3: Each ray is a 1-dimensional orthant in BHV3. Dots: PBHV3.
(b) CSN4: Each ray represents a split; each orthant corresponds to a distinctive network
topology. Triangle: PCSN4.

In Fig. 1.1a, each ray is a 1-dimensional orthant in BHV3, and each orthant repre-

sents a different tree topology, which corresponds to a distinctive non-trivial split. PBHV3

is highlighted as red dots, each dot is of distance 1 from the origin. In Fig. 1.1b, each

ray can be identified with a ray in BHV3. Each orthat in CSN4 is 2-dimensional, spanned

by two rays that share the same circular ordering. PCSN4 is represented as the triangle in

the center of Fig. 1.1b; for each point on PCSN4, their coordinates sum up to 1. We will show:

Proposition 3.1.10: There is an isomorphism of sets between PCSNn and the link of CSNn

at the origin defined by Zairis-Khiabanian-Blumberg-Rabadan.

Theorem 3.1.11: PCSNn is the projectivized space of CSNn, and the cone over PCSNn is

isomorphic to CSNn as sets.

7



1.4 Embeddings from Spaces of Phylogenetic Trees to Networks

We will consider how spaces of phylogenetic trees are connected to spaces of phylo-

genetic networks:

Theorem 3.1.9: BHVn−1 is embedded into CSNn. There are Cn−2 types of tree topology

in BHVn−1 embedded in each orthant of CSNn, where Cn−2 is the Catalan number. Each

tree topology in BHVn−1 is embedded in the intersection of 2n−3 orthants of CSNn.

Corollary 3.1.12: PBHVn−1 is embedded into PCSNn. There are Cn−2 types of tree

topology in PBHVn−1 embedded in each orthant of PCSNn. Each type of tree topology in

PBHVn−1 is embedded in the intersection of 2n−3 orthants of PCSNn.

Theorem 3.2.4: The fan F(Dn) ⊂ N(Dn)Q embeds into the remarkable fan G(Dn).

Corollary 3.3.3: R(∆n) is embedded into Q(∆n). There are Cn−2 maximal dimension

simplices in R(∆n) embedded in each maximal dimension simplex of Q(∆n). Each maximal

dimension simplex in R(∆n) is embedded in the intersection of 2n−3 maximal dimension

simplices of Q(∆n).

1.5 Comparison Theorems on Spaces of Phylogenetic Networks
and Algebraic Fans

Finally, we compare spaces arising from phylogenetic networks that correspond to

simplicial complexes and algebraic fans arising in algebraic geometry:

Theorem 3.3.1: PCSNn and Q(Dn) are isomorphic abstract simplicial complexes.

Corollary 3.3.2: The geometric realization of PCSNn and Q(∆n) are homeomorphic.

Theorem 3.4.2: CSNn and G(Dn) are isomorphic.

Main Theorem 3.4.3: CSNn and G(Dn) are isometric cubical complexes.

We summarize comparison theorems of phylogenetic spaces and algebraic fans in

Fig. 1.2. The relations we discovered are highly symmetrical: Spaces related to phylogenetic

8



trees are located on the internal cycle in the chart, and spaces related to phylogenetic net-

works are located on the outer cycle. The upper half of the diagram refers to spaces that

directly arise in genetics, and the lower-half refers to spaces that arise in algebraic geometry.

Meanwhile, spaces on the right half of the chart can be generated by their counterparts on

the left, i.e, BHV and CSN are the 0-cone over their projectivized spaces PCSN and PBHV,

and F(∆) and G(∆) are the algebraic cone over the simplicial complexes R(∆) and Q(∆).

The diagonals represent embeddings of spaces of phylogenetic trees and their counterparts

into spaces of phylogenetic networks. These highly symmetrical relations among these spaces

reveal the intrinsic connection between genetic spaces and topological spaces, and we will

discuss these spaces in greater detail.
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Figure 1.2: Comparison theorems of phylogenetic spaces and algebraic fans.
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Chapter 2

Comparison Theorems on Spaces of Phylogenetic Trees

Evolution occurs in populations of reproducing individuals, and phylogenetic analysis

studies the evolutionary relationships between different species, organisms, or other taxa to

understand the evolution of life [10, 29]. In 1859, Darwin proposed the paradigm to describe

the modified descendants of the diversified structure of a species [13], as shown in Fig. 2.1a,

later formulated as phylogenetic trees. In the diagram, A to L represent the species of a

large genus, while resembling each other in unequal degrees represented in the diagram by

the letters standing at unequal distances. Let (A) represent a common, widely-diffused, and

varying species belonging to a large genus. The little fan of diverging dotted lines of unequal

lengths proceeding from (A) represents its varying offspring, where the variation is slight but

diversified, consecutive but following long intervals of time [13].

(a) Phylogenetic trees, Darwin 1859

origin
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(b) Space of phylogenetic trees BHV4

Figure 2.1: Paradigm to represent evolutionary relationships and the space it resides in.
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2.1 Spaces of Phylogenetic Trees and Projectivized Spaces

This section introduces the spaces of phylogenetic trees formulated by Billera, Holmes,

and Vogtmann. Fig. 1.1a illustrates BHV3, the space of phylogenetic trees of dimension 3,

with the dots depicting its projective space PBHV3. Fig. 2.1b is the space of phylogenetic

trees of dimension 4, with the pair of e1 vectors identified, the pair of e6 vectors identified,

and the pair of e9 vectors identified. The dotted lines represent the projective space of

phylogenetic trees PBHV4. Denote by In = [0, 1]× · · · × [0, 1] ⊂ Rn the n-dimensional unit

cube with induced metric. An elementary interval is a subset I ( R of the form

I = [`, `+ 1] or I = [`, `]

for some ` ∈ Z. An elementary cube Q is the finite product of elementary intervals, i.e.,

Q = I1 × I2 × · · · × Id ( Rd

where I1, I2, . . . , Id are elementary intervals. A codimension k face of the cube In is deter-

mined by fixing k coordinates to be in the set {0, 1}. In the following, we present a definition

of a cubical complex from standard CAT(0) theory [8].

Definition 2.1.1 (Cubical complex). A cubical complex K is the quotient of a disjoint union

of cubes X =
∐

Λ I
nλ by an equivalence relation ∼. The restrictions pλ : Inλ → K of the

natural projection p : X → K = X/ ∼ are required to satisfy:

1. for every λ ∈ Λ, the map pλ is injective;

2. if pλ(I
nλ) ∩ pλ′(Inλ′ ) 6= ∅ then there is an isometry hλ,λ′ from a face Tλ ⊂ Inλ onto a

face Tλ′ ⊂ Inλ′ , such that pλ(x) = pλ′(x
′) if and only if x′ = hλ,λ′(x) [8].

Definition 2.1.2 (Phylogenetic tree). A phylogenetic tree with n leaves is the equivalence

class of a weighted, connected graph with no cycles, having n distinguished labeled vertices

up to rotations and a root. The labeled vertices and the root are of degree 1 and are called

leaves. All the other vertices are of degree ≥ 3 [5].
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(a) (b) (c) (d)

Figure 2.2: (2n− 3)!! kinds of trees with n labels.

Schröder proved that the number of representations of parentheses on n items while

changing the order within parentheses are considered the same is (2n − 3)!! [47]. Such

representations can be identified with types of rooted phylogenetic trees with n-labeled

leaves of degree 1, while all other vertices are of degree 3. In the following, we present an

inductive proof.

Proposition 2.1.3 (Number of full-fledged trees). There are (2n − 3)!! = (2n − 3) · (2n −

5) · · · · · 3 · 1 types of rooted phylogenetic trees with n-labeled leaves of degree 1; all other

vertices are of degree 3. Such trees reside in the interior of an orthant in BHVn, and we call

them full-fledged rooted phylogenetic trees.

Proof. We proceed the proof by induction. Since rooted phylogenetic trees are the equiva-

lence classes up to rotation, there is only one kind of rooted phylogenetic tree with two labels

when n = 2, depicted in Fig. 2.2(a) and (b). For the inductive hypothesis, we assume that

there are (2n−3)!! types of full-fledged rooted phylogenetic trees, as illustrated in Fig. 2.2(c).

For the inductive step, consider adding the (n+ 1)-th leaf, based on the tree with n existing

leaves. There are n − 2 internal edges, n leaves, and one root, totaling 2n − 1 ways to add

a new leaf. Therefore, there are (2n − 3)!!(2n − 1) = (2(n + 1) − 3)!! types of full-fledged

rooted phylogenetic trees, illustrated as Fig. 2.2(d).

Definition 2.1.4 (Split). Consider any bipartition of a set of taxa X labeling the leaves of a

phylogenetic tree into two non-empty subsets A and B, such that A∩B = ∅ and A∪B = X.

If each subset has at least two elements, the partition is called a split, denoted by S
A|B
n .

Otherwise, it is called a trivial split.
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Definition 2.1.5 (Circular ordering). We call such an ordering {x1, . . . , xn} a circular or-

dering for Sn, as it holds that {x1, . . . , xn} is a circular ordering for Sn if and only if both

{xn, xn−1, . . . , x1} and {x2, x3, . . . , xn, x1} are circular orderings.

Removing an internal edge of a phylogenetic tree gives two connected components,

each with a set of leaves; therefore, each split in a phylogenetic tree corresponds to an internal

edge. We use Sn to denote the set of splits in BHVn. |Sn| = 2n − n− 1 because there are

a total of 2n choices over n taxa, minus n trivial splits and one star, i.e., a degenerated

phylogenetic tree with no internal edge.

Definition 2.1.6 (Compatible). Two partitions A|B and A′|B′ are defined to be compatible

if one of the subsets

A ∩ A′, A ∩B′, A′ ∩B, B ∩B′

is empty.

Different edges of the same tree correspond to compatible partitions, and each binary

tree in BHVn corresponds to the maximal dimensional orthant, which consists of n−2 splits;

therefore, we represent each tree Tn of a certain orthant in BHVn by a coordinate system

Sn−2
n =

{
SA1|B1
n , . . . , SAn−2|Bn−2

n

}
for a set of compatible splits Sn−2

n ⊂ Sn, and each phylogenetic tree in a specific orthant can

be parametrized by

Tn =
(
t1S

A1|B1
n , . . . , tn−2S

An−2|Bn−2
n

)
for ti ∈ R≥0.

Definition 2.1.7 (BHV metric). The distance between any two points of BHVn in the same

orthant is the Euclidean distance. If two points are in different orthants, we join them by

a sequence of straight segments, with each segment lying in a single orthant. The distance

between the two points is the minimum of the lengths of such segmented paths joining the

two points [5], denoted as dBHV(x, y).
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The metric structure of the BHV space remains an active area of inquiry. Ardila-

Owen-Sullivant [3] found that BHV is an orthant space, which is a special case of cubical

complexes, such that any set of orthants is arranged around a common origin. Therefore,

BHV is equipped with a cubical complex metric, and the geodesics in BHV space can be

computed in polynomial time [42, 43]. Holmes studied the estimation and validation of

phylogenetic trees in statistical terms [27], the statistical testing of phylogenies [28], and

the evaluation of robustness and performing statistical inferences [26]. Zairis-Khiabanian-

Blumberg-Rabadan studied the evolutionary moduli space and introduced the projective tree

space [58]. In evolutionary applications, rescaling edge lengths should not change the rela-

tionship between the branches [58]; the definition of the projective Billera-Holmes-Vogtmann

space of phylogenetic trees is motivated by this consideration.

Definition 2.1.8 (Spherical simplex). Fix a vertex v in a cubical complex C and a cube

Ci ' Im ⊂ C, such that v is a vertex of Ci. For fixed ε > 0, the spherical simplex associated

with (Ci, v) is the subset

S(Ci, v) = {z ∈ Ci | d(z, v) = ε}.

The set S(Ci, v) has a metric induced by the Euclidean angle metric. The faces of S(Ci, v)

are defined as the intersection of S(Ci, v) with faces of Ci [59].

These are the all right spherical simplices associated with faces of Ci. The term all

right indicates the fact that the edges have the length επ/2 [8]. Without the metric, the

all right spherical simplices form an abstract simplicial complex. Billera-Holmes-Vogtmann

viewed the link of the origin as the set of points, such that the sum of the coordinates is equal

to one, which is PBHV in Definition 1.1.2. Zairis-Khiabanian-Blumberg-Rabadan defined

the link of vertex as a subset of points with equal distance ε for some 0 < ε < 1:

Definition 2.1.9 (Zairis-Khiabanian-Blumberg-Rabadan link of vertex). The link of a vertex

v in a cubical complex C is obtained as the subset

LC(v) = {z ∈ C | d(z, v) = ε}

for fixed 0 < ε < 1 [59].
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Therefore, the link of BHVn at the origin is the set

LBHV(0) = {z ∈ BHVn | d(z, 0) = ε}

for some fixed 0 < ε < 1.

Definition 2.1.10 (Spherical complex). A spherical complex K in RN is a collection of

spherical simplices in RN , such that:

1. Every face of a spherical simplex of K is in K.

2. The intersection of any two spherical simplices of K is a face of each of them.

Proposition 2.1.11 (Link of a vertex is a spherical complex). The link L(v) of a vertex v

in a cubical complex C is a spherical complex.

