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Rapid developments in high-throughput sequencing have accumulated a wealth of
cancer genomics data [44, 12], which has led to the use of phylogenetic methods becoming
an important direction in cancer research. In-depth understanding of the topological and
metric structures of spaces of phylogenetic trees and phylogenetic networks helps to explain
the inter- and intra-patient variability of tumor cells. The geometric structures of phyloge-
netic spaces also allow comparison between subclones of tumor cells to guide therapeutics
discovery [11, 38]. Motivated by such research goals, my dissertation proves comparison the-
orems between phylogenetic spaces that represent evolutionary histories and algebraic fans
over simplicial complexes which arise in the moduli space of smooth marked del Pezzo sur-
faces. I will discuss homeomorphisms and isometries between their projectivized spaces and
simplicial complexes formed by root subsystems. Furthermore, embeddings between spaces
of phylogenetic trees and networks, and those between the projectivized spaces of phyloge-
netic trees and networks, are introduced. As a result, algebraic fans that correspond to spaces
of phylogenetic trees embed into the fans that correspond to spaces of phylogenetic networks.
Likewise, simplicial complexes that correspond to the projectivized spaces of phylogenetic
trees embed into the simplicial complexes that correspond to the projectivized spaces of
phylogenetic networks. Identifying phylogenetic spaces with structures in mathematics ex-
pedites the discovery of the missing pieces in evolutionary models whose counterparts are
naturally expected in mathematics, and it also equips investigations in phylogeny with more
mathematical tools. The connection between genomic spaces and mathematical structures
presented has the potential to address core challenges in oncology with recent advances in

algebraic geometry [37], tropical geometry [50, 19, 45], and metric methods [7, 57, 5, 3, 53].
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Chapter 1

Introduction

Phylogenetic analysis studies the evolutionary relationships between different species,
organisms, or other taxa to understand the evolution of life [10]. Darwin proposed phylo-
genetic trees in 1859 to represent the evolutionary relationships of reproducing individuals
[13]; over a century later, Grant proposed phylogenetic networks in 1971 [24] to represent
non-tree-like relationships such as species hybridization, bacterial gene transfer, and homol-
ogous recombination. Cancer is a genetic disease that progresses under Darwinian evolution
via a process of diversification and selection for mutations that promote tumor cell prolif-
eration and survival [41]. Evolutionary trees reconstruct the evolution of tumors, and they
are also called “cancer evolutionary trees” [39] or “oncogenetic trees” [48]. Characterizing
inter-tumor heterogeneity according to the patterns of evolutionary trees is an important
strategy for developing targeted therapies and identifying metastatic potential, as well as
preventing the emergence of drug resistance. The task is challenging due to genetic hetero-
geneity, complicated by the clonal evolutionary patterns, and lack of robust identification

across patients.

Multi-region sequencing allows the temporal order of some genomic changes in a
tumor to be inferred. Several reconstruction methods have been developed to resolve intra-
tumor heterogeneity, including nearest-neighbor interchanging in 1978 [55], Robinson-Foulds
distance in 1981 [46], quartet distance in 1985 [21], tree edit distance in 1989 [60], path length
metrics in 1993 [52], branch length scores in 1994 [36], subtree transfer distance in 2001 [2],
and Billera-Holmes-Vogtmann distance in 2001 [5], which is the central object of my study.
Many studies have investigated the characterization of genomic data using tools from ge-
ometry and topology to study the evolution of viruses and cancer [58, 6, 20]. Speyer and
Sturmfels proved that the tropical Grassmannian is the space of phylogenetic trees [50]; Sen

and Dukkipati showed that the tropical linear spaces correspond to the phylogenetic trees



[19]. Devadoss and Morava formulated a smooth blowup to BHV,, from the compactified
moduli stacks of stable genus 0 curves with n marked points My ,(R) [15]. Baez and Otter
constructed an operad whose operations are the edge-labelled phylogenetic trees [4]. There-
fore, studies on the tropicalization of classical moduli spaces [1, 45|, projective variety [37],

and category theory become meaningful tools for the studies of phylogenetic spaces.

In the following, I will introduce comparison theorems between phylogenetic spaces
that represent evolutionary histories and algebraic fans over simplicial complexes which arise
in the moduli space of smooth marked del Pezzo surfaces. I will discuss morphisms between
the projectivized spaces and simplicial complexes formed by root subsystems. Furthermore,
I will prove embeddings between spaces of phylogenetic trees and networks, and those be-
tween the projectivized spaces of phylogenetic trees and networks. As a result, algebraic
fans that correspond to spaces of phylogenetic trees embed into the fans that correspond
to spaces of phylogenetic networks, and simplicial complexes that correspond to the pro-
jectivized spaces of phylogenetic trees embed into the simplicial complexes that correspond
to the projectivized spaces of phylogenetic networks. Identifying phylogenetic spaces with
structures in mathematics equips investigations in phylogeny with more mathematical tools
from algebraic geometry and tropical geometry [50, 19]. The homeomorphisms and isometries
between spaces parameterizing genomic data and non-positively curved cubical complexes
provide a conceptual way to understand spaces of phylogenetics in terms of simplicial fans

formed by the root systems.

1.1 Topological Structures of Spaces of Phylogenetic Trees

We first discuss theorems that describe topological structures that are related to
spaces of phylogenetic trees. According to the definition of Zairis-Khiabanian-Blumberg-
Rabadan, a cubical complez is a metric space obtained by gluing together cubes via the data
of isometries of faces, subject to the condition that two cubes are connected by at most a
single face identification and no cube is glued to itself. The distance between x and y is
the infimum of the lengths over all paths from z to y that can be expressed as the union of

finitely many segments each contained within a cube [59]. And the link of a verter v in a



cubical complex C' is obtained as the subset
L) ={z€C|d(z,v) =€}

for fixed 0 < € < 1 [59]. Then we will show that:

Proposition 2.1.11: The link £(v) of a vertex v in a cubical complex C' is a spherical

complex.

We denote root subsystems OB of D, as below:
QAkIBr — {xe; e | i #jii,5 € Ap}, A C{1,...,n}, and B, = {1,...,n}\ As.

We define a simplicial complex R(4,,) according to Hacking, Keel and Tevelev [25]. Let
Dy om and Dy o171 be sets of root subsystems @fi‘Bi, such that

fork=1,...,m:

2 1
®k,2m+l = {@1247;‘5117 te @?WL'LL-BIL} ) where L = ( mk+ );

fork=1,....m—1:

2
Diom = {@f&lBl, cee @;ﬁ‘BL} , where L = < ZL),

for k = m:

2
Dinom = {@?&'Bl, e GQAWLJBL} , where L = ( m)/z

m
We define the set R(Dayy1) and R(Dsy,y,) as below:

R(Dam+1) = Daoms1 U D3 opmyr U= - U Dy, 9mg1;

IR(DQm) = ‘DQ,2m U D3,2m u---u ®m71,2m U (Dm,Zm X Dm,2m)-

Therefore, R(D,,) for n = 2m or n = 2m + 1 is a set of root subsystems with elements from
the sets of root subsystems Dy, for k from 2 to m. Define the simplicial complex R(A,,)
with O-simplices being elements in the set R(D,,). Higher-dimensional simplices ©,, C R(A,,)
are formed by elements in R(D,,), such that for each pair of @f”Bi, oMl ¢ O,,, one of the

following criteria is fulfilled:

@7‘32’|Bi 1 @flej, @ﬁz‘\Bi C @ﬁﬂBj, or @ﬁj\Bj C @Z‘ilBi‘



We define a strongly convex rational polyhedral cone 75 as a set:
= {raw (O1%) -+ 1 (O17%) € N(Dy)g 71 2 0}

The fan F(D,,) in N(D,,)q is a collection of strongly convex rational polyhedral cones 75 in
the real vector space N(D,)q determined by the rays ¢ <@fi|Bi) for each ©4:5 ¢ R(A,),
where rays span a cone in F(D,,) if and only if the corresponding subsystems form a simplex

in R(A,,). Then we will prove:
Proposition 2.4.7: F(D,) is a fan.
Lemma 2.4.10: F(D,,) is a cubical complex.

Then we will prove theorems that compare different spaces related to phylogenetic
trees and their metric structures. We first define the Billera-Holmes-Vogtmann space of
phylogenetic trees. An illustration of BHV3; and PBHVj3 can be found in Fig. 1.1a, and an
illustration of BHV, and PBHV, can be found in Fig. 2.1b.

Definition 1.1.1 (Billera-Holmes-Vogtmann space of phylogenetic trees). The Billera-Holmes-
Vogtmann space of phylogenetic trees is the space of isometry classes of rooted phylogenetic
trees with m-labeled leaves, where the nonzero weights are on the internal branches, denoted
as BHV,,. The space BHV,, is constructed by gluing together (2n — 3)!! positive orthants;
each orthant corresponds to a particular tree topology, with the coordinates specifying the
lengths of the edges. A point 7,, in the interior of an orthant in BHV,, represents a binary
tree. If any of the coordinates are 0, the tree is obtained by collapsing edges corresponding
to the 0 coordinates from a binary tree. We glue orthants together, such that a tree is on
the boundary between two orthants when it can be obtained by collapsing edges from either
tree topology. The BHV,, space is a cubical complex built by tiling each orthant with unit

cubes of dimension n — 2 [59].

Definition 1.1.2 (Projective Billera-Holmes-Vogtmann space of phylogenetic trees). The
projective Billera-Holmes-Vogtmann space of phylogenetic trees PBHV,, is the subspace of
BHV,, consisting of points in each orthant, for which the sum of its n — 2 internal edges ¢; is

1. PBHV,, inherits a simplicial structure from BHV,,, where the k-simplices of PBHV,, are



points projected from points in BHV,, with exactly k£ + 1 nonzero edges, and the intersection

of faces is determined by degenerated trees that share the same internal edges.

Then we will show that:

Proposition 2.1.12: There is an isomorphism of sets between PBHV,, and the link of
BHV,, at the origin defined by Zairis-Khiabanian-Blumberg-Rabadan.

Proposition 2.1.15: The link of BHV,, at the origin equipped with the Euclidean metric

on each simplex is homeomorphic to the space equipped with the spherical metric.

Proposition 2.1.16: PBHYV,, is the projectivized space of BHV,,, and the cone over PBHV,,

is isomorphic to BHV,, as sets.
Proposition 2.1.21: The 0-cone over PBHV,, is isometric to BHV,,.

Theorem 2.3.7: R(A,) and P(D,,) are duals: k-simplices of R(A,,) are in bijection with
(n — k — 4)-dimensional faces of P(D,,); a k-simplex of R(A,,) consists of a collection of root
subsystems © forms a (k + 1)-simplex of R(A,,) with some root subsystem 047 if and only
if the (n — k — 4)-dimensional faces of P(D,,) that corresponds to © form an (n — k — 5)-

dimensional face of P(D,,) with a facet that corresponds to o7,

1.2 Comparison Theorems on Spaces of Phylogenetic Trees and
Algebraic Fans

Then we compare spaces of phylogenetic trees that correspond to simplicial complexes

and algebraic fans that arise in algebraic geometry:

Theorem 2.3.1: PBHV,,_; and R(A,,) are isomorphic abstract simplicial complexes.
Corollary 2.3.4: The geometric realization of PBHV,,_; and R(A,,) are homeomorphic.
Theorem 2.4.8: BHV,,_; and F(D,,) are isomorphic.

Main Theorem 2.4.11: BHV,,_; and F(D,,) are isometric with the cubical complex metric.



1.3 Topological Structures of Spaces of Phylogenetic Networks

We perform analogous analysis for the space of phylogenetic networks. We prove the-
orems on topological structures of spaces that are related to spaces of phylogenetic networks.
We define §(D,,) as the convex hull of the collection of rays from F(D,,); these rays form a
cone if and only if the corresponding boundary divisors all meet a single closed cell. We will

show:
Proposition 3.2.3: §(D,,) is a fan.
Lemma 3.4.1: §(D,) is a cubical complex.

A split network N = (V, E, o, \) that represents a set of splits § on X is given by a
split graph (G = (V, E),o0 : E — 8) and a node labeling A : X — V| such that

A= J X' and B= [ A (v)
veVy veVy
for every split S = A | B in 8, where V{ and V¢ refer to the sets of vertices in the connected
component G2 and G, respectively [29]. Phylogenetic network refers to any graph used to

represent evolutionary relationships between a set of taxa [30].

Definition 1.3.1 (The space of circular split networks). The space of circular split networks
is the space of isometry classes of split networks with n-labeled leaves, where the nonzero
weights are on the internal branches sharing the same circular ordering, denoted as CSN,,.
The space CSN,, is constructed by gluing together @ positive orthants; each orthant
corresponds to a particular split network topology, with the coordinates specifying the lengths
of the edges. A point (), in the interior of an orthant in CSN,, represents a split network
with all positive edge lengths. If any of the coordinates are 0, the split network is obtained
by collapsing edges corresponding to the 0 coordinates from a split network with all positive
length edges. We glue orthants together, such that a split network topology is on the
boundary between two orthants when it can be obtained by collapsing edges from either
network topology. The CSN,, space is a cubical complex built by tiling each orthant with

. . . _3
unit cubes of dimension %



Definition 1.3.2 (Projective space of circular split networks). The projective space of cir-
cular split networks P CSN,, is the subspace of CSN,, consisting of points in each orthant,

@ internal edges t; is 1. P CSN,, inherits a simplicial structure

for which the sum of its
from CSN,,, where the k-simplices of P CSN,, are points projected from points in CSN,, with

exactly k4 1 nonzero edges, and the intersection of faces is determined by collapsed edges.

1234 12|34

(a) BHV3 and PBHV;. (b) CSN; and PCSN,.

Figure 1.1: (a) BHV3: Each ray is a 1-dimensional orthant in BHV3;. Dots: PBHVj;.
(b) CSNy: Each ray represents a split; each orthant corresponds to a distinctive network
topology. Triangle: P CSNy.

In Fig. 1.1a, each ray is a 1-dimensional orthant in BHV3, and each orthant repre-
sents a different tree topology, which corresponds to a distinctive non-trivial split. PBHV;
is highlighted as red dots, each dot is of distance 1 from the origin. In Fig. 1.1b, each
ray can be identified with a ray in BHV3. Each orthat in CSNy is 2-dimensional, spanned
by two rays that share the same circular ordering. P CSN, is represented as the triangle in

the center of Fig. 1.1b; for each point on P CSN,, their coordinates sum up to 1. We will show:

Proposition 3.1.10: There is an isomorphism of sets between P CSN,, and the link of CSN,,
at the origin defined by Zairis-Khiabanian-Blumberg-Rabadan.

Theorem 3.1.11: P CSN,, is the projectivized space of CSN,,, and the cone over P CSN,, is

isomorphic to CSN,, as sets.



1.4 Embeddings from Spaces of Phylogenetic Trees to Networks

We will consider how spaces of phylogenetic trees are connected to spaces of phylo-

genetic networks:

Theorem 3.1.9: BHV,,_; is embedded into CSN,,. There are C,_5 types of tree topology
in BHV,,_; embedded in each orthant of CSN,,, where C,,_5 is the Catalan number. Each
tree topology in BHV,,_; is embedded in the intersection of 2"~3 orthants of CSN,,.

Corollary 3.1.12: PBHV,_; is embedded into PCSN,,. There are C, 5 types of tree
topology in PBHV,,_; embedded in each orthant of P CSN,,. Each type of tree topology in
PBHV,,_; is embedded in the intersection of 2”2 orthants of P CSN,,.

Theorem 3.2.4: The fan F(D,,) C N(D,)q embeds into the remarkable fan G(D,,).

Corollary 3.3.3: R(4,) is embedded into Q(A,). There are C,_s maximal dimension
simplices in R(A,,) embedded in each maximal dimension simplex of Q(A,,). Each maximal
dimension simplex in R(A,,) is embedded in the intersection of 22 maximal dimension

simplices of Q(A,,).

1.5 Comparison Theorems on Spaces of Phylogenetic Networks
and Algebraic Fans

Finally, we compare spaces arising from phylogenetic networks that correspond to

simplicial complexes and algebraic fans arising in algebraic geometry:

Theorem 3.3.1: PCSN,, and Q(D,,) are isomorphic abstract simplicial complexes.
Corollary 3.3.2: The geometric realization of P CSN,, and Q(A,,) are homeomorphic.
Theorem 3.4.2: CSN,, and §(D,,) are isomorphic.

Main Theorem 3.4.3: CSN,, and §(D,,) are isometric cubical complexes.

We summarize comparison theorems of phylogenetic spaces and algebraic fans in

Fig. 1.2. The relations we discovered are highly symmetrical: Spaces related to phylogenetic



trees are located on the internal cycle in the chart, and spaces related to phylogenetic net-
works are located on the outer cycle. The upper half of the diagram refers to spaces that
directly arise in genetics, and the lower-half refers to spaces that arise in algebraic geometry.
Meanwhile, spaces on the right half of the chart can be generated by their counterparts on
the left, i.e, BHV and CSN are the 0-cone over their projectivized spaces P CSN and PBHV,
and F(A) and G(A) are the algebraic cone over the simplicial complexes R(A) and Q(A).
The diagonals represent embeddings of spaces of phylogenetic trees and their counterparts
into spaces of phylogenetic networks. These highly symmetrical relations among these spaces

reveal the intrinsic connection between genetic spaces and topological spaces, and we will

discuss these spaces in greater detail.

PCSN Definition CSN
&) A0
fo/é’g,;) 4
'/ - &
> PBHV Definition BHV <
~ < = @
- < < -
AE Al E Il § &
E E g 2
8 g Z 2
R(A) Definition (D)
/) ”>?’?) /759 C
0
0\\3‘\\ /'@/)7\9
N
A) € <7 D
Q( ) Definition g( )
~: isomorphism 2=: Homeomorphism =: Isometry C: inclusion

Figure 1.2: Comparison theorems of phylogenetic spaces and algebraic fans.



Chapter 2

Comparison Theorems on Spaces of Phylogenetic Trees

Evolution occurs in populations of reproducing individuals, and phylogenetic analysis
studies the evolutionary relationships between different species, organisms, or other taxa to
understand the evolution of life [10, 29]. In 1859, Darwin proposed the paradigm to describe
the modified descendants of the diversified structure of a species [13], as shown in Fig. 2.1a,
later formulated as phylogenetic trees. In the diagram, A to L represent the species of a
large genus, while resembling each other in unequal degrees represented in the diagram by
the letters standing at unequal distances. Let (A) represent a common, widely-diffused, and
varying species belonging to a large genus. The little fan of diverging dotted lines of unequal
lengths proceeding from (A) represents its varying offspring, where the variation is slight but

diversified, consecutive but following long intervals of time [13].

origin

A BRECT D B B e I KD

Phyl tic t D in 1859
(a) Phylogenetic trees, Darwin (b) Space of phylogenetic trees BHV,

Figure 2.1: Paradigm to represent evolutionary relationships and the space it resides in.

10



2.1 Spaces of Phylogenetic Trees and Projectivized Spaces

This section introduces the spaces of phylogenetic trees formulated by Billera, Holmes,
and Vogtmann. Fig. 1.1a illustrates BHV3, the space of phylogenetic trees of dimension 3,
with the dots depicting its projective space PBHVj3. Fig. 2.1b is the space of phylogenetic
trees of dimension 4, with the pair of e; vectors identified, the pair of eg vectors identified,
and the pair of ey vectors identified. The dotted lines represent the projective space of
phylogenetic trees PBHV,. Denote by I"™ = [0,1] x --- x [0,1] C R™ the n-dimensional unit

cube with induced metric. An elementary interval is a subset I C R of the form
I=[(+1 or I=[(/

for some ¢ € Z. An elementary cube (@ is the finite product of elementary intervals, i.e.,
Q=1 xI)x - xI;CR?

where I, I5, ..., I; are elementary intervals. A codimension k face of the cube I™ is deter-
mined by fixing & coordinates to be in the set {0, 1}. In the following, we present a definition

of a cubical complex from standard CAT(0) theory [8].

Definition 2.1.1 (Cubical complex). A cubical complex K is the quotient of a disjoint union
of cubes X = [], I"™ by an equivalence relation ~. The restrictions py : I"™ — K of the

natural projection p : X — K = X/ ~ are required to satisfy:

1. for every A € A, the map p, is injective;

2. if pa(I™) Npy (I™) # O then there is an isometry hy y from a face T\ C I™ onto a
face T\ C I™V, such that py(z) = py(2') if and only if 2’ = hy v (x) [8].

Definition 2.1.2 (Phylogenetic tree). A phylogenetic tree with n leaves is the equivalence
class of a weighted, connected graph with no cycles, having n distinguished labeled vertices
up to rotations and a root. The labeled vertices and the root are of degree 1 and are called

leaves. All the other vertices are of degree > 3 [5].

11
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(@) (b) (@ (d
Figure 2.2: (2n — 3)!! kinds of trees with n labels.

Schroder proved that the number of representations of parentheses on n items while
changing the order within parentheses are considered the same is (2n — 3)!! [47]. Such
representations can be identified with types of rooted phylogenetic trees with n-labeled
leaves of degree 1, while all other vertices are of degree 3. In the following, we present an

inductive proof.

Proposition 2.1.3 (Number of full-fledged trees). There are (2n — 3)!! = (2n — 3) - (2n —
5)-----3-1 types of rooted phylogenetic trees with n-labeled leaves of degree 1; all other
vertices are of degree 3. Such trees reside in the interior of an orthant in BHV,,, and we call

them full-fledged rooted phylogenetic trees.

Proof. We proceed the proof by induction. Since rooted phylogenetic trees are the equiva-
lence classes up to rotation, there is only one kind of rooted phylogenetic tree with two labels
when n = 2, depicted in Fig. 2.2(a) and (b). For the inductive hypothesis, we assume that
there are (2n—3)!! types of full-fledged rooted phylogenetic trees, as illustrated in Fig. 2.2(c).
For the inductive step, consider adding the (n + 1)-th leaf, based on the tree with n existing
leaves. There are n — 2 internal edges, n leaves, and one root, totaling 2n — 1 ways to add
a new leaf. Therefore, there are (2n — 3)!!(2n — 1) = (2(n + 1) — 3)!! types of full-fledged
rooted phylogenetic trees, illustrated as Fig. 2.2(d). O

Definition 2.1.4 (Split). Consider any bipartition of a set of taxa X labeling the leaves of a
phylogenetic tree into two non-empty subsets A and B, such that ANB =) and AUB = X.
If each subset has at least two elements, the partition is called a split, denoted by Sit B,

Otherwise, it is called a trivial split.

12



Definition 2.1.5 (Circular ordering). We call such an ordering {z1,...,z,} a circular or-
dering for 8, as it holds that {z1,...,z,} is a circular ordering for §,, if and only if both

{Zp,xpn_1,...,21} and {x9, z3,...,x,, 21} are circular orderings.

Removing an internal edge of a phylogenetic tree gives two connected components,
each with a set of leaves; therefore, each split in a phylogenetic tree corresponds to an internal
edge. We use G,, to denote the set of splits in BHV,,. |&,| = 2" —n — 1 because there are
a total of 2" choices over n taxa, minus n trivial splits and one star, i.e., a degenerated

phylogenetic tree with no internal edge.

Definition 2.1.6 (Compatible). T'wo partitions A|B and A’| B" are defined to be compatible
if one of the subsets

ANA, AnNB', AnB, BNB

is empty.

Different edges of the same tree correspond to compatible partitions, and each binary
tree in BHV,, corresponds to the maximal dimensional orthant, which consists of n —2 splits;

therefore, we represent each tree 7), of a certain orthant in BHV,, by a coordinate system
Sn—2 _ {SA1|Bl SAn,2|Bn,2}
” P

for a set of compatible splits 872 C &,,, and each phylogenetic tree in a specific orthant can

be parametrized by

Tn = (tls;?”Bl, . 7tn_25;14n72|3n72)
for t; € Rzo.
Definition 2.1.7 (BHV metric). The distance between any two points of BHV,, in the same
orthant is the Euclidean distance. If two points are in different orthants, we join them by
a sequence of straight segments, with each segment lying in a single orthant. The distance

between the two points is the minimum of the lengths of such segmented paths joining the

two points [5], denoted as dppv(z,y).

13



The metric structure of the BHV space remains an active area of inquiry. Ardila-
Owen-Sullivant [3] found that BHV is an orthant space, which is a special case of cubical
complexes, such that any set of orthants is arranged around a common origin. Therefore,
BHYV is equipped with a cubical complex metric, and the geodesics in BHV space can be
computed in polynomial time [42, 43]. Holmes studied the estimation and validation of
phylogenetic trees in statistical terms [27], the statistical testing of phylogenies [28], and
the evaluation of robustness and performing statistical inferences [26]. Zairis-Khiabanian-
Blumberg-Rabadan studied the evolutionary moduli space and introduced the projective tree
space [58]. In evolutionary applications, rescaling edge lengths should not change the rela-
tionship between the branches [58]; the definition of the projective Billera-Holmes-Vogtmann

space of phylogenetic trees is motivated by this consideration.

Definition 2.1.8 (Spherical simplex). Fix a vertex v in a cubical complex C' and a cube
C; ~ I C C, such that v is a vertex of ;. For fixed € > 0, the spherical simplex associated
with (Cy,v) is the subset

S(Ci,v) ={z€C; | d(z,v) = €}.

The set S(C;,v) has a metric induced by the Euclidean angle metric. The faces of S(C;,v)
are defined as the intersection of S(C;, v) with faces of C; [59].