Proof. By definition, for a cube Ci ' Im in a cubical complex C, the faces of a spherical

simplex S(Ci, v), where v is a vertex of Ci, are defined as the intersection of S(Ci, v) with

faces of Ci. Therefore, for fixed ε > 0, the intersection of S(Ci, v) with faces of Ci is the

subset

S(∂Ci, v) = {z ∈ ∂Ci | d(z, v) = ε}.

However, ∂Ci ' Im
′ ⊂ C; therefore, S(∂Ci, v) is also a spherical simplex. By the definition

of the link of a vertex v, the intersection of two spherical simplices is:

S(Ci, v) ∩ S(C ′i, v) = {z ∈ Ci | d(z, v) = ε} ∩ {z ∈ C ′i | d(z, v) = ε}

= {z ∈ Ci ∩ C ′i | d(z, v) = ε}.

Since Ci∩C ′i ' Im ⊂ C, S(Ci, v)∩S ′(C ′i, v) is also a spherical simplex. Hence, the intersection

of any two spherical simplices of K is a face of each of them. Therefore, the link L(v) of a

vertex v is a spherical complex.

Thus, the link of the origin in the cubical complex BHVn is a spherical complex. In

the following, we will show it is bijective to PBHVn.
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Proposition 2.1.12 (PBHVn and link of BHVn isomorphism). There is an isomorphism

of sets between PBHVn and the link of BHVn at the origin defined by Zairis-Khiabanian-

Blumberg-Rabadan.

Proof. According to the definition of Zairis-Khiabanian-Blumberg-Rabadan, the link of the

origin in BHVn is the set of points

Tn =
(
t1S

A1|B1
n , . . . , tn−2S

An−2|Bn−2
n

)
,

where ti ≥ 0 and

Sn−2
n =

{
SA1|B1
n , . . . , SAn−2|Bn−2

n

}
is a set of compatible splits Sn−2

n ⊂ Sn, such that
∑n−2

i=1 t
2
i = ε2. Meanwhile, by Definition

1.1.2, PBHVn consists of the points, such that the sum of internal edges ti satisfies
∑n−2

i=1 ti =

1. Both of these sets are parameterizable using angular coordinates within each orthant;

therefore, we define a map:

ρ : PBHVn −→ LBHV(0),

(l, ϕ1, . . . , ϕn−3) 7→ (ε, ϕ1, . . . , ϕn−3),

where ϕks are angular coordinates and ε is determined by the relation that the sum of the

squares of the coordinates is equal to one. Since ρ is a bijection, LBHV(0) and PBHVn are

isomorphic.

Definition 2.1.13 (Metric on the link of origin). Each tree Tn ∈ BHVn lies on a ray from

the origin. The intersection of this ray with the link of origin is called the projection of Tn

onto the link, and is denoted t(Tn). The angle between Tn and T ′n, denoted ∠(Tn, T
′
n), is the

distance between t(Tn) and t(T ′n) in the spherical metric ‖ · ‖S on the link.

This new metric on simplices extends to a natural metric on the entire link, in which

each simplex is a right-angled spherical simplex with all edges of length π
2
, and we piece

together these metrics on each spherical simplex by defining paths and taking a length

metric as follows:
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Definition 2.1.14 (The l1-path metric of a simplicial complex). Let X be a simplicial

complex. For any two points x, y ∈ X, we define a path in X from x to y to be a sequence

of points x = a0, a1, . . . , ar = y in X, such that for every i = 1, . . . , r there is a simplex σi of

X that contains both ai−1 and ai. The length of such a path is the sum

r∑
i=1

dσi(ai−1, ai),

for some simplicial metric dσi on σi. Then we define a metric on X by setting dX(x, y) to be

the infimum of lengths of all such paths from x to y. We call this metric the l1-path metric

of a simplicial complex.

Each simplex σi of PBHVn is embedded in an orthant spanned by a collection of

compatible splits and corresponds to a tree topology. Since each orthant of PBHVn is

Euclidean, the canonical metric on σi is the Euclidean metric, denoted ‖ · ‖E. However,

imposing the spherical metric on PBHVn is not the same as imposing the Euclidean metric.

For example, the link of BHV4 at the origin is the Peterson graph. The distance between any

two adjacent vertices in the Peterson graph under the spherical metric is π
2
, but under the

Euclidean metric it is
√

2. However, the map between the link of BHVn at the origin with

dσi being the Euclidean metric and the metric space LBHV(0) with dσi being the spherical

metric is continuous:

Proposition 2.1.15 (Euclidean metric and spherical metric homeomorphism). The link of

BHVn at the origin equipped with the Euclidean metric on each simplex is homeomorphic

to the space equipped with the spherical metric.

Proof. Pick T ∈ LBHV(0) and a sufficiently small neighborhood U of T . If T is an interior

point, a point T ′ ∈ U is contained in the same orthant as T ; if T is a boundary point,

then the orthant that contains T ′ has different choices, but the orthant that contains T ′ also

contains T . Therefore, we only need to show that ‖T − T ′‖E is bounded by ‖T − T ′‖S when

T and T ′ are in the same orthant. Denote the angle between T and T ′ to be θ. Then

‖T − T ′‖S = ∠(T, T ′) = θ.
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LBHV(0) is a subset of BHVn, and each orthant of BHVn is Rn−2
≥0 . Denote T = (t1, . . . , tn−2)

and T ′ = (t′1, . . . , t
′
n−2). Then

‖T − T ′‖2
E =

n−2∑
i=1

(ti − t′i)2. (2.1)

By the law of cosines,

‖T − T ′‖2
E = c2 + c2 − 2c2 cos θ. (2.2)

Combining Equation 2.1 and 2.2 gives

n−2∑
i=1

tit
′
i = c2 cos θ.

For all ε > 0, take δ = 2c2 − 2c2 cos ε, then

‖T − T ′‖2
E < δ ⇒ θ < ε.

On the other side, for all ε′ > 0, take δ′ = arccos 2c2−(ε′)2

2c2
. Because T, T ′ are in a small

neighborhood U of T , θ is small. Therefore, arccos θ decreases in this neighborhood. Thus,

θ < δ′ ⇒ cos θ >
2c2 − (ε′)2

2c2
⇒ 2c2 − 2c2 cos θ < (ε′)2 ⇒ ‖T − T ′‖E < ε′.

PBHVn is the quotient space of BHVn by the equivalence relation of scaling by R≥0;

a similar treatment can be found in Zairis-Khiabanian-Blumberg-Rabadan [58]. Billera-

Holmes-Vogtmann assigned a particular choice to the representatives of PBHVn in Definition

1.1.2, which is the collection of coordinates (x1, . . . , xn−2), such that

n−2∑
i=1

xi = 1.

This collection of coordinates is a representative of the equivalence class

n−2∑
i=1

xi = k, k ∈ R≥0.
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Then the collection of representatives is PBHVn, and the union of equivalence classes is

BHVn.

According to Proposition 2.1.15, the link of origin is homeomorphic to PBHVn.

Billera-Holmes-Vogtmann pointed out that the entire tree space is an infinite cone on the

link of origin [5]; this implies that the tree space is isomorphic to the cone over PBHVn. We

present a proof in the context of the projectivized space of phylogenetic trees.

Proposition 2.1.16 (BHVn and PBHVn connection theorem). PBHVn is the projectivized

space of BHVn, and the cone over PBHVn is isomorphic to BHVn as sets.

Proof. Denote a point Tn of BHVn by a set of compatible splits Sn−2
n =

{
S
A1|B1
n , . . . , S

An−2|Bn−2
n

}
:

Tn =
(
t1S

A1|B1
n , · · · , tn−2S

An−2|Bn−2
n

)
, ti ≥ 0.

By definition, the image of the following quotient map is PBHVn:

π : BHVn \{0} −→ BHVn \{0},(
t1S

A1|B1
n , · · · , tn−2S

An−2|Bn−2
n

)
7→
(
t1S

A1|B1
n , · · · , tn−2S

An−2|Bn−2
n

)
/
n−2∑
i=1

ti.

Therefore, PBHVn is the projectivized space of BHVn, with the simplicial structure of

PBHVn inherited from the cubical complex BHVn.

On the other hand, PBHVn is the quotient space of BHVn, and we denote each

element in PBHVn by

T n =
(
t̂1S

A1|B1
n , · · · , t̂n−2S

An−2|Bn−2
n

)
with t̂i ≥ 0 and

∑n−2
i=1 t̂i = 1. Each element in PBHVn is a representative of the equivalence

class of rescaled trees in BHVn. We define the 0-cone over PBHVn as

BHV?
n = (PBHVn×R≥0) / (PBHVn×0).

Each point in BHV?
n can be represented by

T
k

n =
(
k, t̂1S

A1|B1
n , · · · , t̂n−2S

An−2|Bn−2
n

)
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for k ≥ 0. Consider the map

ξ : BHV?
n −→ BHVn,(

k, t̂1S
A1|B1
n , · · · , t̂n−2S

An−2|Bn−2
n

)
7→
(
kt̂1S

A1|B1
n , · · · , kt̂n−2S

An−2|Bn−2
n

)
.

The map ξ takes a point T
k

n in BHV?
n to a point Tn in BHVn with the rescaling factor k.

Since the map ξ is a bijection, the 0-cone over PBHVn is isomorphic to BHVn as sets.

Furthermore, BHVn is congruent to the cone over PBHVn with the 0-cone metric.

For a formal proof, we need to define the κ-cone over a metric space, starting from the model

spaces Mn
κ .

Definition 2.1.17 (Model spaces Mn
κ ). Given a real number κ, we denote by Mn

κ the

following metric spaces [8].

1. If κ = 0 then Mn
0 is Euclidean space En;

2. If κ > 0 then Mn
κ is obtained from the sphere Sn by multiplying the distance function

by the constant 1/
√
κ;

3. If κ < 0 then Mn
κ is obtained from hyperbolic space Hn by multiplying the distance

function by 1/
√
−κ.

Definition 2.1.18 (The diameter of Mn
κ ). We write Dκ to denote the diameter of Mn

κ . More

precisely, Dκ := π/
√
κ for κ > 0 and Dκ :=∞ for κ ≤ 0 [8].

Definition 2.1.19 (The κ-cone over a metric space). Given a metric space Y and a real

number κ, the κ-cone X = CκY over Y is the metric space defined as follows: If κ ≤ 0 then,

as a set, X is the quotient of [0,∞)× Y by the equivalence relation given by:

(t, y) ∼ (t′, y′)

if (t = t′ = 0) or (t = t′ > 0 and y = y′). If κ > 0 then X is the quotient of [0, Dκ/2]× Y by

the same relation [8].
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Definition 2.1.20 (The distance between two points on a 0-cone). The distance between

two points x = ty and x′ = t′y′ in a κ-cone X for κ = 0 is defined as:

dκ(x, x
′)2 = t2 + (t′)2 − 2tt′ cos(dπ(y, y′)),

for dπ(y, y′) = min{π, d(y, y′)} [8].

Connecting a point Tn ∈ BHVn to the origin by a straight line segment, then con-

necting the origin to T ′n ∈ BHVn by another straight line segment is a cone path from Tn to

T ′n [5]. The cone path is a geodesic if and only if the angle between Tn and T ′n is at least π

[5, 8].

Proposition 2.1.21 (BHVn and 0-cone isometry). The 0-cone over PBHVn is isometric to

BHVn.

Proof. Denote T n ∈ PBHVn by sets of compatible splits, such that:

T n =
(
t̂1S

A1|B1
n , · · · , t̂n−2S

An−2|Bn−2
n

)
, t̂i ≥ 0 and

n−2∑
i=1

t̂i = 1.

Denote T
′
n ∈ PBHVn by

T
′
n =

(
t̂′1S

A′1|B′1
n , · · · , t̂′n−2S

A′n−2|B′n−2
n

)
, t̂′i ≥ 0 and

n−2∑
i=1

t̂′i = 1.

Let BHV?
n be the 0-cone over PBHVn. By Definition 2.1.20, the distance between two points

T ?n =
(
k, t̂1S

A1|B1
n , · · · , t̂n−2S

An−2|Bn−2
n

)
, t̂i ≥ 0

and

T ′?n =
(
k′, t̂′1S

A′1|B′1
n , · · · , t̂′n−2S

A′n−2|B′n−2
n

)
, t̂′i ≥ 0

in a 0-cone is:

dκ (T ?n , T
′?
n )

2
= k2 + (k′)

2 − 2kk′ cos
(
dπ

(
T n, T

′
n

))
for dπ

(
T n, T

′
n

)
= min

{
π, d

(
T n, T

′
n

)}
. According to Definition 2.1.7, if two points of BHVn

locate in the same orthant, then the geodesic between these two points is the Euclidean

distance, agreeing with the metric on a 0-cone.
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If two points Tn, T
′
n ∈ BHVn are in different orthants, we join them by a sequence of

straight segments, with each segment lying in a single orthant, and the distance between the

two points is the minimum of the lengths of such segmented paths joining the two points,

according to the metric defined on the BHVn space. If the angle between Tn and T ′n is less

than π, then

dBHV (Tn, T
′
n) = dκ (T ?n , T

′?
n )

since the minimum length of segments joining Tn and T ′n is the length of the opposite side

of θ in the triangle spanned by Tn and T ′n with ∠ (Tn, T
′
n) = θ.

If the angle between Tn and T ′n is equal to or greater than π, then the cone path is

a geodesic between Tn and T ′n, which is ‖Tn‖ + ‖T ′n‖. Meanwhile, dπ

(
T n, T

′
n

)
= π, and

therefore,

dκ (T ?n , T
′?
n ) = t+ t′ = dBHV (Tn, T

′
n) .

Therefore, the metric on the 0-cone over PBHVn is the same as the BHV metric;

hence, the 0-cone over PBHVn is isometric to BHVn.

2.2 The Algebraic Fan F(Dn) Over Simplicial Complexes R(∆n)

In the following section, we will show the isomorphisms between the spaces of phylo-

genetic trees and these simplicial complexes. We first introduce root subsystems of type D

and simplicial complexes whose 0-simplices are the root subsystems of type D. We consider

the root system of type D of the form

Dn = {±εi ± εj | 1 ≤ i < j ≤ n},

where ε1, . . . , εn denote the usual orthonormal unit vectors which form a basis of Rn. We

denote root subsystems Θ
Ak|Bk
n of Dn as follows:

ΘAk|Bk
n = {±εi ± εj | i 6= j; i, j ∈ Ak}, Ak ⊂ {1, . . . , n}, and Bk = {1, . . . , n} \ Ak.

We define a simplicial complex R(∆n) according to Hacking-Keel-Tevelev [25]. Let Dk,2m

and Dk,2m+1 be sets of root subsystems Θ
Ai|Bi
n , such that:
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for k = 1, . . . ,m:

Dk,2m+1 =
{

Θ
A1|B1

2m+1 , . . . ,Θ
AL|BL
2m+1

}
, where L =

(
2m+ 1

k

)
;

for k = 1, . . . ,m− 1 :

Dk,2m =
{

Θ
A1|B1

2m , . . . ,Θ
AL|BL
2m

}
, where L =

(
2m

k

)
;

for k = m:

Dm,2m =
{

Θ
A1|B1

2m , . . . ,Θ
AL|BL
2m

}
, where L =

(
2m

m

)/
2.

Definition 2.2.1 (The set R(Dn)). We define the set R(D2m+1) and R(D2m) as below:

R(D2m+1) = D2,2m+1 tD3,2m+1 t · · · tDm,2m+1;

R(D2m) = D2,2m tD3,2m t · · · tDm−1,2m t (Dm,2m ×Dm,2m).

Therefore, R(Dn) for n = 2m or n = 2m+ 1 is a set of root subsystems with elements from

the sets of root subsystems Dk,n for k from 2 to m.

Definition 2.2.2 (The simplicial complex R(∆n)). Define the simplicial complex R(∆n)

with 0-simplices being elements in the set R(Dn). Higher-dimensional simplices Θn ⊂ R(∆n)

are formed by root subsystems, such that for each pair of Θ
Ai|Bi
n ,Θ

Aj |Bj
n ∈ Θn, one of the

following criteria is fulfilled:

ΘAi|Bi
n ⊥ ΘAj |Bj

n , ΘAi|Bi
n ⊂ ΘAj |Bj

n , or ΘAj |Bj
n ⊂ ΘAi|Bi

n .

R(∆n) is a simplicial complex by passage to subsets: for a collection of root subsys-

tems Θn that forms a simplex, each element in Θn must be perpendicular to or have an

inclusion relation with all other elements in Θn. This defining relation is true for any subset

of Θn; hence, the faces of each simplex in R(∆n) is also a simplex of R(∆n). Pairs of elements

in the non-empty intersection of two collections of root subsystems also satisfy one of the

three criteria pairwise; hence, the intersection is a face of each.
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2.3 Homeomorphism Between PBHVn−1 and R(∆n)

Theorem 2.3.1 (Main Theorem: PBHVn−1 and R(∆n) isomorphism). PBHVn−1 and

R(∆n) are isomorphic abstract simplicial complexes.

Proof. We use Sn−1 to denote the set of splits in BHVn−1:

Sn−1 =
{
S
A1|B1

n−1 , . . . , S
AM |BM
n−1

}
,

where M = |Sn−1| = 2n − n − 1. The set of vertices of PBHVn−1 is the same as the set

of internal edges in BHVn−1. Consider the map ω between Sn−1 ⊂ PBHVn−1 and the set

R(Dn):

ω : Sn−1 −→ R(Dn),

S
Ai|Bi
n−1 7→ ΘAi|Bi

n .

The map ω is an isomorphism on the 0-simplices of PBHVn−1 and R(Dn). To show that

there is an isomorphism between the abstract simplicial complexes PBHVn−1 and R(∆n), we

prove that a collection of 0-simplices forming a k-simplex of PBHVn−1 also forms a k-simplex

of R(∆n), and vice versa. Since

ΘAm|Bm
n = {±εi ± εj | i 6= j; i, j ∈ Am}, Am ⊂ {1, . . . , n}, and Bm = {1, . . . , n} \ Am

for k = 0, ω maps 0-simplices of PBHVn−1 bijectively to those of R(∆n). The k-simplices

of PBHVn−1 are projected from BHVn−1 with exactly k + 1 nonzero edges, denoted by a

collection of 0-simplices

Sk+1
n−1 =

{
S
A1|B1

n−1 , . . . , S
Ak+1|Bk+1

n−1

}
.

For k > 0, we show that the collection of 0-simplices of R(∆n)

Θn =
{
ω
(
S
A1|B1

n−1

)
, . . . , ω

(
S
Ak+1|Bk+1

n−1

)}
forms a k-simplex of R(∆n). Two partitions S

Ai|Bi
n and S

Aj |Bj
n are defined to be compatible

if one of the subsets

Ai ∩ Aj, Ai ∩Bj, Aj ∩Bi, or Bi ∩Bj
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is empty. Since a tree in BHVm consists of internal edges that correspond to compatible

partitions, any two elements S
Ai|Bi
n−1 , S

Aj |Bj
n−1 ∈ Sk+1

n−1 are compatible and satisfy the above

criteria. In the following, we will show that if one of the subsets is empty, then one of the

criteria in Definition 2.2.2 is fulfilled, and vice versa. If |Ai| ≤ |Bi| and |Aj| ≤ |Bj|, then

Ai ∩ Aj = ∅ ⇒ ΘAi|Bi
n ⊥ ΘAj |Bj

n ;

Ai ∩Bj = ∅ ⇒ ΘAi|Bi
n ⊂ ΘAj |Bj

n , i.e., Ai ⊂ Aj;

Aj ∩Bi = ∅ ⇒ ΘAj |Bj
n ⊂ ΘAi|Bi

n , i.e., Aj ⊂ Ai;

Bi ∩Bj = ∅ ⇒ ΘAi|Bi
n ×ΘAj |Bj

n = ΘAj |Bj
n ×ΘAi|Bi

n , i.e., S
Ai|Bi
n−1 = S

Aj |Bj
n−1 .

In particular, Bi∩Bj = ∅ implies that the splits S
Ai|Bi
n−1 and S

Aj |Bj
n−1 are different representations

of the same split, and hence are not eligible for comparision, i.e., this case is vacuous. If

|Ai| ≤ |Bi| and |Aj| > |Bj|, then

Ai ∩ Aj = ∅ ⇒ ΘAi|Bi
n ⊂ ΘBj |Aj

n , i.e., Ai ⊂ Bj;

Ai ∩Bj = ∅ ⇒ ΘAi|Bi
n ⊥ ΘBj |Aj

n ;

Aj ∩Bi = ∅ ⇒ ΘAi|Bi
n = ΘAj |Bj

n , is impossible since |Aj| > |Bj|;

Bi ∩Bj = ∅ ⇒ ΘBj |Aj
n ⊂ ΘAi|Bi

n , i.e., Bj ⊂ Ai.

This shows that if |Ai| ≤ |Bi|, then satisfying one of the compatibility conditions

implies one of the criteria for forming a simplex in R(∆n) is satisfied. By symmetry, this

is also true for |Bi| ≤ |Ai| by interchanging i and j. Now we will show that if one of the

criteria for forming a simplex in R(∆n) is satisfied, then one of the subsets

Ai ∩ Aj, Ai ∩Bj, Aj ∩Bi, or Bi ∩Bj

is empty. If Θ
Ai|Bi
n ⊥ Θ

Aj |Bj
n , then Ai ∩ Aj = ∅; If Θ

Ai|Bi
n ⊂ Θ

Aj |Bj
n , then Ai ∩ Bj = ∅;

if Θ
Aj |Bj
n ⊂ Θ

Ai|Bi
n , then Aj ∩ Bi = ∅. Since the 0-simplices of PBHVn−1 and R(Dn) are

isomorphic, and higher-dimensional simplices in PBHVn−1 and R(Dn) are formed in the

same way, abstract complexes PBHVn+1 and R(∆n) are isomorphic.

Definition 2.3.2 (Vertex scheme). If K is a simplicial complex, let V be the vertex set of

K. Let K be the collection of all subsets {a0, . . . , an} of V , such that the vertices a0, . . . , an

span a simplex of K. The collection K is called the vertex scheme of K [40].
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Definition 2.3.3 (Geometric realization). If the abstract simplicial complex S is isomorphic

with the vertex scheme of the simplicial complex K, we call K a geometric realization of S.

It is uniquely determined up to a linear isomorphism [40].

According to Munkres [40], isomorphisms between abstract complexes induce home-

omorphisms between their geometric realizations. Theorem 2.3.1 proved that abstract com-

plexes PBHVn+1 and R(∆n) are isomorphic. Therefore, PBHVn+1 and the geometric real-

ization of R(∆n) are homeomorphic. As a result:

Corollary 2.3.4 (PBHVn−1 and R(∆n) homeomorphism). The geometric realization of

PBHVn−1 and R(∆n) are homeomorphic.

Definition 2.3.5 (The polytope Pσi(Dn)). Let σi be in the symmetric group Sn. A polytope

Pσi(Dn) is diffeomorphic to the closure of each cell in M0,n as a manifold with corners

corresponding to the circular ordering {σi(1), . . . , σi(n)}. Faces of Pσi(Dn) correspond to

the boundary divisors of M0,n which meet the closure of the cell. Each Pσi(Dn) is identified

with an associahedron with each vertex representing the triangulation of an n-gon, with one

facet for each diagonal, depicted in Fig. 2.3.

Definition 2.3.6 (The polytope P(Dn)). P(Dn) is the collection of polytopes Pσi(Dn) iden-

tified along common faces:

P(Dn) =
∐
σi

Pσi(Dn)/ ∼ .

According to Definition 2.1.5, a circular ordering identifies {x1, . . . , xn} with circular

orderings {xn, xn−1, . . . , x1} and (x2, x3, . . . , xn, x1). Therefore, there are (n−1)!/2 copies of

Pσi(Dn) in P(Dn), created by Sn acting on labeled vertices modulo the dihedral group. The

0-dimensional simplices in PBHVn−1 are in bijection with the (n − 4)-dimensional spaces

(top-dimensional) in Pσi(Dn); a k-dimensional simplex in PBHVn−1 is formed by k + 1

compatible bipartitions, and each bipartition corresponds to a facet of an associahedron.

We summarize this dual relation between R(∆n) and P(Dn) as the following:

Theorem 2.3.7 (R(∆n) and P(Dn) are duals). R(∆n) and P(Dn) are duals: k-simplices of

R(∆n) are in bijection with (n − k − 4)-dimensional faces of P(Dn); a k-simplex of R(∆n)
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Figure 2.3: The associahedron Pσi(D5).

consists of a collection of root subsystems Θ forms a (k+1)-simplex of R(∆n) with some root

subsystem Θ
A|B
n if and only if the (n − k − 4)-dimensional faces of P(Dn) that corresponds

to Θ form an (n− k − 5)-dimensional face of P(Dn) with a facet that corresponds to Θ
A|B
n .

Proof. The k-simplices of R(∆n) are isomorphic to the k-simplices of PBHVn−1, which are

k + 1 compatible bipartitions. These k + 1 compatible bipartitions correspond to k + 1

diagonals in an n-gon. By Definition 2.3.5, faces of Pσi(Dn) can be identified with an

associahedron with each vertex representing the triangulation of an n-gon, with one facet

for each diagonal. This implies that k-dimensional faces of Pσi(Dn) correspond to an n-gon

with n − k − 3 diagonals, and (n − k − 4)-dimensional faces of Pσi(Dn) correspond to an

n-gon with k + 1 diagonals, which are k + 1 compatible splits identified with k-simplices of

R(∆n). Identifying faces from Pσi(Dn) to form P(Dn) does not affect the dimensionality of

the space; therefore, k-simplices of R(∆n) are in bijection with (n− k− 4)-dimensional faces

of P(Dn),

A k-simplex of R(∆n) that corresponds to a collection of k + 1 root subsystems Θ

forms a (k + 1)-simplex if and only if the new root subsystem Θ
A|B
n has a perpendicular

or inclusion relation with each element in Θ. This condition is the same as a new split

being compatible with each split in a set of compatible splits Sn−1 that corresponds to Θ.
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A bipartition compatible with other bipartitions corresponds to a diagonal of an n-gon that

does not intersect with other existing diagonals of the n-gon. Therefore, adding a new

diagonal to (n− k − 4)-dimensional faces of P(Dn) creates an (n− k − 5)-dimensional face

of P(Dn).