These are the all right spherical simplices associated with faces of C;. The term all
right indicates the fact that the edges have the length en/2 [8]. Without the metric, the
all right spherical simplices form an abstract simplicial complex. Billera-Holmes-Vogtmann
viewed the link of the origin as the set of points, such that the sum of the coordinates is equal
to one, which is PBHV in Definition 1.1.2. Zairis-Khiabanian-Blumberg-Rabadan defined

the link of vertex as a subset of points with equal distance € for some 0 < € < 1:

Definition 2.1.9 (Zairis-Khiabanian-Blumberg-Rabadan link of vertex). The link of a vertex

v in a cubical complex C' is obtained as the subset
Lo()={z€C|d(z,v) =€}

for fixed 0 < e < 1 [59].
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Therefore, the link of BHV,, at the origin is the set
LBH\/(O) = {Z € BHV,, ’ d(Z,O) = 6}
for some fixed 0 < € < 1.

Definition 2.1.10 (Spherical complex). A spherical compler K in RY is a collection of

spherical simplices in RY, such that:

1. Every face of a spherical simplex of K is in K.
2. The intersection of any two spherical simplices of K is a face of each of them.

Proposition 2.1.11 (Link of a vertex is a spherical complex). The link £(v) of a vertex v

in a cubical complex C'is a spherical complex.

Proof. By definition, for a cube C; ~ I in a cubical complex C, the faces of a spherical
simplex S(C;,v), where v is a vertex of Cj, are defined as the intersection of S(C;,v) with
faces of C;. Therefore, for fixed € > 0, the intersection of S(C;,v) with faces of C; is the
subset

S(0C;,v) ={z € 0C; | d(z,v) = €}.
However, 0C; ~ I"™ C C; therefore, S(0C;,v) is also a spherical simplex. By the definition
of the link of a vertex v, the intersection of two spherical simplices is:
S(Ci,v)NS(Clv) ={z€C;|d(z,v) =€e}N{z € C]|d(z,v) =€}
={zeC;nNCl|d(z,v) =€}
Since C;NCI ~ "™ C C, S(C;,v)NS'(C!, v) is also a spherical simplex. Hence, the intersection

of any two spherical simplices of K is a face of each of them. Therefore, the link £(v) of a

vertex v is a spherical complex. O

Thus, the link of the origin in the cubical complex BHV,, is a spherical complex. In

the following, we will show it is bijective to PBHV,,.
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Proposition 2.1.12 (PBHV,, and link of BHV,, isomorphism). There is an isomorphism
of sets between PBHV,, and the link of BHV,, at the origin defined by Zairis-Khiabanian-
Blumberg-Rabadan.

Proof. According to the definition of Zairis-Khiabanian-Blumberg-Rabadan, the link of the
origin in BHV, is the set of points

T, = (tS1Pr ¢, Sn2lBu-z)

where t; > 0 and

n—2 __ A1|Bl An,2|Bn,2
S = {shim 5 }

is a set of compatible splits 8" 2 C &,,, such that Z?:_f t? = 2. Meanwhile, by Definition
1.1.2, PBHV,, consists of the points, such that the sum of internal edges t; satisfies Z?;f t; =
1. Both of these sets are parameterizable using angular coordinates within each orthant;

therefore, we define a map:

p: ]P’BHVH — LBH\/(O),

(l78017 s 79071—3) = (67 Ply- - SOH—?))?

where ¢gs are angular coordinates and e is determined by the relation that the sum of the
squares of the coordinates is equal to one. Since p is a bijection, Lgyyv(0) and PBHV,, are

isomorphic. O

Definition 2.1.13 (Metric on the link of origin). Each tree T,, € BHV,, lies on a ray from
the origin. The intersection of this ray with the link of origin is called the projection of T,
onto the link, and is denoted ¢(7},). The angle between T,, and T, denoted Z(T,,,T}), is the
distance between ¢(7},) and ¢(7)) in the spherical metric || - ||s on the link.

This new metric on simplices extends to a natural metric on the entire link, in which

™

5, and we piece

each simplex is a right-angled spherical simplex with all edges of length
together these metrics on each spherical simplex by defining paths and taking a length

metric as follows:
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Definition 2.1.14 (The /'-path metric of a simplicial complex). Let X be a simplicial
complex. For any two points z,y € X, we define a path in X from z to y to be a sequence
of points © = ag,ay,...,a, = y in X, such that for every ¢ = 1,...,r there is a simplex o; of

X that contains both a;_; and a;. The length of such a path is the sum

T
Z dai(ai—la ai)7
i=1

for some simplicial metric d,, on o;. Then we define a metric on X by setting dx (z,y) to be
the infimum of lengths of all such paths from z to y. We call this metric the {!-path metric

of a simplicial complex.

Each simplex o; of PBHV,, is embedded in an orthant spanned by a collection of
compatible splits and corresponds to a tree topology. Since each orthant of PBHV,, is
Euclidean, the canonical metric on o; is the Euclidean metric, denoted || - ||[g. However,
imposing the spherical metric on PBHV,, is not the same as imposing the Euclidean metric.
For example, the link of BHV, at the origin is the Peterson graph. The distance between any
two adjacent vertices in the Peterson graph under the spherical metric is 7, but under the
Euclidean metric it is v/2. However, the map between the link of BHV,, at the origin with

d,, being the Euclidean metric and the metric space Ly (0) with d,, being the spherical

metric is continuous:

Proposition 2.1.15 (Euclidean metric and spherical metric homeomorphism). The link of
BHYV,, at the origin equipped with the Euclidean metric on each simplex is homeomorphic

to the space equipped with the spherical metric.

Proof. Pick T' € Lppy(0) and a sufficiently small neighborhood U of T'. If T' is an interior
point, a point 77 € U is contained in the same orthant as T'; if T" is a boundary point,
then the orthant that contains 7" has different choices, but the orthant that contains 7" also
contains T'. Therefore, we only need to show that ||T'— T"||g is bounded by ||T" — T"||s when
T and T" are in the same orthant. Denote the angle between T' and T” to be #. Then

T —T||s = £(T, T") = 6.

17



Lpny(0) is a subset of BHV,,, and each orthant of BHV,, is R%z. Denote T' = (t1,...,t, 2)
and T" = (t},...,t,_5). Then

) Yn—2

n—2

|7 =TI = (i —t)*. (2.1)

i=1

By the law of cosines,
|T —T'||3 = ¢* + ¢* — 2c* cos f. (2.2)

Combining Equation 2.1 and 2.2 gives

n—2
E tit; = c* cos .
i=1

For all € > 0, take § = 2¢® — 2% cos ¢, then

IT-T|a<d=0<e.

2¢2—(')?
2c2

On the other side, for all ¢ > 0, take §' = arccos

Because T,T" are in a small
neighborhood U of T,  is small. Therefore, arccos# decreases in this neighborhood. Thus,

2¢? — (€')?

5o = 2¢> —2c%cosO < (€)= [T —T'||g < €.
c

0 <8 = cosb >
L]

PBHV,, is the quotient space of BHV,, by the equivalence relation of scaling by R>;
a similar treatment can be found in Zairis-Khiabanian-Blumberg-Rabadan [58]. Billera-
Holmes-Vogtmann assigned a particular choice to the representatives of P BHV,, in Definition

1.1.2, which is the collection of coordinates (z1,...,x,_2), such that

This collection of coordinates is a representative of the equivalence class

n—2
ZZL‘Z' = k?,k S Rzo.
i=1
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Then the collection of representatives is PBHV,,, and the union of equivalence classes is

BHV,,.

According to Proposition 2.1.15, the link of origin is homeomorphic to PBHV,,.
Billera-Holmes-Vogtmann pointed out that the entire tree space is an infinite cone on the
link of origin [5]; this implies that the tree space is isomorphic to the cone over PBHV,,. We

present a proof in the context of the projectivized space of phylogenetic trees.

Proposition 2.1.16 (BHV,, and PBHV,, connection theorem). PBHV,, is the projectivized
space of BHV,,, and the cone over P BHV,, is isomorphic to BHV,, as sets.

Proof. Denote a point T, of BHV,, by a set of compatible splits 8" 2 = {SﬁhlBl, ..., Sptnz B2 }:
T = (WS P ooty aSin2lPn2) 1y > 0.
By definition, the image of the following quotient map is PBHV,,:

7 : BHV, \{0} — BHV, \{0},

(t15f1\317 < ,tn_QSf"72‘B"72) — (tls;?l‘Bl, s ,tn_QSf”72|B"72) / th
=1

Therefore, PBHV,, is the projectivized space of BHV,,, with the simplicial structure of
PBHYV,, inherited from the cubical complex BHV,,.

On the other hand, PBHV,, is the quotient space of BHV,,, and we denote each
element in PBHV,, by
Tn = (fls’;?l‘Bl7 e ,tAn—2S;Z4n72IB”72)

with £; > 0 and Z?;f t; = 1. Each element in PBHV,, is a representative of the equivalence
class of rescaled trees in BHV,,. We define the 0-cone over PBHYV,, as

BHV; = (PBHV,, xRx¢)/ (PBHV,, x0).
Each point in BHV, can be represented by
T

n —

(ka ils;?ﬂBl? e ufn—QS;?n72|Bn72)
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for kK > 0. Consider the map
¢ :BHV; — BHV,,

(k7 'Elsrl?llBlu e 7-571—2571?”72'3”72) — (kilsqf”Blv ) kfn—QS;?n72|Bn72) :

The map & takes a point Ti in BHV? to a point 7, in BHV,, with the rescaling factor k.
Since the map ¢ is a bijection, the 0-cone over PBHV,, is isomorphic to BHV,, as sets. [

Furthermore, BHV,, is congruent to the cone over PBHV,, with the 0-cone metric.
For a formal proof, we need to define the x-cone over a metric space, starting from the model

spaces M.

Definition 2.1.17 (Model spaces M). Given a real number x, we denote by M the

following metric spaces [8].

1. If Kk =0 then M is Euclidean space E";

2. If kK > 0 then M is obtained from the sphere S" by multiplying the distance function
by the constant 1/4/k;

3. If Kk < 0 then M} is obtained from hyperbolic space H" by multiplying the distance
function by 1/v/—k.

Definition 2.1.18 (The diameter of M*). We write D, to denote the diameter of M. More
precisely, D, := w/y/k for kK > 0 and D, := oo for £ < 0 [8].

Definition 2.1.19 (The x-cone over a metric space). Given a metric space Y and a real
number k, the k-cone X = C.Y over Y is the metric space defined as follows: If k < 0 then,

as a set, X is the quotient of [0, 00) X Y by the equivalence relation given by:

(ty) ~ ', y)

if(t=t'=0)or (t=t>0and y=1y'). If Kk >0 then X is the quotient of [0, D, /2] x Y by

the same relation [8].
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Definition 2.1.20 (The distance between two points on a 0-cone). The distance between

two points x = ty and 2’ = t'y/ in a k-cone X for k = 0 is defined as:
do(z, ') = 12 + (¢')* — 2t cos(dr(y,y)),
for dr(y,y') = min{m,d(y,y')} [8].

Connecting a point 7T,, € BHV,, to the origin by a straight line segment, then con-
necting the origin to 7)) € BHV,, by another straight line segment is a cone path from T,, to
T [5]. The cone path is a geodesic if and only if the angle between T,, and T}, is at least 7
5, 8].

Proposition 2.1.21 (BHV,, and 0-cone isometry). The 0-cone over PBHYV,, is isometric to
BHV,,.

Proof. Denote T,, € PBHV,, by sets of compatible splits, such that:
n—2
Tn = (tAlS;?HBl, s 71;,1_25;?"72'3"72) ,tAZ‘ > (0 and Zlgz =1.
i=1
Denote T; € PBHV,, by
’ ! n_2
T — (g/lggaw;’ . ,5;1_257?”*2'37%2) i >0and Y =1.
i=1
Let BHV}, be the 0-cone over PBHV,,. By Definition 2.1.20, the distance between two points

T;L( - (k7tAlS;L41|Blu e 71?77,—2‘97‘?”72'3”72) 7tAi Z 0

and
T = (k’,z?’lsg"l‘Bi, o ,E;_zs,f‘”‘B;H) >0
in a O-cone is:
d, (T, T)? = k2 + (K')? — 2Kk cos (dﬂ (TR,T;))
for d (Tn, T;) = min {7r, d (Tn, T;) } According to Definition 2.1.7, if two points of BHV,,
locate in the same orthant, then the geodesic between these two points is the Euclidean

distance, agreeing with the metric on a 0-cone.
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If two points T,,, 7, € BHV,, are in different orthants, we join them by a sequence of
straight segments, with each segment lying in a single orthant, and the distance between the
two points is the minimum of the lengths of such segmented paths joining the two points,
according to the metric defined on the BHV,, space. If the angle between 7,, and 7}, is less
than 7, then

dBHV (Tna T,,,l) = dri (T:z(7 Trlz*)
since the minimum length of segments joining 7,, and 7}, is the length of the opposite side
of 6 in the triangle spanned by T,, and 7 with £ (7,,,1)) = 6.

If the angle between T, and T is equal to or greater than 7, then the cone path is
a geodesic between T,, and T, which is ||T,|| + ||7}.||. Meanwhile, d, (TH,T;J = m, and
therefore,

dﬂ (T::, Té*) =t + t/ - dBHV (Tn, Trlz) .

Therefore, the metric on the 0-cone over PBHV,, is the same as the BHV metric;

hence, the 0-cone over PBHYV,, is isometric to BHV,,. O

2.2 The Algebraic Fan F(D,,) Over Simplicial Complexes R(A,,)

In the following section, we will show the isomorphisms between the spaces of phylo-
genetic trees and these simplicial complexes. We first introduce root subsystems of type D
and simplicial complexes whose 0-simplices are the root subsystems of type D. We consider

the root system of type D of the form
D, ={x€;t¢ |1 <i<j<n},

where €1, ..., €, denote the usual orthonormal unit vectors which form a basis of R™. We

denote root subsystems OBk of D, as follows:
OMBr = {te; e | i #j;i,j € Ax}, A C{1,...,n}, and By = {1,...,n}\ A

We define a simplicial complex R(A,,) according to Hacking-Keel-Tevelev [25]. Let Dy o,

and Dy, 9,11 be sets of root subsystems @ﬁilBi, such that:
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fork=1,...,m:

Y

2 1
Dran = {012,037, where L= (*771)

fork=1,....m—1:

Dy om = {@A1|B1, ey @AL‘BL} , where L = <2m);

) 2m 2m k

for kK =m:

2
Dinom = {@?%'Bl, e @?,ﬁ'BL} , where L = ( m)/z

m

Definition 2.2.1 (The set R(D,,)). We define the set R(Dap, 1) and R(Dy,y,) as below:

R(Dom+1) = Doom1 U D3 opir U+ U Dy oia;

:R<D2m) = ®2,2m L D3,2m u---u Dm—1,2m U (Dm,Qm X ®m,2m)-

Therefore, R(D,,) for n = 2m or n = 2m + 1 is a set of root subsystems with elements from

the sets of root subsystems Dy, for k from 2 to m.

Definition 2.2.2 (The simplicial complex R(A,,)). Define the simplicial complex R(A,,)
with O-simplices being elements in the set R(D,,). Higher-dimensional simplices ©,, C R(A,,)
are formed by root subsystems, such that for each pair of @ﬁilBi, oplPi ¢ ©,, one of the

following criteria is fulfilled:

QAilBi | @ﬁj\Bj’ Q4B c @AilBi or ©4ilBi @ﬁi‘Bi‘

R(A,,) is a simplicial complex by passage to subsets: for a collection of root subsys-
tems O, that forms a simplex, each element in ©, must be perpendicular to or have an
inclusion relation with all other elements in ©,,. This defining relation is true for any subset
of ©,,; hence, the faces of each simplex in R(A,,) is also a simplex of R(A,,). Pairs of elements
in the non-empty intersection of two collections of root subsystems also satisfy one of the

three criteria pairwise; hence, the intersection is a face of each.
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2.3 Homeomorphism Between PBHV,_; and R(A,)

Theorem 2.3.1 (Main Theorem: PBHV,_; and R(A,) isomorphism). PBHV,_; and

R(A,,) are isomorphic abstract simplicial complexes.

Proof. We use G,,_1 to denote the set of splits in BHV,,_1:

GWJZ{gmﬁ SMMM}

n—1 7 r~n—-1

where M = |&,,_1] = 2" —n — 1. The set of vertices of PBHV,,_; is the same as the set
of internal edges in BHV,,_;. Consider the map w between &,,_; C PBHV,,_; and the set
R(D,,):

W : 6,1,1 — R(Dn),

A;|B; A;|B;
SMIB L, @Al

n—1

The map w is an isomorphism on the O-simplices of PBHV,,_; and R(D,,). To show that
there is an isomorphism between the abstract simplicial complexes PBHV,,_; and R(A,,), we
prove that a collection of 0-simplices forming a k-simplex of PBHV,,_; also forms a k-simplex

of R(A,), and vice versa. Since
QAmlBr — fe, +¢; | i #7505 € A}, Am C{1,...,n}, and B,, = {1,...,n}\ A,

for k = 0, w maps O-simplices of PBHV,,_; bijectively to those of R(A,). The k-simplices
of PBHV,,_; are projected from BHV,,_; with exactly £ + 1 nonzero edges, denoted by a

collection of O-simplices

n—1 —

k+1 A1|By Ap41|Brs1
S {&%1,”W&%1 .

For k > 0, we show that the collection of 0-simplices of R(A,,)

0, = {u (S .o (522}

forms a k-simplex of R(4,,). Two partitions S and S29%7 are defined to be compatible

if one of the subsets
AiﬂAj, AiﬂBj, AijZ', or BZOBJ
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is empty. Since a tree in BHV,, consists of internal edges that correspond to compatible

partitions, any two elements S:i‘f i,Sf ’ ‘1B 7 ¢ 8! are compatible and satisfy the above

criteria. In the following, we will show that if one of the subsets is empty, then one of the
criteria in Definition 2.2.2 is fulfilled, and vice versa. If |A4;| < |B;| and |A;| < |B;|, then
A;NA; =0 =048 | gl
AN B; =0 = 048 celiBi ie, A C A

AN B =0= 028 c 0lPi je, AjC A;

B;NB; =0 = ©MB 5 @MIB; — @4ilB x @AilB: o gMIB — gMlP
In particular, B;NB; = () implies that the splits fi'f “and Sfi‘lB 7 are different representations

of the same split, and hence are not eligible for comparision, i.e., this case is vacuous. If

A;NA; =0 = 028 c @Pilhi e A C By
A;N B; =0 = 04l | gPilt;,
A;N By = = 048 = 4ilBi | is impossible since |4, > | B;l;

B; N Bj =0= @Sj|Aj C @ﬁilBi, ie., Bj C A,

This shows that if |A;] < |B;|, then satisfying one of the compatibility conditions
implies one of the criteria for forming a simplex in R(A,,) is satisfied. By symmetry, this
is also true for |B;| < |A;| by interchanging i and j. Now we will show that if one of the

criteria for forming a simplex in R(A,,) is satisfied, then one of the subsets

is empty. If @215 | @ﬁlej, then A, NA; = 0; If B @ﬁlej, then A; N B; = 0;
if 015 @f?ilBi, then A; N B; = (. Since the 0-simplices of PBHV,,_; and R(D,,) are
isomorphic, and higher-dimensional simplices in PBHV,,_; and R(D,,) are formed in the

same way, abstract complexes PBHV,,;; and R(A,) are isomorphic. O]

Definition 2.3.2 (Vertex scheme). If K is a simplicial complex, let V' be the vertex set of
K. Let X be the collection of all subsets {ay,...,a,} of V, such that the vertices ay, ..., a,
span a simplex of K. The collection X is called the vertez scheme of K [40].

25



Definition 2.3.3 (Geometric realization). If the abstract simplicial complex 8 is isomorphic
with the vertex scheme of the simplicial complex K, we call K a geometric realization of S.

It is uniquely determined up to a linear isomorphism [40].

According to Munkres [40], isomorphisms between abstract complexes induce home-
omorphisms between their geometric realizations. Theorem 2.3.1 proved that abstract com-
plexes PBHV,,; and R(A,) are isomorphic. Therefore, PBHV,,; and the geometric real-

ization of R(A,,) are homeomorphic. As a result:

Corollary 2.3.4 (PBHV,,_; and R(4A,) homeomorphism). The geometric realization of
PBHV,,_; and R(A,,) are homeomorphic.

Definition 2.3.5 (The polytope Py, (D,)). Let o; be in the symmetric group S,,. A polytope
P,.(D,) is diffeomorphic to the closure of each cell in My,, as a manifold with corners
corresponding to the circular ordering {o;(1),...,0,(n)}. Faces of P, (D,) correspond to
the boundary divisors of Mg, which meet the closure of the cell. Each P, (D,) is identified
with an associahedron with each vertex representing the triangulation of an n-gon, with one

facet for each diagonal, depicted in Fig. 2.3.

Definition 2.3.6 (The polytope P(D,,)). P(D,,) is the collection of polytopes P, (D,,) iden-

tified along common faces:

P(Dn) = HPO'i(Dn)/ ~

According to Definition 2.1.5, a circular ordering identifies {x, ..., z,} with circular
orderings {zn, Tp_1,...,21} and (9,3, ..., Z,, x1). Therefore, there are (n —1)!/2 copies of
P,.(D,) in P(D,,), created by S, acting on labeled vertices modulo the dihedral group. The
O-dimensional simplices in PBHV,,_; are in bijection with the (n — 4)-dimensional spaces
(top-dimensional) in P,,(D,); a k-dimensional simplex in PBHV,,_; is formed by k + 1

compatible bipartitions, and each bipartition corresponds to a facet of an associahedron.

We summarize this dual relation between R(A,,) and P(D,,) as the following:

Theorem 2.3.7 (R(A,) and P(D,,) are duals). R(A,,) and P(D,,) are duals: k-simplices of
R(A,,) are in bijection with (n — k — 4)-dimensional faces of P(D,,); a k-simplex of R(A,,)
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Figure 2.3: The associahedron P,,(Ds).

consists of a collection of root subsystems © forms a (k+ 1)-simplex of R(A,,) with some root
subsystem ©; 7 if and only if the (n — k — 4)-dimensional faces of P(D,,) that corresponds

to © form an (n — k — 5)-dimensional face of P(D,,) with a facet that corresponds to on7.

Proof. The k-simplices of R(A,,) are isomorphic to the k-simplices of PBHV,,_;, which are
k + 1 compatible bipartitions. These k + 1 compatible bipartitions correspond to k + 1
diagonals in an n-gon. By Definition 2.3.5, faces of P, (D,) can be identified with an
associahedron with each vertex representing the triangulation of an n-gon, with one facet
for each diagonal. This implies that k-dimensional faces of P,,(D,,) correspond to an n-gon
with n — k — 3 diagonals, and (n — k — 4)-dimensional faces of P, (D,,) correspond to an
n-gon with k& + 1 diagonals, which are k + 1 compatible splits identified with k-simplices of
R(A,). Identifying faces from P,,(D,,) to form P(D,,) does not affect the dimensionality of
the space; therefore, k-simplices of R(A,,) are in bijection with (n — k — 4)-dimensional faces

of P(D,),

A k-simplex of R(A,,) that corresponds to a collection of k£ + 1 root subsystems ©
forms a (k + 1)-simplex if and only if the new root subsystem 0P has a perpendicular
or inclusion relation with each element in ©. This condition is the same as a new split

being compatible with each split in a set of compatible splits §,,_; that corresponds to ©.
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A bipartition compatible with other bipartitions corresponds to a diagonal of an n-gon that
does not intersect with other existing diagonals of the n-gon. Therefore, adding a new
diagonal to (n — k — 4)-dimensional faces of P(D,,) creates an (n — k — 5)-dimensional face

of P(D,,).

2.4 Isometry Between BHV, ; and F(D,)

A lattice N is isomorphic to Z" for some n, and we define the real vector space

Nr = N ®7 R. First we define the concept of a convex polyhedral cone.

Definition 2.4.1 (Convex polyhedral cone). A convex polyhedral cone is a set
o={ruv+ --rws € Ng:r; >0}

generated by any finite set of vectors vq,...,vs in Ng. A strongly convex rational polyhedral
cone o in Ng is a cone with apex at the origin, generated by a finite number of vectors;
rational means that it is generated by vectors in the lattices, and strong convexity means

that it contains no line through the origin [22].

Let M = Hom(N,Z) denote the dual lattice, with dual pairing denoted (, ).

Definition 2.4.2 (Dual cone [22]). If o is a cone in N, the dual cone 0" is the set of vectors
in Mg = M ®z R that are nonnegative on o, i.e., it is the set of equations of supporting
hyperplanes, i.e.,

o' ={ueV*:(uv) >0 foralveod}.

Definition 2.4.3 (Supporting hyperplane). Given a (convex) set S C R", we say that a
hyperplane H C R" is a supporting hyperplane of S if all of S is contained in one of the
halfspaces bounded by H and if H contains at least one boundary point of S [22].

Definition 2.4.4 (Face of a cone). The face T of a cone ¢ is the intersection of ¢ with any
supporting hyperplane:
r=ocnNut={veco: (uv) =0}

for some u in o¥ [22].
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Definition 2.4.5 (Fan). A fan in N is a collection of strongly convex rational polyhedral
cones o in the real vector space Ng, such that every face of a cone in the fan is also a cone

in the fan, and the intersection of two cones in the fan is a face of each [22].