2.4 Isometry Between BHVn−1 and F(Dn)

A lattice N is isomorphic to Zn for some n, and we define the real vector space

NR = N ⊗Z R. First we define the concept of a convex polyhedral cone.

Definition 2.4.1 (Convex polyhedral cone). A convex polyhedral cone is a set

σ = {r1v1 + · · · rsvs ∈ NR : ri ≥ 0}

generated by any finite set of vectors v1, . . . , vs in NR. A strongly convex rational polyhedral

cone σ in NR is a cone with apex at the origin, generated by a finite number of vectors;

rational means that it is generated by vectors in the lattices, and strong convexity means

that it contains no line through the origin [22].

Let M = Hom(N,Z) denote the dual lattice, with dual pairing denoted 〈, 〉.

Definition 2.4.2 (Dual cone [22]). If σ is a cone in N , the dual cone σ∨ is the set of vectors

in MR = M ⊗Z R that are nonnegative on σ, i.e., it is the set of equations of supporting

hyperplanes, i.e.,

σ∨ = {u ∈ V ∗ : 〈u, v〉 ≥ 0 for all v ∈ σ}.

Definition 2.4.3 (Supporting hyperplane). Given a (convex) set S ⊂ Rn, we say that a

hyperplane H ⊂ Rn is a supporting hyperplane of S if all of S is contained in one of the

halfspaces bounded by H and if H contains at least one boundary point of S [22].

Definition 2.4.4 (Face of a cone). The face τ of a cone σ is the intersection of σ with any

supporting hyperplane:

τ = σ ∩ u⊥ = {v ∈ σ : 〈u, v〉 = 0}

for some u in σ∨ [22].
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Definition 2.4.5 (Fan). A fan in N is a collection of strongly convex rational polyhedral

cones σ in the real vector space NR, such that every face of a cone in the fan is also a cone

in the fan, and the intersection of two cones in the fan is a face of each [22].

Denote Dn = {α ∈ Λ | α2 = −2} as the root system of type D, where Λ is a

negative-definite Z-lattice spanned by Dn. Consider the linear map

φ : Sym2 Λ∨ −→ ZA1(Dn)

f 7→
∑

A1∈A1(Dn)

f(A1)[A1],

where Sym2 Λ∨ is the space of quadratic forms on Λ, and f(A1) is equal to the value of f

on one of the opposite roots of A1. Define N(Dn) as Coker φ, and let ψ be the canonical

map to quotient module. Let ψ : ZD+
n → N(Dn) be the dual map. For any root subsystem

J ⊂ Dn, let

ψ(J) :=
∑

α∈J∩D+
n

ψ(α).

In the following, we present a formal definition of the algebraic fan F(Dn) according

to Hacking-Keel-Tevelev [25].

Definition 2.4.6 (The fan F(Dn)). Define strongly convex rational polyhedral cones τF in

NR as a set:

τF =
{
r1ψ

(
ΘA1|B1
n

)
+ · · ·+ rnψ

(
ΘAk|Bk
n

)
∈ N(Dn)Q : ri ≥ 0

}
.

The fan F(Dn) in N(Dn)Q is a collection of strongly convex rational polyhedral cones τF in

the real vector space N(Dn)Q determined by the rays ψ
(

Θ
Ai|Bi
n

)
for each Θ

Ai|Bi
n ∈ R(Dn),

where rays span a cone in F(Dn) if and only if the corresponding subsystems form a simplex

in R(∆n).

A simplicial complex K in RN is a collection of simplices in RN , such that every

face of a simplex of K is in K and the intersection of any two simplices of K is a face

of each of them; meanwhile, every face of a cone in the fan is also a cone in the fan, and

the intersection of two cones in the fan is a face of each, which is analogous to a simplicial
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complex [22]. Meanwhile, Zairis-Khiabanian-Blumberg-Rabadan defined cubical complexes

as metric spaces obtained by gluing together cubes via the data of isometries of faces, subject

to the condition that two cubes are connected by at most a single face identification and

no cube is glued to itself [59]. In the following theorem, we show that F(Dn) inherits a

simplicial structure from R(∆n) and therefore is a fan.

Proposition 2.4.7. F(Dn) is a fan.

Proof. To prove F(Dn) is a fan, we need to show that every face of a cone in F(Dn) is also

a cone in F(Dn), and the intersection of two cones in F(Dn) is a face of each. Consider a

face τ of a cone σ ⊂ F(Dn). By definition, τ is the intersection of σ with any supporting

hyperplane:

τ = σ ∩ u⊥ = {v ∈ σ : 〈u, v〉 = 0}

for some u in σ∨. Because τ is the intersection of σ with a supporting hyperplane, τ is a

subset of σ and spanned by a collection of pairwise compatible root subsystems. Since the

root subsystems spanning σ are pairwise compatible, the root subsystems spanning τ are also

pairwise compatible. Recall that rays span a cone in F(Dn) if and only if the corresponding

subsystems form a simplex in R(∆n). Therefore, τ is also a cone in the fan.

Since a cone is a face of itself [22], we have:

σ = σ ∩ u⊥ = {v ∈ σ : 〈u, v〉 = 0}

for some u in σ∨, and

σ̃ = σ̃ ∩ ũ⊥ = {v ∈ σ̃ : 〈ũ, v〉 = 0}

for some ũ in σ̃∨.

Let τ̃ be the intersection of two cones σ, σ̃ ⊂ F(Dn), then

τ̃ = (σ ∩ u⊥) ∩ (σ̃ ∩ ũ⊥) = σ ∩ (σ̃ ∩ u⊥ ∩ ũ⊥).

By definition,

σ∨ = {u ∈ V ∗ : 〈u, v〉 ≥ 0 for all v ∈ σ}.
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Therefore, σ̃ ∩ u⊥ ∩ ũ⊥ is in σ∨. So τ̃ is a face of σ. And similarly,

τ̃ = σ̃ ∩ (σ ∩ u⊥ ∩ ũ⊥).

So τ̃ is a face of σ̃. Therefore, τ ′ is a face of the cones σ and σ′, respectively, and we conclude

that F(Dn) is a fan.

The definition of the fan F(Dn) determined by R(∆n) induces an isomorphism be-

tween F(Dn) and R(∆n). This relation is analogous to that between PBHVn and BHVn.

BHVn is the cone over PBHVn, and F(Dn) is the cone over R(∆n), both consisting of rays

emanating from the suspension point to infinity. Since R(∆n) is isomorphic to PBHVn−1,

this isomorphism also passes down to F(Dn) and BHVn−1.

Theorem 2.4.8 (BHVn−1 and F(Dn) isomorphism). BHVn−1 and F(Dn) are isomorphic.

Proof. Each k-dimensional orthant in BHVn−1 can be parametrized by a set of compatible

splits Skn−1 =
{
S
A1|B1

n−1 , . . . , S
Ak|Bk
n−1

}
:

σkn−1 =
{
t1S

A1|B1

n−1 + · · ·+ tkS
Ak|Bk
n−1 ∈ BHVn−1 : ti ≥ 0

}
.

Each k-dimensional cone of the fan F(Dn) can be parametrized by

τ kF =
{
r1ψ

(
ΘA1|B1
n

)
+ · · ·+ rnψ

(
ΘAk|Bk
n

)
∈ N(Dn)Q : ri ≥ 0

}
for a collection of root subsystems Θk

n =
{

Θ
A1|B1
n , . . . ,Θ

Ak|Bk
n

}
in R(Dn). Therefore, there is

an isomorphism between a k-dimensional orthant σkn−1 in BHVn−1 and a k-dimensional cone

τ kF of F(Dn) obtained by extending ω : Sn−1 −→ R(Dn) as in the following:

ω̂ : σkn−1 −→ τ kF ,

r1S
A1|B1

n−1 + · · ·+ rkS
Ak|Bk
n−1 7→ r1ΘA1|B1

n + · · ·+ rkΘ
Ak|Bk
n .

We notice that the fan F(Dn) is constructed by abstract cones τ kF according to R(∆n), and

the cubical complex BHVn−1 is formed by emanating rays over PBHVn−1. Since R(∆n) and
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PBHVn−1 are isomorphic, the isomorphism ω̂ extends to BHVn−1 orthants and maximal

dimensional cones in F(Dn):

Ω : BHVn−1 −→ F(Dn),

r1S
A1|B1

n−1 + · · ·+ rn−3S
An−3|Bn−3

n−1 7→ r1ΘA1|B1
n + · · ·+ rn−3ΘAn−3|Bn−3

n .

Different orthants of BHVn−1 are represented by different collections of compatible splits,

and different cones of F(Dn) are represented by different collections of root subsystems. The

invertibility of the map Ω follows from that of ω, and, therefore, Ω is an isomorphism between

F(Dn) and BHVn−1 as sets.

The cubical complex metric is similar to the l1-path metric on a simplicial complex:

Definition 2.4.9 (The l1-path metric of a cubical complex). Let C be a cubical complex.

For any two points x, y ∈ C, we define a path in C from x to y to be a sequence of points

x = a0, a1, . . . , ar = y in C, such that for every i = 1, . . . , r there is a cube σi of C that

contains both ai−1 and ai. The length of such a path is the sum

r∑
i=1

dσi(ai−1, ai),

where dσi denotes the metric on the cube σi, i.e., the Euclidean metric. Then we define a

metric on C by setting dC(x, y) to be the infimum of lengths of all such paths from x to y.

We call this metric the l1-path metric of a cubical complex.

Ardila-Owen-Sullivant [3] found that BHV is an orthant space, which is a special case

of cubical complexes, so BHV is naturally equipped with the cubical complex metric. By

Definition 2.4.6, F(Dn) is a collection of strongly convex rational polyhedral cones determined

by the rays ψ(Θn) for each Θ ∈ R(∆n), where rays span a cone in F(Dn) if and only if the

corresponding subsystems form a simplex in R(∆n). The correspondence of F(Dn) with

simplices in R(∆n) formed by subsystems imposes a simplicial structure on F(Dn).

Lemma 2.4.10. F(Dn) is a cubical complex.
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Proof. F(Dn) is a collection of strongly convex rational polyhedral cones

τ kF =
{
r1ψ

(
ΘA1|B1
n

)
+ · · ·+ rkψ

(
ΘAk|Bk
n

)
∈ N(Dn)Q : ri ≥ 0

}
.

F(Dn) is obtained by tiling with unit cubes, and is the quotient of a disjoint union of cubes

X =
∐

Λ I
nλ by an equivalence relation ∼. Consider the restrictions pλ : Inλ → F(Dn) of

the natural projection p : X → F(Dn) = X/ ∼. Because F(Dn) is obtained by tiling with

unit cubes, no cube is glued to itself. Thus, the map pλ is injective for every λ ∈ Λ.

When gluing cones together, rays span a cone in F(Dn) if and only if the corresponding

subsystems form a simplex in R(∆n), and two cones are glued together along the face spanned

by the root subsystems they share. As a resut, for every cone σλ, the map

pλ :
∐
Λ

σλ →
∐
Λ

σλ/ ∼

with the equivalence relation represents the identification of two faces spanned by the same

root subsystems. Faces of tiling unit cubes in F(Dn) are glued via an isometry hλ,λ′ from a

face Tλ ⊂ Inλ onto a face Tλ′ ⊂ Inλ′ , such that pλ(x) = pλ′(x
′) if and only if x′ = hλ,λ′(x).

Therefore, F(Dn) is a cubical complex.

F(Dn) is a cubical complex, so the l1-path metric on a cubical complex is canonical

on F(Dn). Points in BHVn−1 and F(Dn) are isomorphic by Theorem 2.4.8; therefore, the

cubical complex metric induces an isometry between BHVn−1 and F(Dn):

Theorem 2.4.11 (BHVn−1 and F(Dn) isometry). BHVn−1 and F(Dn) are isometric with

the cubical complex metric.

Proof. Denote by

Sn−1 =
{
S
A1|B1

n−1 , . . . , S
An−3|Bn−3

n−1

}
a set of compatible splits that spans an orthant in BHVn−1, and denote by

Θn = {ΘA1|B1
n , . . . ,ΘAn−3|Bn−3

n } ⊂ R(∆n)
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a set of root subsystems that spans a maximal dimensional cone in F(Dn). Theorem 2.4.8

proved that the map

Ω : BHVn−1 −→ F(Dn),

r1S
A1|B1

n−1 + · · ·+ rn−3S
An−3|Bn−3

n−1 7→ r1ΘA1|B1
n + · · ·+ rn−3ΘAn−3|Bn−3

n

is a bijection between BHVn−1 and F(Dn). We show that the cubical complexes BHVn−1

and F(Dn) are glued in the same way, so that the distance between two points Tn−1, T̃n−1 ∈

BHVn−1 is equal to the distance between the images of these two points in F(Dn) under the

map Ω. By definition, rays identified with Θ
Ai|Bi
n span a cone in F(Dn) if and only if the

root subsystems that correspond to the rays form a simplex in R(∆n), which implies that

the splits corresponding to the root subsystems span an orthant; and it is the same for the

degenerated orthants and the faces of cone. Therefore, cubes in the cubical complex BHVn−1

and F(Dn) are bijective.