Denote D,, = {a € A | a® = —2} as the root system of type D, where A is a

negative-definite Z-lattice spanned by D,,. Consider the linear map

o Sym2 AV — zA(Dn)

f = Z f(Al)[A1]7

A1edy (D'n)

where Sym? AV is the space of quadratic forms on A, and f(A,) is equal to the value of f
on one of the opposite roots of A;. Define N(D,,) as Coker ¢, and let 1) be the canonical
map to quotient module. Let v : Zbi — N (D,,) be the dual map. For any root subsystem
J C Dy, let

aeJnD;

In the following, we present a formal definition of the algebraic fan F(D,,) according

to Hacking-Keel-Tevelev [25].

Definition 2.4.6 (The fan F(D,,)). Define strongly convex rational polyhedral cones 75 in

Nk as a set:
75 = {me (OM1PY) - (O24P) € N(D,)g i 7 >0}

The fan F(D,,) in N(D,,)q is a collection of strongly convex rational polyhedral cones 74 in
the real vector space N(D,,)q determined by the rays ¢ (@ﬁ”B") for each ©,"'% € R(D,),
where rays span a cone in F(D,,) if and only if the corresponding subsystems form a simplex

in R(A,).

A simplicial complex K in R¥ is a collection of simplices in RY, such that every
face of a simplex of K is in K and the intersection of any two simplices of K is a face
of each of them; meanwhile, every face of a cone in the fan is also a cone in the fan, and

the intersection of two cones in the fan is a face of each, which is analogous to a simplicial
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complex [22]. Meanwhile, Zairis-Khiabanian-Blumberg-Rabadan defined cubical complexes
as metric spaces obtained by gluing together cubes via the data of isometries of faces, subject
to the condition that two cubes are connected by at most a single face identification and
no cube is glued to itself [59]. In the following theorem, we show that F(D,,) inherits a

simplicial structure from R(A,,) and therefore is a fan.

Proposition 2.4.7. F(D,,) is a fan.

Proof. To prove F(D,,) is a fan, we need to show that every face of a cone in F(D,,) is also
a cone in F(D,,), and the intersection of two cones in F(D,,) is a face of each. Consider a
face 7 of a cone o C F(D,,). By definition, 7 is the intersection of ¢ with any supporting
hyperplane:

r=ocnNut={veco: (uv)=0}

for some u in ¢¥. Because 7 is the intersection of ¢ with a supporting hyperplane, 7 is a
subset of o and spanned by a collection of pairwise compatible root subsystems. Since the
root subsystems spanning ¢ are pairwise compatible, the root subsystems spanning 7 are also
pairwise compatible. Recall that rays span a cone in F(D,,) if and only if the corresponding

subsystems form a simplex in R(A,,). Therefore, 7 is also a cone in the fan.

Since a cone is a face of itself [22], we have:
c=ocNu"={veEao: {uv) =0}

for some u in ¢V, and

F=cNna"={veas: {u,v) =0}
for some % in ¢".

Let 7 be the intersection of two cones 0,6 C F(D,,), then
F=(cnu)n@Enat)=cn(Enutnat).

By definition,
o' ={ueV*:(u,v) >0forallveoc}.
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Therefore, 6 Nu’™ N4t isin 0V. So 7 is a face of . And similarly,
F=an(cNutNat).

So 7 is a face of . Therefore, 7’ is a face of the cones o and ¢’, respectively, and we conclude

that F(D,,) is a fan.

[]

The definition of the fan F(D,,) determined by R(A,) induces an isomorphism be-
tween F(D,,) and R(A,). This relation is analogous to that between PBHV,, and BHV,,.
BHV,, is the cone over PBHV,,, and F(D,,) is the cone over R(A,), both consisting of rays
emanating from the suspension point to infinity. Since R(4,) is isomorphic to PBHV,, 1,

this isomorphism also passes down to F(D,,) and BHV,,_;.

Theorem 2.4.8 (BHV,,_; and F(D,,) isomorphism). BHV,,_; and F(D,,) are isomorphic.

Proof. Each k-dimensional orthant in BHV,,_; can be parametrized by a set of compatible

splits 8k | = {SA1|31, ey SAfllB'“}:

n—1 n

n—1

05—1 = {hSAi‘Bl +-+ tkS:fllBk e BHV,,_:t;, > 0} )
Each k-dimensional cone of the fan F(D,,) can be parametrized by
5= {r (0,17) + -+ (0417%) € N(Dy,)g : rs > 0}

for a collection of root subsystems OF = {@ﬁ”Bl, - @ﬁle’“} in R(D,,). Therefore, there is

an isomorphism between a k-dimensional orthant 0,’2_1 in BHV,,_; and a k-dimensional cone

7% of F(D,,) obtained by extending w : &,,_; — R(D,,) as in the following:

k

AL k
W0, 1 —)Tst,

A1|B Ag|B A1|B Ag|B
Tlsni|1 ' + tte +TkSnf|1 § = /rl@nll ! + U +Tk@nk| k'

We notice that the fan F(D,,) is constructed by abstract cones 74 according to R(A,), and
the cubical complex BHV,,_; is formed by emanating rays over PBHV,,_;. Since R(4,,) and
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PBHV,,_; are isomorphic, the isomorphism @ extends to BHV,,_; orthants and maximal

dimensional cones in F(D,,):

Q:BHV, 1 — F(D,),

A1|B A, _2|B,, _-
Tlsni L4 Tn_gsnfls\ TN 741@£1|B1 I rn_s(._.)ﬁn—S‘Bn—3‘

Different orthants of BHV,,_; are represented by different collections of compatible splits,
and different cones of F(D,,) are represented by different collections of root subsystems. The
invertibility of the map €2 follows from that of w, and, therefore, €2 is an isomorphism between

F(D,,) and BHV,,_; as sets. O

The cubical complex metric is similar to the {!-path metric on a simplicial complex:

Definition 2.4.9 (The /*-path metric of a cubical complex). Let C' be a cubical complex.
For any two points x,y € C, we define a path in C' from x to y to be a sequence of points
r = ag,ai,...,a, = y in C', such that for every ¢ = 1,...,7 there is a cube o; of C that

contains both a;_; and a;. The length of such a path is the sum

T
Z doi (ai—la ai)?
i=1

where d,, denotes the metric on the cube oy, i.e., the Euclidean metric. Then we define a
metric on C' by setting do(x,y) to be the infimum of lengths of all such paths from x to y.

We call this metric the I!-path metric of a cubical complex.

Ardila-Owen-Sullivant [3] found that BHV is an orthant space, which is a special case
of cubical complexes, so BHV is naturally equipped with the cubical complex metric. By
Definition 2.4.6, F(D,,) is a collection of strongly convex rational polyhedral cones determined
by the rays (0,,) for each © € R(A,,), where rays span a cone in F(D,,) if and only if the
corresponding subsystems form a simplex in R(4A,). The correspondence of F(D,,) with

simplices in R(A,,) formed by subsystems imposes a simplicial structure on F(D,,).

Lemma 2.4.10. F(D,,) is a cubical complex.
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Proof. F(D,,) is a collection of strongly convex rational polyhedral cones
7']33 = {le (@7‘?1'31) + -+ T’kw (@ﬁlek) € N(Dn)Q i Z O} .

F(D,,) is obtained by tiling with unit cubes, and is the quotient of a disjoint union of cubes
X =[], I™ by an equivalence relation ~. Consider the restrictions py : I"™ — F(D,,) of
the natural projection p : X — F(D,,) = X/ ~. Because F(D,,) is obtained by tiling with

unit cubes, no cube is glued to itself. Thus, the map p, is injective for every \ € A.

When gluing cones together, rays span a cone in F(D,,) if and only if the corresponding
subsystems form a simplex in R(A,,), and two cones are glued together along the face spanned

by the root subsystems they share. As a resut, for every cone oy, the map

D HU)\%HU)\/N
A A

with the equivalence relation represents the identification of two faces spanned by the same
root subsystems. Faces of tiling unit cubes in F(D,,) are glued via an isometry hy y from a
face T\ C I™ onto a face Ty C I™, such that py(z) = py(2') if and only if 2’ = hy y(z).

Therefore, F(D,,) is a cubical complex.

]

F(D,) is a cubical complex, so the I'-path metric on a cubical complex is canonical
on F(D,,). Points in BHV,,_; and F(D,,) are isomorphic by Theorem 2.4.8; therefore, the

cubical complex metric induces an isometry between BHV,,_y and F(D,,):

Theorem 2.4.11 (BHV,,_; and F(D,,) isometry). BHV,,_; and F(D,,) are isometric with

the cubical complex metric.

Proof. Denote by

n—1

A4|By An—3|Bn_3
sn_lz{sn_l T

a set of compatible splits that spans an orthant in BHV,,_;, and denote by

0, = {O1B . eln-sBs) c R(A,)
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a set of root subsystems that spans a maximal dimensional cone in F(D,,). Theorem 2.4.8

proved that the map

Q:BHV, 1 — F(D,),

AL|B Ap_3|Bn_:
rlsnill P+ Tn_gSnf13| "y @B L @An-slBns

is a bijection between BHV,,_; and F(D,,). We show that the cubical complexes BHV,,_4
and F(D,,) are glued in the same way, so that the distance between two points T,,_1, Th_1€
BHV,,_; is equal to the distance between the images of these two points in F(D,,) under the
map ). By definition, rays identified with QP span a cone in F(D,) if and only if the
root subsystems that correspond to the rays form a simplex in R(A,), which implies that
the splits corresponding to the root subsystems span an orthant; and it is the same for the

degenerated orthants and the faces of cone. Therefore, cubes in the cubical complex BHV,,

and F(D,,) are bijective.

Now we show that these identified cubes in BHV,,_; and F(D,,) are glued in the
same way. Since the intersection of ©, and ©, is a subset of each, each pair of elements in
0, N O, also satisfies this criteria; hence, the intersection spans a cone in F (D,,). Consider
two orthants spanned by two sets of compatible splits §,,_; and Sn_l corresponding to O,
and ©,,. Since the intersection of two sets of compatible splits is also a set of compatible
splits, S,_1 N Sp_1 spans a degenerated orthant that corresponds to the face of a cone in

F(D,,). Hence, the disjoint union of cubes in F(D,,) and BHV,,_; quotient in the same way.

Now we have proved that F(D,,) and BHV,,_; consist of isomorphic cubes equipped
with the [!-path metric of a cubical complex and that they are glued in the same way.
Therefore, for any two points Tn—1,Tn—1 € BHV,,_; and their images in F(D,,) under the
map €2, the paths between T,,_; and T,,_; and the paths between Q(T,—1) and Q(Tn_l) can
be identified. In particular, the length of the shortest path between T,_; and T, n—1 and that

between Q(7,,_1) and Q(T,,_1) are equal. Thus,

1Tt = Tosllagy = I1Ta1) = A1)l

34



The following section discusses generalizations of spaces of phylogenetic trees, called
spaces of phylogenetic networks, and introduces comparison theorems that connect spaces

of phylogenetic networks with algebraic geometry.
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Chapter 3

Comparison Theorems on Spaces of Phylogenetic
Networks

Phylogenetic networks are unrooted graphs, such that every split is represented by
an array of parallel edges, where the internal nodes in the phylogenetic network represent
ancestral species, and nodes with more than two parents correspond to reticulate events
such as hybridization or recombination [29]. Compared to phylogenetic trees, phylogenetic
networks more accurately reflect reticulate events such as hybridization, horizontal gene
transfer, recombination, or gene duplication and loss [9, 49, 17, 32, 34, 33, 31]. Fig. 3.1
compares phylogenetic trees with phylogenetic networks for the same dataset by Wagele
and Mayer [54] to demonstrate how the network exhibits conflicting signals that are not

represented in the tree.

A set of compatible splits can be represented by an unrooted phylogenetic tree; an
example is shown in Fig. 3.1a. However, in natural selection, even assuming that gene con-
version between paralogous genes and horizontal transfer of genes between species are rare,
non-phylogenetic signals still cannot always be recognized. Therefore, random data [56] and
the presence of paralogous sequences introduce noise in the form of conflicting signals. For
example, Cyclestheria appears as sister taxon to Cladocera in the tree, as shown in Fig. 3.1a;
however, Cyclestheria is usually classified as genus of Spinicaudata, while there are also mor-
phological characters indicating that Cyclestheria might not be a spinicaudatan genus. The
bifurcations are contradicted by conflicting patterns, and there are no edges distinctly better
than conflicting signals that allow safe placement of Notostraca, Spinicaudata, Lynceus, or
Cyclestheria. The phylogenetic network exhibits conflicting signals that are not represented

in the tree, as shown in Fig. 3.1b.
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Figure 3.1: Comparison of phylogenetic trees with phylogenetic networks for the
same dataset. 25 species of Branchiopoda and outgroups from 18SrDNA sequences.

3.1 Spaces of Phylogenetic Networks and Projectivized Spaces

In this section, we introduce spaces of phylogenetic networks with a brief introduction
from the viewpoint of biologists [29], followed by the mathematical model of phylogenetic
networks as cubical complexes according to Devadoss and Petti, called the circular split
network (CSN) [16]. Then we will discuss relations between spaces of phylogenetic networks
and algebraic fans, projectivized spaces of phylogenetic networks and simplicial complexes,

and embeddings among these spaces.

Definition 3.1.1 (Edge coloring). Let G = (V, E) be a finite connected graph, and let K
denote a finite set of labels called colors. An edge coloring is a mapping o : E — K that has

the property that no two adjacent edges are given the same color [29].
Definition 3.1.2 (Properly colored). Consider an undirected path,
P = (ug,e1 = {ug, ur },ur, 62 = {ug, ust, ..., e = {up_1, u }, uy),

containing exactly len(P) = ¢ different edges. We denote the set of colors that occur in P

by o(P), defined as



and call P properly colored, if all edges in P have different colors, that is, if |o(P)| =t [30].

Definition 3.1.3 (Isometric coloring). An edge coloring ¢ of a finite connected graph G =
(V, E) is an isometric coloring, if for any two nodes, all shortest paths between them are

properly colored and use exactly the same set of colors [30].

Definition 3.1.4 (Split graph). A split graph consists of a finite, simple, connected, bipartite
graph G = (V, E), together with an edge coloring o : F — K that is surjective and isometric
[29].

Deleting all edges of any given color in a split graph produces two connected com-
ponents, initially proved by Dress and Huson [18]. This property ensures split networks are

well-defined, with nodes labeled by a set of taxa X and edges labeled by a set of splits S.

Definition 3.1.5 (Split network). Let 8§ be a set of splits on X. A split network N =
(V,E,o, ) that represents 8 is given by a split graph (G = (V, E),0 : E — §8) and a node
labeling A : X — V/, such that

A= J X' and B= [ J A (v)
veVy veVy
for every split S = A | B in 8, where V{ and Vg refer to the sets of vertices in the connected

component G° and G, respectively [29].

In other words, deletion of all edges of color S produces a graph consisting of pre-
cisely two connected components, one containing all nodes labeled with elements of A and
the other containing all nodes labeled with elements of B. Phylogenetic network refers to
any graph used to represent evolutionary relationships between a set of taxa [30]. More re-
cently, Devadoss and Petti presented a mathematical model of phylogenetic networks, called
a circular split network, where a split network is specified with a circular ordering that is
compatible with most of the splits [16], given in Definition 1.3.1. Orthants in CSN,, are glued
together along cells that represent split systems that are compatible with the orderings of

their respective chambers of My, [16].
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CSN,, is a cubical complex realized by subdividing each orthant into cubes. BHV,, 4
consists of one root and a set X of n — 1 labeled leaves, and CSN,, consists of a set X' =
X U{v} with some labeled leaf v. CSN,, and BHV,,_; share the same set of bipartitions after
identifying with the root in BHV,_;. The set of bipartitions has cardinality 2"t —n — 1,
and we use QOSn to denote the set of splits in CSN,,. Each phylogenetic network P, € CSN,,

(n

consists of at most M = "T_?’) splits; therefore, we represent each network P, € CSN,, by a

coordinate system

o

5= (s g
for a set of splits §,, C &, such that

Po= (S By S )
for some t; > 0.

Definition 3.1.6 (CSN metric). The distance between any two points of CSN,, in the same
orthant is the Euclidean distance. If two points are in different orthants, we join them by
a sequence of straight segments, with each segment lying in a single orthant. The distance
between the two points is the minimum of the lengths of such segmented paths joining the

two points, denoted as degn,, (7, y).

Although BHV,,_; and CSN,, share the same set of bipartitions, the bipartitions
span a phylogenetic tree or a phylogenetic network under different criteria, resulting in
different maximal dimensional cells in BHV,,_; and CSN,,. In CSN,,, bipartitions form higher-
dimensional simplices if they share the same circular ordering; in BHV,,_;, bipartitions are
required to be compatible, in addition to sharing the same circular ordering, in order to form
higher-dimensional simplices. This forms a natural inclusion from BHV,_; into CSN,,. In
the following, we first present a definition of the Catalan number C),, which can be regarded
as the number of non-isomorphic ordered trees with n+ 1 vertices [51]. Then we will discuss

the combinatorial properties of the embedding of BHV,,_; into CSN,,.

Definition 3.1.7 (Catalan number). The Catalan numbers are named after the Belgian

mathematician Eugene Charles Catalan. The n-th Catalan number is

' n
C - 1 (2n) _ (2n)! R n s k for n > 0.
n+1\n (n+1)!n! ik
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Lemma 3.1.8 (Factorial identity).

Proof. The proof is by induction. O

Theorem 3.1.9 (BHV,,_; embedding into CSN,,). BHV,,_; is embedded into CSN,,. There
are C),_o types of tree topology in BHV,,_; embedded in each orthant of CSN,,, where C,,_5 is
the Catalan number. Each type of tree topology in BHV,,_; is embedded in the intersection
of 2773 orthants of CSN,,.

Proof. 1dentifying the root of BHV,,_; with v = X'\ X, which is the difference between the
set of taxa in CSN,, and BHV,,_1, induces the identity map A\ between the set of bipartitions
&, of BHV, | and &, of CSN,, with A, = A, A, = B, Al = B,, or Al = Bl:

o)
NG, — 6,
Aqi| B AL B;
Syt = St

Extend A to A as the following:

A :BHV,,_; — CSN,,,

A1|Bl A ,3‘B -3 A ‘B Ai |Bz
<TIS g T JTTL—gsnfl " — Til Sn " 117 T 7TZ'MSTL M M )

n—1

where M = "(”73), ri=r;if A, =A;, A; = B;, B, = A, or B; = Bj, and r; = 0 otherwise.

2
Since A is injective, BHV,,_; is embedded into CSN,,.

The number of non-isomorphic ordered trees with n + 1 vertices is C,, [51], and each
non-isomorphic tree with certain circular ordering corresponds to a tree topology; therefore,
there are C),_5 types of tree topology in BHV,,_; embedded in each orthant of CSN,,. Since
each tree in BHV,,_; is up to rotation along the internal edges, but each rotation leads to
a different orthant in CSN,,, each tree topology is in the intersection of 2"~3 different CSN,,

orthants, where n — 3 is the number of internal edges for a tree in the interior of BHV,,_;. [
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The number of CSN,, orthants that each BHV,,_; orthant intersects is the number of

tree topologies in each CSN,, orthant C,,_», multiplied by the total number of orthants @

in CSN,,, and then divided by the number of tree topologies in BHV,,_;:

Coo B2 @n—d)-o(n=1) g

(2n —5)! 2(2n — 5H)!!

which yields the same result as Theorem 3.1.9. The last identity is according to Lemma

3.1.8.

Following the definition of the link of vertex by Zairis-Khiabanian-Blumberg-Rabadan,
we define the link of CSN,, at the origin as the set

LCSN(O) = {Z € CSN,, | d(Z, 0) = 6}

for some fixed 0 < € < 1. Therefore, the link of the origin in CSN,, is the set of points
P, € CSN,, such that Z?:(q”_?’)/z t? = 2. By Proposition 2.1.11, the link £(v) of a vertex v
in a cubical complex C' is a spherical complex. Since CSN,, is a cubical complex, as a result,

the link of the origin in CSN,, is a spherical complex.

Proposition 3.1.10 (P CSN,, and the link of CSN,, isomorphism). There is an isomorphism
of sets between P CSN,, and the link of CSN,, at the origin defined by Zairis-Khiabanian-
Blumberg-Rabadan.

Proof. By Definition 1.3.2, PCSN,, consists of the points with the sum of internal edges ¢;

satisfying 2?2(2_3)/ 2t = 1. Parameterizing this set of points by angular coordinates in each

orthant, we have:
Ja PCSNn — LCSN(()),
<l7 SDl, e 7@71(n2—3)_1> — <€, SDl, e 7(,0n(n2—3)_1> 3

where @y are angular coordinates, and € is determined by the relation that the sum of the
squares of the coordinates is equal to one. Therefore, Logn(0) and P CSN,, are isomorphic.

]

Theorem 3.1.11 (CSN,, and P CSN,, connection theorem). P CSN,, is the projectivized
space of CSN,,, and the cone over P CSN,, is isomorphic to CSN,, as sets.
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Proof. Let M = @ Denote a point P, of CSN,, by a set of compatible splits 8,,:

P, = <t1S71?1|317 e 7tMS';’?M|BM> > 0.
The image of the following quotient map is P CSN,,:
¢ : CSN, \{0} — CSN,, \{0},

M
(tls;;h'Bl, .. ’tMS’Tz?M\BM> — <t1$';141‘31, .. ’tMS';?]VﬂBM) / Zti'
=1

Therefore, P CSN,, is the projectivized space of CSN,,, with the simplicial structure of P CSN,,

inherited from the cubical complex CSN,,.

On the other hand, P CSN,, is the quotient space of CSN,,, and we denote each element
in P CSN,, by
Fn = (tAlS;?llBl, ce ,fMS;?M‘BM)

with #; > 0 and Zf\il t; = 1. Each element in P CSN,, is a representative of the equivalence

class of rescaled phylogenetic networks in CSN,,. We define the 0-cone over P CSN,, as
CSN; = (PCSN,, xRsg) / (PCSN,, x0).
Each point in CSN} can be represented by
P = (hglg;hlBl’ .. ,gMgmeM)
for kK > 0. Consider the map

=: CSN; — CSN,,
(k,£15f1\317... 7£MS;?M|BM) — <ktAIS’;?1|Bl7.“ 7kLZMSv;:XM|BM) '

The map = takes a point ?Z in CSN? to a point P, in CSN,, with a rescaling factor k.
Therefore, the 0-cone over P CSN,, is isomorphic to CSN,, as sets. O

Identifying the set of bipartitions of PBHV,,_; and P CSN,, also induces an inclusion
from PBHV,, into P CSN,,.
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Corollary 3.1.12 (PBHV,,_; embedding into P CSN,,). PBHV,,_; is embedded into P CSN,,.
There are C),_5 types of tree topology in PBHV,,_; embedded in each orthant of P CSN,,.
Each type of tree topology in PBHV,,_; is embedded in the intersection of 2"~ orthants of
P CSN,,.

Proof. According to Definition 1.1.2 and Definition 1.3.2, PBHV,, consists of the points T;,
for which the sum of its n — 2 internal edges t; is 1, and P CSN,, consists of the circular split
networks for which the sum of its internal edges t; is 1. Since rescaling does not affect tree
topology, each tree topology in BHV,,_; is embedded in an orthant of CSN,, if and only if
that tree topology in PBHV,,_; is embedded in the respective P CSN,, orthant. Therefore,
the results in Theorem 3.1.9 extend to PBHV,,_; and P CSN,,. O

3.2 The Remarkable Fan §(D,) Over Simplicial Complexes Q(A,)

In this section, we introduce algebraic fans that are isomorphic to spaces of phyloge-

netic networks and inclusion relations between algebraic fans and phylogenetic spaces.

Definition 3.2.1 (The simplicial complex Q(A,,)). Define the simplicial complex Q(A,,)

with O-simplices being elements in the set R(D,,). Higher-dimensional simplices
oF = {e/11F .. oMBl c 9(A,)

are formed by root subsystems if and only if their corresponding boundary divisors all meet

a single closed cell, i.e., they correspond to faces of P,,(D,,).

Definition 3.2.2 (The remarkable fan G(D,,)). Define strongly convex rational polyhedral

cones Tg in Ng as a set:
Tg = {le (@fl‘Bl) + (@7‘3“3’“) € N(Dyp)g:1i > O} )

The remarkable fan G(D,,) in N(D,)q is a collection of strongly convex rational polyhedral
cones 7g in the real vector space N(D,,)q determined by the rays (@f "‘Bi> for each @415 €
©,,, where rays span a cone in §(D,,) if and only if the corresponding boundary divisors all

meet a single closed cell, i.e., they correspond to faces of P, (D,), as defined in Section 2.3.
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The proof that §(D,,) is a fan is similar to Proposition 2.4.7.

Proposition 3.2.3. §(D,,) is a fan.

Proof. Consider a face 7 of a cone o C G(D,), which is the intersection of o with any
supporting hyperplane:
r=o0Nut={veco: (uv)=0}

for some u in ¢¥. Therefore, 7 is a subset of ¢ and is spanned by a collection of root
subsystems. Since 7 is a subset of o, the root subsystems spanning 7 also correspond to

faces of P,,(D,,). Therefore, 7 is also a cone in the fan.

Now we show that the intersection of two cones in G(D,,) is a face of each. Let o
denote a cone in G(D,,) spanned by a collection of root subsystems 8, and let & denote
another cone in §G(D,,) spanned by a collection of root subsystems S. Assuming o N g # (),

the hyperplane v spanned by & N Sisa supporting hyperplane, such that
r=ocnNut={veo: (uv)=0}

Therefore, 7 is a face of ¢. Similarly, the hyperplane @ spanned by 8§ N Sis a supporting
hyperplane, such that
r=6nNut={ves:(uv)=0}.

Therefore, 7 is also a face of & also. Hence, F(D,,) is a fan.