Now we show that these identified cubes in BHVn−1 and F(Dn) are glued in the

same way. Since the intersection of Θn and Θ̃n is a subset of each, each pair of elements in

Θn ∩ Θ̃n also satisfies this criteria; hence, the intersection spans a cone in F(Dn). Consider

two orthants spanned by two sets of compatible splits Sn−1 and S̃n−1 corresponding to Θn

and Θ̃n. Since the intersection of two sets of compatible splits is also a set of compatible

splits, Sn−1 ∩ S̃n−1 spans a degenerated orthant that corresponds to the face of a cone in

F(Dn). Hence, the disjoint union of cubes in F(Dn) and BHVn−1 quotient in the same way.

Now we have proved that F(Dn) and BHVn−1 consist of isomorphic cubes equipped

with the l1-path metric of a cubical complex and that they are glued in the same way.

Therefore, for any two points Tn−1, T̃n−1 ∈ BHVn−1 and their images in F(Dn) under the

map Ω, the paths between Tn−1 and T̃n−1 and the paths between Ω(Tn−1) and Ω(T̃n−1) can

be identified. In particular, the length of the shortest path between Tn−1 and T̃n−1 and that

between Ω(Tn−1) and Ω(T̃n−1) are equal. Thus,

‖Tn−1 − T̃n−1‖dBHV
= ‖Ω(Tn−1)− Ω(T̃n−1)‖dF .
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The following section discusses generalizations of spaces of phylogenetic trees, called

spaces of phylogenetic networks, and introduces comparison theorems that connect spaces

of phylogenetic networks with algebraic geometry.
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Chapter 3

Comparison Theorems on Spaces of Phylogenetic

Networks

Phylogenetic networks are unrooted graphs, such that every split is represented by

an array of parallel edges, where the internal nodes in the phylogenetic network represent

ancestral species, and nodes with more than two parents correspond to reticulate events

such as hybridization or recombination [29]. Compared to phylogenetic trees, phylogenetic

networks more accurately reflect reticulate events such as hybridization, horizontal gene

transfer, recombination, or gene duplication and loss [9, 49, 17, 32, 34, 33, 31]. Fig. 3.1

compares phylogenetic trees with phylogenetic networks for the same dataset by Wägele

and Mayer [54] to demonstrate how the network exhibits conflicting signals that are not

represented in the tree.

A set of compatible splits can be represented by an unrooted phylogenetic tree; an

example is shown in Fig. 3.1a. However, in natural selection, even assuming that gene con-

version between paralogous genes and horizontal transfer of genes between species are rare,

non-phylogenetic signals still cannot always be recognized. Therefore, random data [56] and

the presence of paralogous sequences introduce noise in the form of conflicting signals. For

example, Cyclestheria appears as sister taxon to Cladocera in the tree, as shown in Fig. 3.1a;

however, Cyclestheria is usually classified as genus of Spinicaudata, while there are also mor-

phological characters indicating that Cyclestheria might not be a spinicaudatan genus. The

bifurcations are contradicted by conflicting patterns, and there are no edges distinctly better

than conflicting signals that allow safe placement of Notostraca, Spinicaudata, Lynceus, or

Cyclestheria. The phylogenetic network exhibits conflicting signals that are not represented

in the tree, as shown in Fig. 3.1b.
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(a) Original tree topology [54]. (b) Neighbor-net graph [54].

Figure 3.1: Comparison of phylogenetic trees with phylogenetic networks for the
same dataset. 25 species of Branchiopoda and outgroups from 18SrDNA sequences.

3.1 Spaces of Phylogenetic Networks and Projectivized Spaces

In this section, we introduce spaces of phylogenetic networks with a brief introduction

from the viewpoint of biologists [29], followed by the mathematical model of phylogenetic

networks as cubical complexes according to Devadoss and Petti, called the circular split

network (CSN) [16]. Then we will discuss relations between spaces of phylogenetic networks

and algebraic fans, projectivized spaces of phylogenetic networks and simplicial complexes,

and embeddings among these spaces.

Definition 3.1.1 (Edge coloring). Let G = (V,E) be a finite connected graph, and let K

denote a finite set of labels called colors. An edge coloring is a mapping σ : E → K that has

the property that no two adjacent edges are given the same color [29].

Definition 3.1.2 (Properly colored). Consider an undirected path,

P = (u0, e1 = {u0, u1}, u1, e2 = {u1, u2}, . . . , et = {ut−1, ut}, ut),

containing exactly len(P ) = t different edges. We denote the set of colors that occur in P

by σ(P ), defined as

σ(P ) = {σ(e1), . . . , σ(et)},
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and call P properly colored, if all edges in P have different colors, that is, if |σ(P )| = t [30].

Definition 3.1.3 (Isometric coloring). An edge coloring σ of a finite connected graph G =

(V,E) is an isometric coloring, if for any two nodes, all shortest paths between them are

properly colored and use exactly the same set of colors [30].

Definition 3.1.4 (Split graph). A split graph consists of a finite, simple, connected, bipartite

graph G = (V,E), together with an edge coloring σ : E → K that is surjective and isometric

[29].

Deleting all edges of any given color in a split graph produces two connected com-

ponents, initially proved by Dress and Huson [18]. This property ensures split networks are

well-defined, with nodes labeled by a set of taxa X and edges labeled by a set of splits S.

Definition 3.1.5 (Split network). Let S be a set of splits on X. A split network N =

(V,E, σ, λ) that represents S is given by a split graph (G = (V,E), σ : E → S) and a node

labeling λ : X→ V , such that

A =
⋃
v∈V 0

S

λ−1(v) and B =
⋃
v∈V 1

S

λ−1(v)

for every split S = A | B in S, where V 0
S and V 1

S refer to the sets of vertices in the connected

component G0
c and G1

c , respectively [29].

In other words, deletion of all edges of color S produces a graph consisting of pre-

cisely two connected components, one containing all nodes labeled with elements of A and

the other containing all nodes labeled with elements of B. Phylogenetic network refers to

any graph used to represent evolutionary relationships between a set of taxa [30]. More re-

cently, Devadoss and Petti presented a mathematical model of phylogenetic networks, called

a circular split network, where a split network is specified with a circular ordering that is

compatible with most of the splits [16], given in Definition 1.3.1. Orthants in CSNn are glued

together along cells that represent split systems that are compatible with the orderings of

their respective chambers of M0,n [16].
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CSNn is a cubical complex realized by subdividing each orthant into cubes. BHVn−1

consists of one root and a set X of n − 1 labeled leaves, and CSNn consists of a set X′ =

X∪{v} with some labeled leaf v. CSNn and BHVn−1 share the same set of bipartitions after

identifying with the root in BHVn−1. The set of bipartitions has cardinality 2n−1 − n − 1,

and we use
◦
Sn to denote the set of splits in CSNn. Each phylogenetic network Pn ∈ CSNn

consists of at most M = n(n−3)
2

splits; therefore, we represent each network Pn ∈ CSNn by a

coordinate system
◦
Sn =

{
ṠA1|B1
n , . . . , ṠAM |BMn

}
for a set of splits

◦
Sn ⊂

◦
Sn, such that

Pn =
(
t1Ṡ

A1|B1
n , . . . , tM Ṡ

AM |BM
n

)
for some ti ≥ 0.

Definition 3.1.6 (CSN metric). The distance between any two points of CSNn in the same

orthant is the Euclidean distance. If two points are in different orthants, we join them by

a sequence of straight segments, with each segment lying in a single orthant. The distance

between the two points is the minimum of the lengths of such segmented paths joining the

two points, denoted as dCSNn(x, y).

Although BHVn−1 and CSNn share the same set of bipartitions, the bipartitions

span a phylogenetic tree or a phylogenetic network under different criteria, resulting in

different maximal dimensional cells in BHVn−1 and CSNn. In CSNn, bipartitions form higher-

dimensional simplices if they share the same circular ordering; in BHVn−1, bipartitions are

required to be compatible, in addition to sharing the same circular ordering, in order to form

higher-dimensional simplices. This forms a natural inclusion from BHVn−1 into CSNn. In

the following, we first present a definition of the Catalan number Cn, which can be regarded

as the number of non-isomorphic ordered trees with n+ 1 vertices [51]. Then we will discuss

the combinatorial properties of the embedding of BHVn−1 into CSNn.

Definition 3.1.7 (Catalan number). The Catalan numbers are named after the Belgian

mathematician Eugène Charles Catalan. The n-th Catalan number is

Cn =
1

n+ 1

(
2n

n

)
=

(2n)!

(n+ 1)!n!
=

n∏
k=2

n+ k

k
for n ≥ 0.
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Lemma 3.1.8 (Factorial identity).

(2n− 4) · · · · · (n− 1)

2(2n− 5)!!
= 2n−3.

Proof. The proof is by induction.

Theorem 3.1.9 (BHVn−1 embedding into CSNn). BHVn−1 is embedded into CSNn. There

are Cn−2 types of tree topology in BHVn−1 embedded in each orthant of CSNn, where Cn−2 is

the Catalan number. Each type of tree topology in BHVn−1 is embedded in the intersection

of 2n−3 orthants of CSNn.

Proof. Identifying the root of BHVn−1 with v = X′ \ X, which is the difference between the

set of taxa in CSNn and BHVn−1, induces the identity map λ between the set of bipartitions

Sn−1 of BHVn−1 and
◦
Sn of CSNn with Ai = A′i, Ai = B′i, A

′
i = Bi, or A′i = B′i:

λ : Sn−1 −→
◦
Sn,

S
Ai|Bi
n−1 7→ Ṡ

A′i|B′i
n .

Extend λ to Λ as the following:

Λ : BHVn−1 −→ CSNn,(
r1S

A1|B1

n−1 , · · · , rn−3S
An−3|Bn−3

n−1

)
7→
(
ri1S

Ai1 |Bi1
n , · · · , riMS

AiM |BiM
n

)
,

where M = n(n−3)
2

, ri = rj if Ai = Aj, Ai = Bj, Bi = Aj, or Bi = Bj, and rk = 0 otherwise.

Since Λ is injective, BHVn−1 is embedded into CSNn.

The number of non-isomorphic ordered trees with n+ 1 vertices is Cn [51], and each

non-isomorphic tree with certain circular ordering corresponds to a tree topology; therefore,

there are Cn−2 types of tree topology in BHVn−1 embedded in each orthant of CSNn. Since

each tree in BHVn−1 is up to rotation along the internal edges, but each rotation leads to

a different orthant in CSNn, each tree topology is in the intersection of 2n−3 different CSNn

orthants, where n−3 is the number of internal edges for a tree in the interior of BHVn−1.
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The number of CSNn orthants that each BHVn−1 orthant intersects is the number of

tree topologies in each CSNn orthant Cn−2, multiplied by the total number of orthants (n−1)!
2

in CSNn, and then divided by the number of tree topologies in BHVn−1:

Cn−2 · (n−1)!
2

(2n− 5)!!
=

(2n− 4) · · · · · (n− 1)

2(2n− 5)!!
= 2n−3,

which yields the same result as Theorem 3.1.9. The last identity is according to Lemma

3.1.8.

Following the definition of the link of vertex by Zairis-Khiabanian-Blumberg-Rabadan,

we define the link of CSNn at the origin as the set

LCSN(0) = {z ∈ CSNn | d(z, 0) = ε}

for some fixed 0 < ε < 1. Therefore, the link of the origin in CSNn is the set of points

Pn ∈ CSNn, such that
∑n(n−3)/2

i=1 t2i = ε2. By Proposition 2.1.11, the link L(v) of a vertex v

in a cubical complex C is a spherical complex. Since CSNn is a cubical complex, as a result,

the link of the origin in CSNn is a spherical complex.

Proposition 3.1.10 (PCSNn and the link of CSNn isomorphism). There is an isomorphism

of sets between PCSNn and the link of CSNn at the origin defined by Zairis-Khiabanian-

Blumberg-Rabadan.

Proof. By Definition 1.3.2, PCSNn consists of the points with the sum of internal edges ti

satisfying
∑n(n−3)/2

i=1 ti = 1. Parameterizing this set of points by angular coordinates in each

orthant, we have:

µ : PCSNn −→ LCSN(0),(
l, ϕ1, . . . , ϕn(n−3)

2
−1

)
7→
(
ε, ϕ1, . . . , ϕn(n−3)

2
−1

)
,

where ϕk are angular coordinates, and ε is determined by the relation that the sum of the

squares of the coordinates is equal to one. Therefore, LCSN(0) and PCSNn are isomorphic.

Theorem 3.1.11 (CSNn and PCSNn connection theorem). PCSNn is the projectivized

space of CSNn, and the cone over PCSNn is isomorphic to CSNn as sets.
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Proof. Let M = n(n−3)
2

. Denote a point Pn of CSNn by a set of compatible splits
◦
Sn:

Pn =
(
t1Ṡ

A1|B1
n , · · · , tM ṠAM |BMn

)
, ti ≥ 0.