]

By definition, the fan F(D,,) C N(D,)q is the collection of cones determined by the
rays 1 (@fi‘3i> for each @715 ¢ R(A,), where rays span a cone in F(D,) if and only if
the corresponding root subsystems form a simplex in R(A,,). This implies that bipartitions
that correspond to the root subsystems are compatible. For a collection of bipartitions to
be compatible, they first need to share the same circular ordering. Since rays span a cone in
§(D,) if they share the same circular ordering, this fact induces an inclusion relation between
F(D,,) and G(D,,). In the following, we present a proof of the conjecture by Hacking-Keel-
Tevelev on the inclusion relation between F(D,,) and G(D,,) [25].
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Theorem 3.2.4 (§(D,,) contains F(D,,)). The fan F(D,) C N(D,)y embeds into the re-
markable fan G(D,,).

Proof. By definition, the fan F(D,,) C N(D,)g is the collection of cones determined by the
rays 1 <@ﬁi|B") for each ©417% € R(A,). Consider the map

L:F(Dy,) — S(D,),
n—3 M
S (O45) 3 s (637)
i=1 i=1

for M = @ Since rays span a cone in F(D,,) if and only if the corresponding subsystems
form a simplex in R(A,,), by Theorem 2.3.1, this implies these rays form a simplex if and only
if they are compatible bipartitions. Compatible bipartitions can be viewed as internal edges
of a labeled tree, which has a fixed circular ordering. Therefore, compatible bipartitions can
be arranged to share the same circular ordering. Rays form a cone 7g in the fan G if and only
if they correspond to faces of P,,(D,), i.e., they share the same circular ordering. Therefore,
each cone 75 in the fan J is a subset of a cone 7¢ in the fan G. Two cones in the fan G are
identified along their common faces, which are also common faces in the fan F; hence, they
are identified in the preimage under ¢ as well. Thus, ¢ is an injection from 75 into 7¢, and

the fan F(D,,) C N(D,,)q embeds into the remarkable fan G(D,,). O

3.3 Homeomorphism Between PCSN,, and Q(A,)

Q(A,) is a simplicial complex: for a collection of root subsystems ©,, that forms
a simplex, each subset of ©, must also share a circular ordering, i.e., they correspond to
faces of P,,(D,,) for certain circular ordering ;. So every face of a simplex in Q(A,,) is also
a simplex in Q(A,). Also, a non-empty intersection of two simplices is a subset of each;

therefore, it is a face of each.

Similar to PBHV,,_; and R(A,,), PCSN,, and Q(A,,) are also isomorphic as abstract

simplicial complexes and their geometric realizations are homeomorphic.

Theorem 3.3.1 (PCSN,, and Q(4,) isomorphism). P CSN,, and Q(A,,) are isomorphic

abstract simplicial complexes.
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Proof. The set of splits in CSN,, are denoted by:
G = [mim g
for M =|6,,_1] = 2" — n — 1. Consider the map v between &,, C PCSN,, and R(D,,):

v 6, — R(D,),

S U O

The map I identifies O-simplices of P CSN,, and R(D,,).

By Definition 1.3.1, the internal branches of split networks share the same circular
ordering; simplices in Q(A,,) are formed by root subsystems if and only if they correspond
to faces of P, (D,,) for a certain o;, which coincides with sharing the same circular ordering.
Therefore, the 0-simplices of P CSN,, and Q(A,,) form higher-dimensional simplices in the

same way. Thus, abstract complexes P CSN,, and Q(A,,) are isomorphic. O

Since the induced simplicial map between two abstract complexes is a homeomor-

phism, P CSN,, and the geometric realization of Q(A,,) are also homeomorphic. As a result,

Corollary 3.3.2 (PCSN,,_; and Q(A,) homeomorphism). The geometric realization of
PCSN,, and Q(A,,) are homeomorphic.

Because PBHV,,_; is embedded into P CSN,,, the geometric realization of PBHV,,_;
and R(A,,) are homeomorphic by Corollary 2.3.4, and the geometric realization of P CSN,,
and Q(A,,) are homeomorphic by Corollary 3.3.2, we conclude that:

Corollary 3.3.3 (R(A,,) embedding into Q(A,,)). R(A,,) is embedded into Q(A,,). There are
C—o maximal dimension simplices in R(4,,) embedded in each maximal dimension simplex
of Q(A,). Each maximal dimension simplex in R(A,) is embedded in the intersection of

2"~% maximal dimension simplices of Q(A,,).
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3.4 Isometry Between CSN,, and G9(D,)

The isomorphism between CSN,, and §(D,,) is extended from the isomorphism be-

tween the set of bipartitions of CSN,, and rays ¥(0)g C §(D,,).

Lemma 3.4.1. §(D,) is a cubical complex.

Proof. G(D,,) is a collection of strongly convex rational polyhedral cones

og = {T’lw (@fl‘Bl) 4+ +TMT/1 (@;\4/11\4) c N(Dn)(@ > O} ,M _ n(nz— 3)

G(D,,) is obtained by tiling with unit cubes, and it is the quotient of a disjoint union of cubes
X =[], I™ by an equivalence relation ~. Consider the restrictions p, : 1" — G(D,,) of the
natural projection p : X — §(D,,) = X/ ~. Because §(D,,) is obtained by tiling with unit

cubes, for every A € A the map p, is injective.

When gluing cones together, rays span a cone in §(D,,) if and only if the corresponding
subsystems meet at a single closed cell. Two cones are glued together along the face spanned
by the root subsystems they share, which is the isometry hy » from a face T C I™* onto a
face T\ C I"™, such that py(x) = py(2’) if and only if 2/ = hy y(x). Therefore, §(D,,) is a

cubical complex. O

Theorem 3.4.2 (CSN,, and §(D,,) isomorphism). CSN,, and §(D,,) are isomorphic.

Proof. Each k-dimensional orthant in CSN,, can be parametrized by a set of splits &, =

{S;?”Bl, - Sf’“lB’“} that shares the same circular ordering:
ok = {tlS{}l‘Bl oo 1,88 Be € CSN,, 1 t; > 0}.
Each k-dimensional cone of the fan G(D,,) can be parametrized by
& = {r (015 + - 1 (O2415%) € N(Dy)g 113 > 0}

for a collection of root subsystems ©F = {@f”Bl, ..o ’“lB’“} that are O-simplices in R(A,,).

Therefore, there is an isomorphism between a k-dimensional orthant ¢* in CSN,, and a k-
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dimensional cone 7§ of §(D,,) induced by v : &,, — R(D,) as the following:

N ok k
U0, —Tg
k

k
ZTiSA”Bi — Zriw (@;;‘”Bi) .

i=1 i=1
But P CSN,, and Q(A,,) are isomorphic abstract simplicial complexes; therefore, orthants in
P CSN,, and cones in Q(A,,) are identified in the same way. So © can be extended to CSN,,
and §(D,,):

Y : CSN, — §(D.,),
n(n—3)/2 n(n—3)/2

Z T’Z'SAi|Bi — Z Tiqu) (@ﬁl‘Bl) .

i=1 =1

The invertibility of the map T follows from that of v, and, therefore, YT is an isomorphism

between CSN,, and §(D,,) as sets. O

Any set of orthants in CSN,, is arranged around a common origin; therefore, CSN,, is
an orthant space. Orthants in CSN,, are formed by splits sharing the same circular ordering,
and they are glued together along the face spanned by splits they share. We equip CSN,,
with cubical complex metric. G(D,,) is also a cubical complex, where rays span a cone in
§(D,,) if and only if the corresponding subsystems form a simplex in Q(A,,). Since CSN,,
and §(D,,) are isomorphic, the cubical complex metric induces an isometry between CSN,,

and G(D,,). The proof is as follows:

Theorem 3.4.3 (CSN,, and §(D,,) isometry). CSN,, and G(D,,) are isometric cubical com-

plexes.

Proof. We show that the cubical complexes CSN,, and G(D,,) are glued in the same way, so
that the distance between two points P,, P, € CSN,, is equal to the distance between the im-
ages of these two points in §(D,,) under the map Y. By definition, rays identified with eilB
span a cone in §(D,,) if and only if the corresponding subsystems form a simplex in Q(A,,).

This condition implies that they can be identified with a circular ordering. Meanwhile, a set
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of splits form a simplex in P CSN,, and span an orthant in CSN,, when they correspond to
faces of P, (D,,) for some o;, which also implies that they can be identified with a circular

ordering. Therefore, cubes in the cubical complex CSN,, and §(D,,) are bijective.

Cubes in CSN,, and §(D,,) are also identified in the same way. Consider two collections
of rays ©, and ©, that span a cone in §(D,). By definition, they correspond to faces of
P,,(Dy) and P, (D,), and ©,, and ©,, are glued along common faces, i.e., the face spanned
by root subsystems that are both contained in F,,(D,) and P, ,(D,). On the other hand,
orthants in CSN,, are glued along the face spanned by common splits in different circular
orderings, which implies that the orthants in CSN,, and simplices in §(D,,) are identified
in the same way. Therefore, for any two points P,, P, € CSN,, and their images in S(D,)
under the map T, the paths between P, and P, and the paths between Y(P,) and T(P,)

are identical, so the lengths of the shortest path are also equal. Thus,

HPn - ]SHHdcsN - ”T(Pn) - T(]Sn)Hdg
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Chapter 4

Summary

Phylogenetic techniques play an important role in the research of cancer evolution.
The geometrical and topological structures of phylogenetic spaces unveil the intrinsic prop-
erties hidden in the ocean of data. The pathogenesis and evolutionary histories provide a
quantitative characterization of tumor initiation and maintenance, and therefore, are valu-
able for understanding carcinogenesis and cancer metastasis. A classical approach to repre-
sent the evolutionary trajectories across patients uses phylogenetic trees of each tumor and
then compares the n trees; another methodology developed much later is a generalization
of phylogenetic trees, called phylogenetic networks [24]. Metric structures of phylogenetic
spaces assist the identification of predictors of the malignancy evolution and cluster other ge-
netic architecture. The geometric structure of phylogenetic spaces elucidates the differences

between evolutionary histories, which may guide therapeutic intervention [11].

With recent developments in the acquisition of biological data and progress in genet-
ics, biology has become a data-rich discipline; for example, biologists have wielded CRISPR
to track a mammal’s development from a single egg into an embryo with millions of cells [35],
which creates an even greater demand for a deeper understanding of geometric structures
that represent evolutionary histories. Developments in technology bring even more pressing
challenges to phylogenetic studies. The phylogenetic trees are distinct within and between
patients [14, 23|, but clonal alternations are only partially ordered in most cases through
phylogenetic analysis, yielding a complicated evolutionary model. Furthermore, genomic in-
stability, interpatient variability, and technical noise introduce stochasticity and complexity

to the evolutionary process.

In my dissertation, I studied evolutionary models and their mathematical structures.

Modeling the evolutionary histories and identifying structures which arise in theoretical
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mathematics connect biology with mathematics. We discovered the space of phylogenetic
trees BHV,,_; is isometric to the algebraic fan F(D,,), and the space of phylogenetic networks
CSN,, is isometric to the algebraic fan G(D,,). Also, the projectivized space of phylogenetic
trees PBHV and the projectivized space of phylogenetic networks P CSN are homeomor-
phic to the geometric realizations of simplicial complexes R(4A,,) and Q(D,,), respectively.
Furthermore, §(D,,) contains F(D,); BHV,_; embeds into CSN,,; PBHV,,_; embeds into
P CSN,,; and R(A,,) embeds into Q(D,,), as exhibited in Fig. 1.2.

Molecular events driving cancer evolution may deepen our understanding of the mech-
anisms of drug resistance and cancer metastasis. As longitudinal samplings of cohorts become
available, the mathematical structures of genomic histories may enhance investigations into
the molecular events underlying oncogenesis, metastasis, and acquired resistance to therapeu-
tics. Thus, the evolutionary trajectories that modeled according to the spaces of phylogenetic
trees BHV,, and phylogenetic networks CSN,, are promising quantitative characterizations

for patient stratification, cancer progression, and therapeutic responses.

51



Appendices

92



Appendix A

Simplicial Complexes Formed by Root Subsystems D,

A.1 Simplicial complexes R(4,) spanned by root subsystems of D,

This section gives some explicit construction of simplicial complexes R(A,,) spanned
by root subsystems of D,, and their correspondences with spaces of phylogenetic trees. We

consider the root system of type D of the form
Dn:{i61i6j|1gl<j§n},

where €1, ...,¢€, denote the usual orthonormal unit vectors which form a basis of R". We

denote root subsystems OakIBr of D,, as below:

OMBr — {te; ¢ | i #j;ij € Ax}, A C{1,...,n}, and By = {1,...,n}\ A

The simplicial complex R(A4). The root subsystems Ds 4 of root system D, spanned by

canonical basis €, €; is represented as
Dy = {@;{161762}|{637€4}’ 95161763”{62,64}’ @;{161764}|{62763}’ @ieg’ﬁg}l{q’ﬁd, @ieg’“}'{q’e‘%}, 6i63,64}|{e1,ez}} 7
with

@{61762}|{637€4} {+e1 £ e}, @{Gl’ES}HQ’E“} {£e1 £ €3},

@{61764}|{62763} {+e1 + ¢4, @{52’63”{“’64} {+es + €3},

oletaal _ e Lo gleaiaet _ o 4o

There are (;l) /2 = 3 types of decomposition of Dy 4 X Dy y4:

R(Dy) = Do x Dy = {Ofrllleced  glrocalae),
@;{;1763}|{62764} x 64{162764}“61,63}’

Y

9561764}|{€2763} % 91{162763}|{€1764}}
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which are the O-simplices of the simplicial complex R(Ay). Since there is no perpendicular
nor inclusion relation in these 0-simplices, they are the top-dimensional simplices of R(Ay).
Each element in R(D,) corresponds to a split in BHV3, and therefore R(D,) is isomorphic
to the space of phylogenetic trees BHV3.

The simplicial complex R(Aj;). As a set, R(Ds) consists of root subsystems Ds 5 of root

5

2) different types of root subsystems D5 of root system Ds.

system Djs, and there are (
Since A and B complement each other, we introduce a shorthand © to represent (Fs 1B, By

definition, we have:

:R(D5> = @275 = {®§€1762}, @5{)61763}7 @5{)61,64}7 @§61,55}7 @§62,63}’

@§62’€4}, @§62765}7 @§63,64}’ @§63,65}’ @§64,65}} .

Since these root subsystems D 5 are the 0-simplices of R(Dj), there is no inclusion relation
qL

among them, but only perpendicular relation. Denote [@5‘41', @?J} as the 1-simplex formed

by perpendicular relation between two root subsystems @?i, @?j € Dy 5; the 1-simplices of

R(Aj) are

{ |:6§61,62}’ @§63,64}] 1 7 [6;61762}’ @§63765}i| 1 7 [6;61762}’ @§G4765}i| 1 7

- S S 1L
@é 1,3})@% 2,€4} @é 1,3})@% 2,65} @é 173}7@§ 4,65}

:@éﬂ,&l}’ @éémﬁs}- :@éﬂ,&;}’ @§€2,65}- :@éﬂ,&;}’ @§€3,65}-

_@;5)61,65}7 ®§€2,63} _@;5)61,65}7 ®§€2,64} _@;5)61,65}7 ®§€3,64}

1 1 1
@§62763}7@§e4765}] ’ [Géezm}?@éeeﬂ%}] ’ [@§62765}7@§63764}] }

These 1-simplices are top-dimensional, and the total number of 1-simplices is 15, which cor-

responds to 15 orthants in BHV,.

The simplicial complex R(Ag). By definition,

R(D@) = Dgﬁ U (®376 X D3,6)'
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The cardinality of the set Dag in R(Dg) is (g) = 15, which corresponds to the following

0-simplices:

fR(Dg,) _ @275 _ {@éﬂ,ﬁz}’ @éfl,CS}, @éél,&;}’ @éél,%}, @éﬁl,ﬁﬁ}, @({562,63}’ @%{;2,64}’ @éﬁz,ez’)}’

@({352766}’ @é637€4}’ ®é€3,65}7 @ées,%}? @({564,65}7 @éﬂnﬁﬁ}, ®é€5,56}} .

The cardinality of the set D3¢ X D36 in R(Dg) is (g)/Z = 10, which corresponds to the

following O-simplices:
_ {e1,e2,€3} {ea,e5.66} {€1,€2,€a} {e3.e5.66} {€1,€2,65} {e3,€4,66}
@éqﬁz,ﬁﬁ} % 6%63,64,65}7 @é61763764} % @é€27€5756}’ @é61,637€5} % @é€2754756}’
@éELEB,EG} X ®é€2,64,€5}, @({;61764,65} % @é€2,63,66}7 @é517€47€6} % @é€2,63,65}7

@é€17557€6} % @é62,63,€4}} ‘

Therefore, the number of 0-simplices of R(Dg) is 25. The number of 1-simplices formed by

perpendicular relations among elements in Dy g is

(/-

The number of 1-simplices formed by inclusion relations from Dy in D3 X D3 is

()(5) =

Therefore, the total number of 1-simplices in R(Ag) is 105, which corresponds to degenerated

trees in BHV;5. The 2-simplices in R(Ag) can be formed by three elements in Dj ¢ with

(B)G)G)/ 2

2-simplices. The set D34 x D36 has 10 elements; the other way to form 2-simplices in R(Ag)

disjoint basis, totaling

is to choose two elements from D, ¢ so that each element is included in one side of D3 x D3¢,
totaling 90 types of 2-simplices. Therefore, the number of 2-simplices of R(Ag), which are
the top-dimensional simplices of R(Ag), is 105. These simplices correspond to 105 orthants
in BHV;.
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A.2 Simplicial complexes Q(A, ) spanned by root subsystems of D,

The simplicial complex Q(A,). The root subsystems D, 4 of root system D, spanned by

canonical basis €, €; is represented as

Doy = {@;{161752”{63754}’ @;{161,63}|{62,64}’ 9161,64}|{62,63}’ @j[;z,es}l{q,q}’ @i€2,64}|{61,63}’ @;{;3,64}|{61,62}} .

The set R(Dy) has (3)/2 = 3 elements:

R(Dy) = Doy x Dy = {Of o] glrocaliae),
91{161763}|{62764} < @;{L62764}|{61763}’

@i€1764}|{62763} X @4{;2’63”{61’64}} :

which are the 0-simplices of the simplicial complex Q(A,). The 1-simplices of Q(Ay) are

formed by root subsystems in R(D,) that share the same circular ordering, and they are:

_@4{161762”{63764} % 9163,64}|{61,62}7 @i€1,63}|{62764} % 91{162754:”{61753}-

_@;{161762}|{637€4} % 9163764“{61762}7 9161754“{62753} % @;{;2763}|{€1764}_

_@iel7eg}|{52,e4} v ®i€2,€4}|{€1,63}7@i€1,64}|{€2,63} x ®i€2,€3}|{€1,64}- '

Each orthant in Q(D,) has dimension n(n —3)/2 = 2, and there are (n —1)!/2 = 3 orthants,
as illustrated in Fig. 1.1b.

The simplicial complex Q(Aj;). As a set, R(Ds) consists of root subsystems Dy of root

5

2) different types of root subsystems D, 5 of Ds. We continue to

system Ds, and there are (
use the shorthand ©4 to represent a7,
R(Ds) = Dy = {@gm}, ot gl glast gleal,

@§€2,64}7 @§€2,€5}7 @éea,&;}? @§€37€5}7 ®§€4765}} .

Each orthant in Q(Ds) has dimension n(n—3)/2 = 5, and there are (n—1)!/2 = 12 orthants.

O{Ui(1)7...7ai(

We use "} to denote the orthant spanned by root subsystems sharing the circular

ordering o;. Orthants in Q(Dj) are spanned by the following root subsystems:

oil’2’3’4’5} _ {(_)éel,eg}, @§)62763}7 @§e3764}7 @§)647€5}’ @§61,55}} ’
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{12354}

@{61 €2} @{62 €3} @{63 €5} @{64 €5} @{61 ea}

O{l ,2,4,3,5} @{el €2} @{62 €4} @{63 €4} @{63 €5} @{61 €5}

O{1 ,2,4,5,3} @{el €2} @{62 €a} ®{64 €5} @{63 €5} @{61 €3}

O{l 12,5,3,4} @{el €2} @{62 €5} @{63 €5} @{63 €4} @{61 €4}

O{12543}

@ €1, ez}7 @§62765}, @§647€5}’ @§e37e4}’ @éems}

O{15243}

@ €1, 65}, @§627€5}’ @§62,€4}’ @§53,e4}’ @é61763}

{1 5,3,2,4} @ €1,65} @::{)63,65} @::{)62,63} @:5)62764} @:5)61764}

{1 53,42} @ €1,€5} @§63,65} @§63,€4} @éeg,&;} @:r{)el,ez}

O{l ,5,4,2,3 (_){61 €5} @{64 €5} @{62 €4} @{62 €3} @{61 €3}

- j
{ j
{ j
{ j
{ b
0{1 52,34} {@ €1, 65}, @éeg,eg,}, @§62,63}7 95{)63,64}7 ®§61,64}} ’
{ j
{ }
-1 j
-1 j
- j

O{l 54,3,2} @{61 €5} @{64 €5} @{63 €4} @{62 €3} @{61 e}

The simplicial complex Q(Ag). By definition,
:R(D(-_;) = D2,6 (] (93,6 X ®3,6)-

The cardinality of the set Dy ¢ in R(Dg) is (6) = 15, and the cardinality of the set D3¢ x D36
in R(Dg) is (3)/2 = 10. Each orthant in Q(Ds) has dimension n(n — 3)/2 = 9, and there
are (n — 1)!/2 = 60 orthants.
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Appendix B

Glossary of Maps

B.1. Denote ¢, as angular coordinates from polar coordinates. p is an isomorphism:

p: PBHVn — LBH\/(O),

(1a9017 .- '?9071—3) = (6790% s 79071—3)'

B.2. 7 is a map from BHV,, \{0}, and its image is PBHV,,:

7 : BHV, \{0} — BHV, \{0},

(tlsfl‘Bla . ’tn_QanfﬂanZ) — (tIS;?I‘Bl’ . ’tn_2S;L4n72|Bn72) / Z t;.
i=1
B.3. ¢ is a bijection from the 0-cone BHV over PBHV,, to BHV,,:
¢ :BHV: — BHV,,

(k’fls;?llBlj e ’tAn72S’;l4n—2|Bn—2) s (kglsgmBl, . ,kfn,QS,f"”'B”—Q) _
B.4. w is a bijection between the vertex set of PBHV,,_; to the set R(D,,):
W 6n71 — :R(Dn),

Ai|B; A;|B;
Sl O

B.5. ¢ is a linear map between the space of quadratic forms on A, a negative-definite

Z-lattice spanned by the root system of type D,,:

o : Sym2 AV — zA(Dn)

f = Z f(Al)[A1]7

A1 E./h(Dn)
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where f(A;) is equal to the value of f on one of the opposite roots of A;.

B.6. w induces an isomorphism & between a k-dimensional orthant ¢¥_; in BHV,,_; and a

k-dimensional cone 75 of F(D,,):
Wiok | — 1k

A1|B AL|B
r S 1| 1 S k| k Tl@ﬁllBl_i_____’_rk@ﬁMBk'

B.7. The isomorphism @ extends to BHV,,_; and F(D,,):

Q:BHV, 1 — F(D,),

A1|B B
TlS 1| 1 +Tn 3Snn 3‘ n—3 '_>T1@£1|Bl +._‘+rn_3@ﬁn73‘3n73‘

B.8. \is the identity map between the set of bipartitions &,,_; of BHV,,_; and GOSn of CSN,,:

G, 6,

A;|B; A’|B
gAilB: iIBi

— Sh

B.9. A is an injection extended from A:

A BHVn_l — CSNn,
n(n — 3)

(TISA”BIV" Tn— SS n 1Bn- 3) = <TZ1S 1154 )T 77ai1\4S;L4iM|BiM> ) M =

B.10. p is the isomorphism between P CSN,, and Lcgn(0):
JO PCSNn — LCSN(O>7
(l, D1y ,gon(,Fng) — (e, D1,y - ,g0n<n73)71) )
2 2
B.11. ¢ is a map from CSN,, \{0}, and the image of the following quotient map is P CSN,,:
¢ : CSN,,\{0} — CSN,,\{0},
M

(tIS;?HBl’... 7tMSTI?M\BM> — <t15';?1‘31,"' 7tMSfM|BM> / Zti‘

=1

59



B.12. = is a bijection from the 0-cone CSN}, over P CSN,, to CSN,,:

= : CSN% —» CSN,,

(k,flsfl‘Bl,--- ,fMS;j‘M'BM) — (kglg:u&’ . ,kgMgﬁMmM) '

B.13. ¢ is an injection from F(D,) C N(D,)q into the “remarkable fan” G(D,,):

v F(Dn) — G(Dy),
« AilB; 3 AilBY f — n(n —3)
Dt (O17) = D riw (O117), M = =

i=1 =1
B.14. v is an isomorphism between &,, C P CSN,, and the set R(D,,):

v én — R(Dy),

JA;|B; A;i|B;
Syl 1

B.15. © is an isomorphism between a k-dimensional orthant % in CSN,, and a k-dimensional

cone 7§ of §(D,,) induced from v : &,, — R(Dy,):

.k k
0o, — Tg
k

k
ZnSA”B" — Zriw (@;;‘"'Bi) .

=1 i=1

B.16. T is an isomorphism between CSN,, and §(D,,):

Y : CSN, — (D),

n(n—3)/2 . n(n—3)/2
Z TiSA”Bi — Z Tiw (@ﬁZ‘BZ) .
=1 =1
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