The image of the following quotient map is PCSNn:

ζ : CSNn \{0} −→ CSNn \{0},(
t1Ṡ

A1|B1
n , · · · , tM ṠAM |BMn

)
7→
(
t1Ṡ

A1|B1
n , · · · , tM ṠAM |BMn

)
/

M∑
i=1

ti.

Therefore, PCSNn is the projectivized space of CSNn, with the simplicial structure of PCSNn

inherited from the cubical complex CSNn.

On the other hand, PCSNn is the quotient space of CSNn, and we denote each element

in PCSNn by

P n =
(
t̂1Ṡ

A1|B1
n , · · · , t̂M ṠAM |BMn

)
with t̂i ≥ 0 and

∑M
i=1 t̂i = 1. Each element in PCSNn is a representative of the equivalence

class of rescaled phylogenetic networks in CSNn. We define the 0-cone over PCSNn as

CSN?
n = (PCSNn×R≥0) / (PCSNn×0).

Each point in CSN?
n can be represented by

P
k

n =
(
k, t̂1Ṡ

A1|B1
n , · · · , t̂M ṠAM |BMn

)
for k ≥ 0. Consider the map

Ξ : CSN?
n −→ CSNn,(

k, t̂1Ṡ
A1|B1
n , · · · , t̂M ṠAM |BMn

)
7→
(
kt̂1Ṡ

A1|B1
n , · · · , kt̂M ṠAM |BMn

)
.

The map Ξ takes a point P
k

n in CSN?
n to a point Pn in CSNn with a rescaling factor k.

Therefore, the 0-cone over PCSNn is isomorphic to CSNn as sets.

Identifying the set of bipartitions of PBHVn−1 and PCSNn also induces an inclusion

from PBHVn into PCSNn.
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Corollary 3.1.12 (PBHVn−1 embedding into PCSNn). PBHVn−1 is embedded into PCSNn.

There are Cn−2 types of tree topology in PBHVn−1 embedded in each orthant of PCSNn.

Each type of tree topology in PBHVn−1 is embedded in the intersection of 2n−3 orthants of

PCSNn.

Proof. According to Definition 1.1.2 and Definition 1.3.2, PBHVn consists of the points Tn

for which the sum of its n− 2 internal edges ti is 1, and PCSNn consists of the circular split

networks for which the sum of its internal edges ti is 1. Since rescaling does not affect tree

topology, each tree topology in BHVn−1 is embedded in an orthant of CSNn if and only if

that tree topology in PBHVn−1 is embedded in the respective PCSNn orthant. Therefore,

the results in Theorem 3.1.9 extend to PBHVn−1 and PCSNn.

3.2 The Remarkable Fan G(Dn) Over Simplicial Complexes Q(∆n)

In this section, we introduce algebraic fans that are isomorphic to spaces of phyloge-

netic networks and inclusion relations between algebraic fans and phylogenetic spaces.

Definition 3.2.1 (The simplicial complex Q(∆n)). Define the simplicial complex Q(∆n)

with 0-simplices being elements in the set R(Dn). Higher-dimensional simplices

Θk
n =

{
ΘA1|B1
n , . . . ,ΘAk|Bk

n

}
⊂ Q(∆n)

are formed by root subsystems if and only if their corresponding boundary divisors all meet

a single closed cell, i.e., they correspond to faces of Pσi(Dn).

Definition 3.2.2 (The remarkable fan G(Dn)). Define strongly convex rational polyhedral

cones τG in NR as a set:

τG =
{
r1ψ

(
ΘA1|B1
n

)
+ · · ·+ rnψ

(
ΘAk|Bk
n

)
∈ N(Dn)Q : ri ≥ 0

}
.

The remarkable fan G(Dn) in N(Dn)Q is a collection of strongly convex rational polyhedral

cones τG in the real vector space N(Dn)Q determined by the rays ψ
(

Θ
Ai|Bi
n

)
for each Θ

Ai|Bi
n ∈

Θn, where rays span a cone in G(Dn) if and only if the corresponding boundary divisors all

meet a single closed cell, i.e., they correspond to faces of Pσi(Dn), as defined in Section 2.3.
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The proof that G(Dn) is a fan is similar to Proposition 2.4.7.

Proposition 3.2.3. G(Dn) is a fan.

Proof. Consider a face τ of a cone σ ⊂ G(Dn), which is the intersection of σ with any

supporting hyperplane:

τ = σ ∩ u⊥ = {v ∈ σ : 〈u, v〉 = 0}

for some u in σ∨. Therefore, τ is a subset of σ and is spanned by a collection of root

subsystems. Since τ is a subset of σ, the root subsystems spanning τ also correspond to

faces of Pσi(Dn). Therefore, τ is also a cone in the fan.

Now we show that the intersection of two cones in G(Dn) is a face of each. Let σ

denote a cone in G(Dn) spanned by a collection of root subsystems S, and let σ̃ denote

another cone in G(Dn) spanned by a collection of root subsystems S̃. Assuming σ ∩ σ̃ 6= ∅,

the hyperplane u spanned by S ∩ S̃ is a supporting hyperplane, such that

τ = σ ∩ u⊥ = {v ∈ σ : 〈u, v〉 = 0}.

Therefore, τ is a face of σ. Similarly, the hyperplane ũ spanned by S ∩ S̃ is a supporting

hyperplane, such that

τ = σ̃ ∩ ũ⊥ = {v ∈ σ̃ : 〈ũ, v〉 = 0}.

Therefore, τ is also a face of σ̃ also. Hence, F(Dn) is a fan.

By definition, the fan F(Dn) ⊂ N(Dn)Q is the collection of cones determined by the

rays ψ
(

Θ
Ai|Bi
n

)
for each Θ

Ai|Bi
n ∈ R(∆n), where rays span a cone in F(Dn) if and only if

the corresponding root subsystems form a simplex in R(∆n). This implies that bipartitions

that correspond to the root subsystems are compatible. For a collection of bipartitions to

be compatible, they first need to share the same circular ordering. Since rays span a cone in

G(Dn) if they share the same circular ordering, this fact induces an inclusion relation between

F(Dn) and G(Dn). In the following, we present a proof of the conjecture by Hacking-Keel-

Tevelev on the inclusion relation between F(Dn) and G(Dn) [25].

44



Theorem 3.2.4 (G(Dn) contains F(Dn)). The fan F(Dn) ⊂ N(Dn)Q embeds into the re-

markable fan G(Dn).

Proof. By definition, the fan F(Dn) ⊂ N(Dn)Q is the collection of cones determined by the

rays ψ
(

Θ
Ai|Bi
n

)
for each Θ

Ai|Bi
n ∈ R(∆n). Consider the map

ι : F(Dn) −→ G(Dn),

n−3∑
i=1

riψ
(
ΘAi|Bi
n

)
7→

M∑
i=1

riψ
(
ΘAi|Bi
n

)
for M = n(n−3)

2
. Since rays span a cone in F(Dn) if and only if the corresponding subsystems

form a simplex in R(∆n), by Theorem 2.3.1, this implies these rays form a simplex if and only

if they are compatible bipartitions. Compatible bipartitions can be viewed as internal edges

of a labeled tree, which has a fixed circular ordering. Therefore, compatible bipartitions can

be arranged to share the same circular ordering. Rays form a cone τG in the fan G if and only

if they correspond to faces of Pσi(Dn), i.e., they share the same circular ordering. Therefore,

each cone τF in the fan F is a subset of a cone τG in the fan G. Two cones in the fan G are

identified along their common faces, which are also common faces in the fan F; hence, they

are identified in the preimage under ι as well. Thus, ι is an injection from τF into τG, and

the fan F(Dn) ⊂ N(Dn)Q embeds into the remarkable fan G(Dn).

3.3 Homeomorphism Between PCSNn and Q(∆n)

Q(∆n) is a simplicial complex: for a collection of root subsystems Θn that forms

a simplex, each subset of Θn must also share a circular ordering, i.e., they correspond to

faces of Pσi(Dn) for certain circular ordering σi. So every face of a simplex in Q(∆n) is also

a simplex in Q(∆n). Also, a non-empty intersection of two simplices is a subset of each;

therefore, it is a face of each.

Similar to PBHVn−1 and R(∆n), PCSNn and Q(∆n) are also isomorphic as abstract

simplicial complexes and their geometric realizations are homeomorphic.

Theorem 3.3.1 (PCSNn and Q(∆n) isomorphism). PCSNn and Q(∆n) are isomorphic

abstract simplicial complexes.
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Proof. The set of splits in CSNn are denoted by:

◦
Sn =

{
ṠA1|B1
n , . . . , ṠAM |BMn

}
for M = |Sn−1| = 2n − n− 1. Consider the map υ between

◦
Sn ⊂ PCSNn and R(Dn):

υ :
◦
Sn −→ R(Dn),

Ṡ
Ai|Bi
n−1 7→ ΘAi|Bi

n .

The map I identifies 0-simplices of PCSNn and R(Dn).

By Definition 1.3.1, the internal branches of split networks share the same circular

ordering; simplices in Q(∆n) are formed by root subsystems if and only if they correspond

to faces of Pσi(Dn) for a certain σi, which coincides with sharing the same circular ordering.

Therefore, the 0-simplices of PCSNn and Q(∆n) form higher-dimensional simplices in the

same way. Thus, abstract complexes PCSNn and Q(∆n) are isomorphic.

Since the induced simplicial map between two abstract complexes is a homeomor-

phism, PCSNn and the geometric realization of Q(∆n) are also homeomorphic. As a result,

Corollary 3.3.2 (PCSNn−1 and Q(∆n) homeomorphism). The geometric realization of

PCSNn and Q(∆n) are homeomorphic.

Because PBHVn−1 is embedded into PCSNn, the geometric realization of PBHVn−1

and R(∆n) are homeomorphic by Corollary 2.3.4, and the geometric realization of PCSNn

and Q(∆n) are homeomorphic by Corollary 3.3.2, we conclude that:

Corollary 3.3.3 (R(∆n) embedding into Q(∆n)). R(∆n) is embedded into Q(∆n). There are

Cn−2 maximal dimension simplices in R(∆n) embedded in each maximal dimension simplex

of Q(∆n). Each maximal dimension simplex in R(∆n) is embedded in the intersection of

2n−3 maximal dimension simplices of Q(∆n).
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3.4 Isometry Between CSNn and G(Dn)

The isomorphism between CSNn and G(Dn) is extended from the isomorphism be-

tween the set of bipartitions of CSNn and rays ψ(Θ)G ⊂ G(Dn).

Lemma 3.4.1. G(Dn) is a cubical complex.

Proof. G(Dn) is a collection of strongly convex rational polyhedral cones

σG =
{
r1ψ

(
ΘA1|B1
n

)
+ · · ·+ rMψ

(
ΘAM
M

)
∈ N(Dn)Q : ri ≥ 0

}
,M =

n(n− 3)

2
.

G(Dn) is obtained by tiling with unit cubes, and it is the quotient of a disjoint union of cubes

X =
∐

Λ I
nλ by an equivalence relation ∼. Consider the restrictions pλ : Inλ → G(Dn) of the

natural projection p : X → G(Dn) = X/ ∼. Because G(Dn) is obtained by tiling with unit

cubes, for every λ ∈ Λ the map pλ is injective.

When gluing cones together, rays span a cone in G(Dn) if and only if the corresponding

subsystems meet at a single closed cell. Two cones are glued together along the face spanned

by the root subsystems they share, which is the isometry hλ,λ′ from a face Tλ ⊂ Inλ onto a

face Tλ′ ⊂ Inλ′ , such that pλ(x) = pλ′(x
′) if and only if x′ = hλ,λ′(x). Therefore, G(Dn) is a

cubical complex.

Theorem 3.4.2 (CSNn and G(Dn) isomorphism). CSNn and G(Dn) are isomorphic.

Proof. Each k-dimensional orthant in CSNn can be parametrized by a set of splits
◦
Sn ={

Ṡ
A1|B1
n , . . . , Ṡ

Ak|Bk
n

}
that shares the same circular ordering:

σkn =
{
t1Ṡ

A1|B1
n + · · ·+ tkṠ

Ak|Bk
n ∈ CSNn : ti ≥ 0

}
.

Each k-dimensional cone of the fan G(Dn) can be parametrized by

τ kG =
{
r1ψ

(
ΘA1|B1
n

)
+ · · ·+ rnψ

(
ΘAk|Bk
n

)
∈ N(Dn)Q : ri ≥ 0

}
for a collection of root subsystems Θk

n =
{

Θ
A1|B1
n , . . . ,Θ

Ak|Bk
n

}
that are 0-simplices in R(∆n).

Therefore, there is an isomorphism between a k-dimensional orthant σkn in CSNn and a k-

47



dimensional cone τ kG of G(Dn) induced by υ :
◦
Sn −→ R(Dn) as the following:

υ̂ : σkn −→ τ kG
k∑
i=1

riṠ
Ai|Bi 7→

k∑
i=1

riψ
(
ΘAi|Bi
n

)
.

But PCSNn and Q(∆n) are isomorphic abstract simplicial complexes; therefore, orthants in

PCSNn and cones in Q(∆n) are identified in the same way. So υ̂ can be extended to CSNn

and G(Dn):

Υ : CSNn −→ G(Dn),

n(n−3)/2∑
i=1

riṠ
Ai|Bi 7→

n(n−3)/2∑
i=1

riψ
(
ΘAi|Bi
n

)
.

The invertibility of the map Υ̂ follows from that of υ, and, therefore, Υ is an isomorphism

between CSNn and G(Dn) as sets.

Any set of orthants in CSNn is arranged around a common origin; therefore, CSNn is

an orthant space. Orthants in CSNn are formed by splits sharing the same circular ordering,

and they are glued together along the face spanned by splits they share. We equip CSNn

with cubical complex metric. G(Dn) is also a cubical complex, where rays span a cone in

G(Dn) if and only if the corresponding subsystems form a simplex in Q(∆n). Since CSNn

and G(Dn) are isomorphic, the cubical complex metric induces an isometry between CSNn

and G(Dn). The proof is as follows:

Theorem 3.4.3 (CSNn and G(Dn) isometry). CSNn and G(Dn) are isometric cubical com-

plexes.

Proof. We show that the cubical complexes CSNn and G(Dn) are glued in the same way, so

that the distance between two points Pn, P̃n ∈ CSNn is equal to the distance between the im-

ages of these two points in G(Dn) under the map Υ. By definition, rays identified with Θ
Ai|Bi
n

span a cone in G(Dn) if and only if the corresponding subsystems form a simplex in Q(∆n).

This condition implies that they can be identified with a circular ordering. Meanwhile, a set

48



of splits form a simplex in PCSNn and span an orthant in CSNn when they correspond to

faces of Pσi(Dn) for some σi, which also implies that they can be identified with a circular

ordering. Therefore, cubes in the cubical complex CSNn and G(Dn) are bijective.

Cubes in CSNn and G(Dn) are also identified in the same way. Consider two collections

of rays Θn and Θ̃n that span a cone in G(Dn). By definition, they correspond to faces of

Pσi(Dn) and Pσj(Dn), and Θn and Θ̃n are glued along common faces, i.e., the face spanned

by root subsystems that are both contained in Pσi(Dn) and Pσj(Dn). On the other hand,

orthants in CSNn are glued along the face spanned by common splits in different circular

orderings, which implies that the orthants in CSNn and simplices in G(Dn) are identified

in the same way. Therefore, for any two points Pn, P̃n ∈ CSNn and their images in G(Dn)

under the map Υ, the paths between Pn and P̃n and the paths between Υ(Pn) and Υ(P̃n)

are identical, so the lengths of the shortest path are also equal. Thus,

‖Pn − P̃n‖dCSN
= ‖Υ(Pn)−Υ(P̃n)‖dG .
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Chapter 4

Summary

Phylogenetic techniques play an important role in the research of cancer evolution.

The geometrical and topological structures of phylogenetic spaces unveil the intrinsic prop-

erties hidden in the ocean of data. The pathogenesis and evolutionary histories provide a

quantitative characterization of tumor initiation and maintenance, and therefore, are valu-

able for understanding carcinogenesis and cancer metastasis. A classical approach to repre-

sent the evolutionary trajectories across patients uses phylogenetic trees of each tumor and

then compares the n trees; another methodology developed much later is a generalization

of phylogenetic trees, called phylogenetic networks [24]. Metric structures of phylogenetic

spaces assist the identification of predictors of the malignancy evolution and cluster other ge-

netic architecture. The geometric structure of phylogenetic spaces elucidates the differences

between evolutionary histories, which may guide therapeutic intervention [11].

With recent developments in the acquisition of biological data and progress in genet-

ics, biology has become a data-rich discipline; for example, biologists have wielded CRISPR

to track a mammal’s development from a single egg into an embryo with millions of cells [35],

which creates an even greater demand for a deeper understanding of geometric structures

that represent evolutionary histories. Developments in technology bring even more pressing

challenges to phylogenetic studies. The phylogenetic trees are distinct within and between

patients [14, 23], but clonal alternations are only partially ordered in most cases through

phylogenetic analysis, yielding a complicated evolutionary model. Furthermore, genomic in-

stability, interpatient variability, and technical noise introduce stochasticity and complexity

to the evolutionary process.

In my dissertation, I studied evolutionary models and their mathematical structures.

Modeling the evolutionary histories and identifying structures which arise in theoretical
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mathematics connect biology with mathematics. We discovered the space of phylogenetic

trees BHVn−1 is isometric to the algebraic fan F(Dn), and the space of phylogenetic networks

CSNn is isometric to the algebraic fan G(Dn). Also, the projectivized space of phylogenetic

trees PBHV and the projectivized space of phylogenetic networks PCSN are homeomor-

phic to the geometric realizations of simplicial complexes R(∆n) and Q(Dn), respectively.

Furthermore, G(Dn) contains F(Dn); BHVn−1 embeds into CSNn; PBHVn−1 embeds into

PCSNn; and R(∆n) embeds into Q(Dn), as exhibited in Fig. 1.2.

Molecular events driving cancer evolution may deepen our understanding of the mech-

anisms of drug resistance and cancer metastasis. As longitudinal samplings of cohorts become

available, the mathematical structures of genomic histories may enhance investigations into

the molecular events underlying oncogenesis, metastasis, and acquired resistance to therapeu-

tics. Thus, the evolutionary trajectories that modeled according to the spaces of phylogenetic

trees BHVn and phylogenetic networks CSNn are promising quantitative characterizations

for patient stratification, cancer progression, and therapeutic responses.
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Appendix A

Simplicial Complexes Formed by Root Subsystems Dn

A.1 Simplicial complexes R(∆n) spanned by root subsystems of Dn

This section gives some explicit construction of simplicial complexes R(∆n) spanned

by root subsystems of Dn and their correspondences with spaces of phylogenetic trees. We

consider the root system of type D of the form

Dn = {±εi ± εj | 1 ≤ i < j ≤ n},

where ε1, . . . , εn denote the usual orthonormal unit vectors which form a basis of Rn. We

denote root subsystems Θ
Ak|Bk
n of Dn as below:

ΘAk|Bk
n = {±εi ± εj | i 6= j; i, j ∈ Ak}, Ak ⊂ {1, . . . , n}, and Bk = {1, . . . , n} \ Ak.

The simplicial complex R(∆4). The root subsystems D2,4 of root system D4 spanned by

canonical basis εi, εj is represented as

D2,4 =
{

Θ
{ε1,ε2}|{ε3,ε4}
4 ,Θ

{ε1,ε3}|{ε2,ε4}
4 ,Θ

{ε1,ε4}|{ε2,ε3}
4 ,Θ

{ε2,ε3}|{ε1,ε4}
4 ,Θ

{ε2,ε4}|{ε1,ε3}
4 ,Θ

{ε3,ε4}|{ε1,ε2}
4

}
,

with

Θ
{ε1,ε2}|{ε3,ε4}
4 = {±ε1 ± ε2}, Θ

{ε1,ε3}|{ε2,ε4}
4 = {±ε1 ± ε3},

Θ
{ε1,ε4}|{ε2,ε3}
4 = {±ε1 ± ε4}, Θ

{ε2,ε3}|{ε1,ε4}
4 = {±ε2 ± ε3},

Θ
{ε2,ε4}|{ε1,ε3}
4 = {±ε2 ± ε4}, Θ

{ε3,ε4}|{ε1,ε2}
4 = {±ε3 ± ε4}.

There are
(

4
2

)
/2 = 3 types of decomposition of D2,4 ×D2,4:

R(D4) = D2,4 ×D2,4 =
{

Θ
{ε1,ε2}|{ε3,ε4}
4 ×Θ

{ε3,ε4}|{ε1,ε2}
4 ,

Θ
{ε1,ε3}|{ε2,ε4}
4 ×Θ

{ε2,ε4}|{ε1,ε3}
4 ,

Θ
{ε1,ε4}|{ε2,ε3}
4 ×Θ

{ε2,ε3}|{ε1,ε4}
4

}
,
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which are the 0-simplices of the simplicial complex R(∆4). Since there is no perpendicular

nor inclusion relation in these 0-simplices, they are the top-dimensional simplices of R(∆4).

Each element in R(D4) corresponds to a split in BHV3, and therefore R(D4) is isomorphic

to the space of phylogenetic trees BHV3.

The simplicial complex R(∆5). As a set, R(D5) consists of root subsystems D2,5 of root

system D5, and there are
(

5
2

)
different types of root subsystems D2,5 of root system D5.

Since A and B complement each other, we introduce a shorthand ΘA
n to represent Θ

A|B
n . By

definition, we have:

R(D5) = D2,5 =
{

Θ
{ε1,ε2}
5 ,Θ

{ε1,ε3}
5 ,Θ

{ε1,ε4}
5 ,Θ

{ε1,ε5}
5 ,Θ

{ε2,ε3}
5 ,

Θ
{ε2,ε4}
5 ,Θ

{ε2,ε5}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε3,ε5}
5 ,Θ

{ε4,ε5}
5

}
.

Since these root subsystems D2,5 are the 0-simplices of R(D5), there is no inclusion relation

among them, but only perpendicular relation. Denote
[
ΘAi

5 ,Θ
Aj
5

]⊥
as the 1-simplex formed

by perpendicular relation between two root subsystems ΘAi
5 ,Θ

Aj
5 ∈ D2,5; the 1-simplices of

R(∆5) are {[
Θ
{ε1,ε2}
5 ,Θ

{ε3,ε4}
5

]⊥
,
[
Θ
{ε1,ε2}
5 ,Θ

{ε3,ε5}
5

]⊥
,
[
Θ
{ε1,ε2}
5 ,Θ

{ε4,ε5}
5

]⊥
,[

Θ
{ε1,ε3}
5 ,Θ

{ε2,ε4}
5

]⊥
,
[
Θ
{ε1,ε3}
5 ,Θ

{ε2,ε5}
5

]⊥
,
[
Θ
{ε1,ε3}
5 ,Θ

{ε4,ε5}
5

]⊥
,[

Θ
{ε1,ε4}
5 ,Θ

{ε2,ε3}
5

]⊥
,
[
Θ
{ε1,ε4}
5 ,Θ

{ε2,ε5}
5

]⊥
,
[
Θ
{ε1,ε4}
5 ,Θ

{ε3,ε5}
5

]⊥
,[

Θ
{ε1,ε5}
5 ,Θ

{ε2,ε3}
5

]⊥
,
[
Θ
{ε1,ε5}
5 ,Θ

{ε2,ε4}
5

]⊥
,
[
Θ
{ε1,ε5}
5 ,Θ

{ε3,ε4}
5

]⊥
,[

Θ
{ε2,ε3}
5 ,Θ

{ε4,ε5}
5

]⊥
,
[
Θ
{ε2,ε4}
5 ,Θ

{ε3,ε5}
5

]⊥
,
[
Θ
{ε2,ε5}
5 ,Θ

{ε3,ε4}
5

]⊥}
.

These 1-simplices are top-dimensional, and the total number of 1-simplices is 15, which cor-

responds to 15 orthants in BHV4.

The simplicial complex R(∆6). By definition,

R(D6) = D2,6 t (D3,6 ×D3,6).
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The cardinality of the set D2,6 in R(D6) is
(

6
2

)
= 15, which corresponds to the following

0-simplices:

R(D5) = D2,5 =
{

Θ
{ε1,ε2}
6 ,Θ

{ε1,ε3}
6 ,Θ

{ε1,ε4}
6 ,Θ

{ε1,ε5}
6 ,Θ

{ε1,ε6}
6 ,Θ

{ε2,ε3}
6 ,Θ

{ε2,ε4}
6 ,Θ

{ε2,ε5}
6 ,

Θ
{ε2,ε6}
6 ,Θ

{ε3,ε4}
6 ,Θ

{ε3,ε5}
6 ,Θ

{ε3,ε6}
6 ,Θ

{ε4,ε5}
6 ,Θ

{ε4,ε6}
6 ,Θ

{ε5,ε6}
6

}
.

The cardinality of the set D3,6 × D3,6 in R(D6) is
(

6
3

)/
2 = 10, which corresponds to the

following 0-simplices:

D3,6 ×D3,6 =
{

Θ
{ε1,ε2,ε3}
6 ×Θ

{ε4,ε5,ε6}
6 ,Θ

{ε1,ε2,ε4}
6 ×Θ

{ε3,ε5,ε6}
6 ,Θ

{ε1,ε2,ε5}
6 ×Θ

{ε3,ε4,ε6}
6 ,

Θ
{ε1,ε2,ε6}
6 ×Θ

{ε3,ε4,ε5}
6 ,Θ

{ε1,ε3,ε4}
6 ×Θ

{ε2,ε5,ε6}
6 ,Θ

{ε1,ε3,ε5}
6 ×Θ

{ε2,ε4,ε6}
6 ,

Θ
{ε1,ε3,ε6}
6 ×Θ

{ε2,ε4,ε5}
6 ,Θ

{ε1,ε4,ε5}
6 ×Θ

{ε2,ε3,ε6}
6 ,Θ

{ε1,ε4,ε6}
6 ×Θ

{ε2,ε3,ε5}
6 ,

Θ
{ε1,ε5,ε6}
6 ×Θ

{ε2,ε3,ε4}
6

}
.

Therefore, the number of 0-simplices of R(D6) is 25. The number of 1-simplices formed by

perpendicular relations among elements in D2,6 is(
6

2

)(
4

2

)/
2 = 45.

The number of 1-simplices formed by inclusion relations from D2,6 in D3,6 ×D3,6 is(
6

2

)(
4

3

)
= 60.

Therefore, the total number of 1-simplices in R(∆6) is 105, which corresponds to degenerated

trees in BHV5. The 2-simplices in R(∆6) can be formed by three elements in D2,6 with

disjoint basis, totaling (
6

2

)(
4

2

)(
2

2

)/
3! = 15

2-simplices. The set D3,6×D3,6 has 10 elements; the other way to form 2-simplices in R(∆6)

is to choose two elements from D2,6 so that each element is included in one side of D3,6×D3,6,

totaling 90 types of 2-simplices. Therefore, the number of 2-simplices of R(∆6), which are

the top-dimensional simplices of R(∆6), is 105. These simplices correspond to 105 orthants

in BHV5.
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A.2 Simplicial complexes Q(∆n) spanned by root subsystems of Dn

The simplicial complex Q(∆4). The root subsystems D2,4 of root system D4 spanned by

canonical basis εi, εj is represented as

D2,4 =
{

Θ
{ε1,ε2}|{ε3,ε4}
4 ,Θ

{ε1,ε3}|{ε2,ε4}
4 ,Θ

{ε1,ε4}|{ε2,ε3}
4 ,Θ

{ε2,ε3}|{ε1,ε4}
4 ,Θ

{ε2,ε4}|{ε1,ε3}
4 ,Θ

{ε3,ε4}|{ε1,ε2}
4

}
.

The set R(D4) has
(

4
2

)
/2 = 3 elements:

R(D4) = D2,4 ×D2,4 =
{

Θ
{ε1,ε2}|{ε3,ε4}
4 ×Θ

{ε3,ε4}|{ε1,ε2}
4 ,

Θ
{ε1,ε3}|{ε2,ε4}
4 ×Θ

{ε2,ε4}|{ε1,ε3}
4 ,

Θ
{ε1,ε4}|{ε2,ε3}
4 ×Θ

{ε2,ε3}|{ε1,ε4}
4

}
,

which are the 0-simplices of the simplicial complex Q(∆4). The 1-simplices of Q(∆4) are

formed by root subsystems in R(D4) that share the same circular ordering, and they are:[
Θ
{ε1,ε2}|{ε3,ε4}
4 ×Θ

{ε3,ε4}|{ε1,ε2}
4 ,Θ

{ε1,ε3}|{ε2,ε4}
4 ×Θ

{ε2,ε4}|{ε1,ε3}
4

]
,[

Θ
{ε1,ε2}|{ε3,ε4}
4 ×Θ

{ε3,ε4}|{ε1,ε2}
4 ,Θ

{ε1,ε4}|{ε2,ε3}
4 ×Θ

{ε2,ε3}|{ε1,ε4}
4

]
,[

Θ
{ε1,ε3}|{ε2,ε4}
4 ×Θ

{ε2,ε4}|{ε1,ε3}
4 ,Θ

{ε1,ε4}|{ε2,ε3}
4 ×Θ

{ε2,ε3}|{ε1,ε4}
4

]
.

Each orthant in Q(D4) has dimension n(n− 3)/2 = 2, and there are (n− 1)!/2 = 3 orthants,

as illustrated in Fig. 1.1b.

The simplicial complex Q(∆5). As a set, R(D5) consists of root subsystems D2 of root

system D5, and there are
(

5
2

)
different types of root subsystems D2,5 of D5. We continue to

use the shorthand ΘA
n to represent Θ

A|B
n :

R(D5) = D2,5 =
{

Θ
{ε1,ε2}
5 ,Θ

{ε1,ε3}
5 ,Θ

{ε1,ε4}
5 ,Θ

{ε1,ε5}
5 ,Θ

{ε2,ε3}
5 ,

Θ
{ε2,ε4}
5 ,Θ

{ε2,ε5}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε3,ε5}
5 ,Θ

{ε4,ε5}
5

}
.

Each orthant in Q(D5) has dimension n(n−3)/2 = 5, and there are (n−1)!/2 = 12 orthants.

We use O
{σi(1),...,σi(n)}
i to denote the orthant spanned by root subsystems sharing the circular

ordering σi. Orthants in Q(D5) are spanned by the following root subsystems:

O
{1,2,3,4,5}
1 =

{
Θ
{ε1,ε2}
5 ,Θ

{ε2,ε3}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε4,ε5}
5 ,Θ

{ε1,ε5}
5

}
,
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O
{1,2,3,5,4}
2 =

{
Θ
{ε1,ε2}
5 ,Θ

{ε2,ε3}
5 ,Θ

{ε3,ε5}
5 ,Θ

{ε4,ε5}
5 ,Θ

{ε1,ε4}
5

}
,

O
{1,2,4,3,5}
3 =

{
Θ
{ε1,ε2}
5 ,Θ

{ε2,ε4}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε3,ε5}
5 ,Θ

{ε1,ε5}
5

}
,

O
{1,2,4,5,3}
4 =

{
Θ
{ε1,ε2}
5 ,Θ

{ε2,ε4}
5 ,Θ

{ε4,ε5}
5 ,Θ

{ε3,ε5}
5 ,Θ

{ε1,ε3}
5

}
,

O
{1,2,5,3,4}
5 =

{
Θ
{ε1,ε2}
5 ,Θ

{ε2,ε5}
5 ,Θ

{ε3,ε5}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε1,ε4}
5

}
,

O
{1,2,5,4,3}
6 =

{
Θ
{ε1,ε2}
5 ,Θ

{ε2,ε5}
5 ,Θ

{ε4,ε5}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε1,ε3}
5

}
,

O
{1,5,2,3,4}
7 =

{
Θ
{ε1,ε5}
5 ,Θ

{ε2,ε5}
5 ,Θ

{ε2,ε3}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε1,ε4}
5

}
,

O
{1,5,2,4,3}
8 =

{
Θ
{ε1,ε5}
5 ,Θ

{ε2,ε5}
5 ,Θ

{ε2,ε4}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε1,ε3}
5

}
,

O
{1,5,3,2,4}
9 =

{
Θ
{ε1,ε5}
5 ,Θ

{ε3,ε5}
5 ,Θ

{ε2,ε3}
5 ,Θ

{ε2,ε4}
5 ,Θ

{ε1,ε4}
5

}
,

O
{1,5,3,4,2}
10 =

{
Θ
{ε1,ε5}
5 ,Θ

{ε3,ε5}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε2,ε4}
5 ,Θ

{ε1,ε2}
5

}
,

O
{1,5,4,2,3}
11 =

{
Θ
{ε1,ε5}
5 ,Θ

{ε4,ε5}
5 ,Θ

{ε2,ε4}
5 ,Θ

{ε2,ε3}
5 ,Θ

{ε1,ε3}
5

}
,

O
{1,5,4,3,2}
12 =

{
Θ
{ε1,ε5}
5 ,Θ

{ε4,ε5}
5 ,Θ

{ε3,ε4}
5 ,Θ

{ε2,ε3}
5 ,Θ

{ε1,ε2}
5

}
.

The simplicial complex Q(∆6). By definition,

R(D6) = D2,6 t (D3,6 ×D3,6).

The cardinality of the set D2,6 in R(D6) is
(

6
2

)
= 15, and the cardinality of the set D3,6×D3,6

in R(D6) is
(

6
3

)/
2 = 10. Each orthant in Q(D6) has dimension n(n − 3)/2 = 9, and there

are (n− 1)!/2 = 60 orthants.
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Appendix B

Glossary of Maps

B.1. Denote ϕk as angular coordinates from polar coordinates. ρ is an isomorphism:

ρ : PBHVn −→ LBHV(0),

(1, ϕ1, . . . , ϕn−3) 7→ (ε, ϕ1, . . . , ϕn−3).

B.2. π is a map from BHVn \{0}, and its image is PBHVn:

π : BHVn \{0} −→ BHVn \{0},(
t1S

A1|B1
n , · · · , tn−2S

An−2|Bn−2
n

)
7→
(
t1S

A1|B1
n , · · · , tn−2S

An−2|Bn−2
n

)
/
n−2∑
i=1

ti.

B.3. ξ is a bijection from the 0-cone BHV?
n over PBHVn to BHVn:

ξ : BHV?
n −→ BHVn,(

k, t̂1S
A1|B1
n , · · · , t̂n−2S

An−2|Bn−2
n

)
7→
(
kt̂1S

A1|B1
n , · · · , kt̂n−2S

An−2|Bn−2
n

)
.

B.4. ω is a bijection between the vertex set of PBHVn−1 to the set R(Dn):

ω : Sn−1 −→ R(Dn),

S
Ai|Bi
n−1 7→ ΘAi|Bi

n .

B.5. φ is a linear map between the space of quadratic forms on Λ, a negative-definite

Z-lattice spanned by the root system of type Dn:

φ : Sym2 Λ∨ −→ ZA1(Dn)

f 7→
∑

A1∈A1(Dn)

f(A1)[A1],
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where f(A1) is equal to the value of f on one of the opposite roots of A1.

B.6. ω induces an isomorphism ω̂ between a k-dimensional orthant σkn−1 in BHVn−1 and a

k-dimensional cone τ kF of F(Dn):

ω̂ : σkn−1 −→ τ kF ,

r1S
A1|B1

n−1 + · · ·+ rkS
Ak|Bk
n−1 7→ r1ΘA1|B1

n + · · ·+ rkΘ
Ak|Bk
n .

B.7. The isomorphism ω̂ extends to BHVn−1 and F(Dn):

Ω : BHVn−1 −→ F(Dn),

r1S
A1|B1

n−1 + · · ·+ rn−3S
An−3|Bn−3

n−1 7→ r1ΘA1|B1
n + · · ·+ rn−3ΘAn−3|Bn−3

n .

B.8. λ is the identity map between the set of bipartitions Sn−1 of BHVn−1 and
◦
Sn of CSNn:

λ : Sn−1 −→
◦
Sn

S
Ai|Bi
n−1 7→ Ṡ

A′i|B′i
n .

B.9. Λ is an injection extended from λ:

Λ : BHVn−1 −→ CSNn,(
r1S

A1|B1

n−1 , · · · , rn−3S
An−3|Bn−3

n−1

)
7→
(
ri1S

Ai1 |Bi1
n , · · · , riMS

AiM |BiM
n

)
, M =

n(n− 3)

2
.

B.10. µ is the isomorphism between PCSNn and LCSN(0):

µ : PCSNn −→ LCSN(0),(
l, ϕ1, . . . , ϕn(n−3)

2
−1

)
7→
(
ε, ϕ1, . . . , ϕn(n−3)

2
−1

)
.

B.11. ζ is a map from CSNn \{0}, and the image of the following quotient map is PCSNn:

ζ : CSNn \{0} −→ CSNn \{0},(
t1Ṡ

A1|B1
n , · · · , tM ṠAM |BMn

)
7→
(
t1Ṡ

A1|B1
n , · · · , tM ṠAM |BMn

)
/

M∑
i=1

ti.
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B.12. Ξ is a bijection from the 0-cone CSN?
n over PCSNn to CSNn:

Ξ : CSN?
n −→ CSNn,(

k, t̂1Ṡ
A1|B1
n , · · · , t̂M ṠAM |BMn

)
7→
(
kt̂1Ṡ

A1|B1
n , · · · , kt̂M ṠAM |BMn

)
.

B.13. ι is an injection from F(Dn) ⊂ N(Dn)Q into the “remarkable fan” G(Dn):

ι : F(Dn) −→ G(Dn),

n−3∑
i=1

riψ
(
ΘAi|Bi
n

)
7→

M∑
i=1

riψ
(
ΘAi|Bi
n

)
, M =

n(n− 3)

2
.

B.14. υ is an isomorphism between
◦
Sn ⊂ PCSNn and the set R(Dn):

υ :
◦
Sn −→ R(Dn),

ṠAi|Bin 7→ ΘAi|Bi
n .

B.15. υ̂ is an isomorphism between a k-dimensional orthant σkn in CSNn and a k-dimensional

cone τ kG of G(Dn) induced from υ :
◦
Sn −→ R(Dn):

υ̂ : σkn −→ τ kG
k∑
i=1

riṠ
Ai|Bi 7→

k∑
i=1

riψ
(
ΘAi|Bi
n

)
.

B.16. Υ is an isomorphism between CSNn and G(Dn):

Υ : CSNn −→ G(Dn),

n(n−3)/2∑
i=1

riṠ
Ai|Bi 7→

n(n−3)/2∑
i=1

riψ
(
ΘAi|Bi
n

)
.
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[47] Ernst Schröder. Vier combinatorische probleme. Z. Math. Phys, 15:361–376, 1870.
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